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Abstract An inverse problem is considered where the struc-
ture of multiple sound-soft planar obstacles is to be deter-
mined given the direction of the incoming acoustic field
and knowledge of the corresponding total field on a curve
located outside the obstacles. A local uniqueness result is
given for this inverse problem suggesting that the recon-
struction can be achieved by a single incident wave. A nu-
merical procedure based on the concept of the topological
derivative of an associated cost functional is used to pro-
duce images of the obstacles. No a priori assumption about
the number of obstacles present is needed. Numerical re-
sults are included showing that accurate reconstructions can
be obtained and that the proposed method is capable of find-
ing both the shapes and the number of obstacles with one or
a few incident waves.
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1 Introduction

The scattering of waves by a configuration of several scat-
terers is a common problem that appears in many engineer-
ing applications, for example, radiation by reflector antennas
and in medical imaging, where information about obstacles
is to be found from knowledge of the influence that the ob-
stacles have on propagating waves. The asymptotic behav-
iour of the scattered wave at large distances from the obsta-
cle is described by the far field pattern. This is an important
physical quantity which has been used extensively in many
inverse problems, such as the reconstruction of the shape of
a single scatterer. In the case of a single scatterer many dif-
ferent methods for the shape reconstruction have been pro-
posed, see, for example, [8] and [24]. Rather recently, iter-
ative methods for the shape reconstruction, avoiding solv-
ing the direct exterior scattering problem at each iteration,
have drawn some interest, see further [16, 17, 20, 27]. In the
case of multiple scatterers placed sufficiently far apart from
each other one can, as an approximation to the far field, treat
the multiple configuration as in the single scattering case.
Analytical formulas for various boundary conditions not us-
ing this single scattering approximation were presented by
Twersky [28, 29] for certain geometrical shapes, see further,
for example, Young [30], Linton and Martin [21] and Ben
Hassen, Liu and Potthast [2]. For an overview of multiple
scattering, see the monograph Martin [23].

A common disadvantage of most of the numerical meth-
ods mentioned above is that they require an accurate ini-
tial guess, and the number of objects and their approximate
location have to be known from the beginning. We shall
consider the much less studied but still important inverse
problem of finding the shape of multiple obstacles where no
a priori knowledge of the number of obstacles is given and,
instead of the far field, for a given incoming field the to-
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tal field is known on a curve located outside the obsta-
cles. Sound–soft obstacles are particularly interesting be-
cause uniqueness results are available suggesting that shape
reconstructions should be possible for a single or just a few
incident waves. We will investigate this possibility further
using a method based on the computation of the topolog-
ical derivative of an associated shape functional. Without
iterating and without solving direct exterior problems, this
method can produce accurate predictions of both the num-
ber and the location of the objects for adequate selections of
the incident waves.

To formulate our inverse problem more precisely we re-
call that in the exterior problem for (linearized) acoustic
scattering of a planar obstacle by time–harmonic waves, the
acoustic field u is a solution to the Helmholtz equation

�u + k2u = 0, in R
2 \ Ω, (1)

subject to appropriate boundary conditions, where Ω is a
bounded planar domain with smooth boundary Γ and k > 0
is the wave number. Here, we assume that Ω consists of
N ≥ 1 disjoint bounded simply connected C2-smooth do-
mains Ωj , where the boundary of Ωj is the closed curve
Γj , i.e. Γ = ⋃N

j=1 Γj , and none of the curves Γj have any
points in common with any of the other curves. Moreover,
in this work, for simplicity, we assume that the obstacle Ω

is sound-soft, i.e. the pressure on the boundary Γ is zero,
which means that

u = 0, on Γ =
N⋃

j=1

Γj . (2)

The corresponding direct scattering problem is to find the
field u = uinc + usc, where uinc(x;d) = eıkx·d, d is the unit
direction of the incoming wave and usc is the scattered field,
such that u solves (1)–(2) and the scattered wave usc satisfies
the Sommerfeld radiation condition

lim
r→∞ r1/2

(
∂usc

∂r
− ıkusc

)

= 0, where r = |x|, (3)

uniformly in all directions. This direct scattering problem
has a unique smooth solution continuous up to the boundary,
and has the following asymptotic behaviour of the scattered
field

usc(x) = eık|x|

|x|1/2

(

u∞
(

x
|x|

)

+ O(|x|−1)

)

, |x| → ∞,

where u∞ is the far field pattern or the scattering amplitude
and is defined on the unit circle in R

2.
Let Γmeas be a simple smooth closed curve enclosing

the (multiple) obstacle Ω . The inverse problem we study
is then to reconstruct Ω given the direction of the incoming
field and the restriction to Γmeas of the corresponding total
field u.

A reformulation of this inverse problem, which is suitable
for numerical computations, seeks an obstacle Ω minimiz-
ing the difference between the total field umeas( · ;d) mea-
sured on Γmeas and the restriction to Γmeas of the solution
u( · ;d) of the forward problem (1)–(3) with obstacle Ω and
incident wave uinc( · ;d) :

J (R2 \ Ω) = 1

2

∫

Γmeas

|u(x;d) − umeas(x;d)|2d�x. (4)

Strategies to find approximate solutions for this varia-
tional problem rely on descent techniques. They use in-
formation provided by the derivatives of the shape func-
tional (4) to generate a sequence of approximate scatterers
Ωj along which the functional J (R2 \ Ω) decreases, that
is, a certain derivative of the functional with respect to the
domain is negative. Different strategies differ in the type
of derivative involved and in the procedure to update the
contours of the objects at each step. Most methods need
a first guess to start the procedure (level-set based meth-
ods [22, 26], standard contour deformations [19] . . . ), and
so do other popular techniques like linear sampling [7]. As
mentioned above, the notion of topological derivative (also
called topological sensitivity) can be used to generate ini-
tial guesses [11, 14]. These guesses can then be improved
by any other method or even by topological derivative based
iterative schemes, see [4, 25].

Techniques to determine not only the geometry of the
scatterers but also their material parameters, have been de-
veloped in [4, 6, 15] and references therein. Schemes com-
bining iterative schemes to reconstruct domains with a gra-
dient method to approximate their parameters are effective
even in heterogeneous media [4, 6]. Similar techniques have
been shown to be successful also for general time-dependent
problems [5]. As pointed out above, we are interested here
in finding the number, location and shape of the obstacles
from a very small amount of data and without using any
a priori information.

The outline of paper is the following. In Sect. 2, we show
that we have local uniqueness for the above inverse prob-
lem given a certain size restriction of the obstacle depending
on the wave number similar to the far field case in Colton
and Sleeman [10]. Then, in Sect. 3, the procedure for the
shape reconstruction is given. The topological derivative of
the shape cost functional is also derived and it is shown
how to calculate this derivative involving a direct scatter-
ing problem, see Theorem 3. The proof of this theorem is
given in a final appendix. In Sect. 4, numerical examples are
presented investigating several different aspects of the pro-
posed method such as how the wave number, the placement
of the obstacles, and the number of waves influence the re-
constructions. These reconstructions are improved in Sect. 5
by an iterative method completely based on the concept of
the topological derivative. Our conclusions are summarized
in Sect. 6.
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2 Local Uniqueness for the Inverse Problem

When an inverse problem does not have a unique solution,
numerical schemes may lead to different reconstructions, all
of them far from the real configuration. Uniqueness results
are essential if we want reconstruction techniques to pro-
vide sensible results. In general, an accurate approximation
requires data for many different incident waves. For sound-
soft obstacles, local uniqueness results can be established
for a single incoming wave. This suggests that reasonable
reconstructions can be obtained working with only one, or a
few, incident waves.

Most uniqueness results are based on the knowledge of
far field data. Our reconstructions use scattered data mea-
sured on curves. The uniqueness theorem below proves
uniqueness when the scattered field is known on a closed
curve. Establishing uniqueness conditions when the scat-
tered field is only known on arcs or sets of points appears
to be an open problem.

We recall the following classical local uniqueness result
for inverse scattering with the far field as data, established
in [10].

Theorem 1 Let Ω and Ω ′ be two planar sound-soft (mul-
tiple) obstacles contained in a disk of radius R0 such that
kR0 < C, where C is approximately equal to 3.83. If the
corresponding far field patterns coincide for one incident
field with positive wave number k, then Ω and Ω ′ coincide.

In the paper [10] the constant C in the above theorem
was given as the first positive zero of the Bessel function J0

(approximately 2.4048). This constant was improved to 3.83
in [13]. Note that the value of C further increases if more
than one incident field is used.

We can then prove the following.

Theorem 2 A sound-soft (multiple) obstacle is uniquely de-
termined by the values of the scattered field on a simple
closed curve (C2-smooth) for one incoming wave if the ob-
stacle is contained in a disk of radius R0, where kR0 < C

with C approximately equal to 3.83.

Proof Assume that there are two sound-soft obstacles Ω

and Ω ′, both contained in a disk with the radius stated in
the theorem, having the same scattered field on a simple
closed curve Γmeas (which is assumed to lie outside both of
these obstacles). Let usc and vsc be the scattered fields cor-
responding to Ω and Ω ′, respectively. Put w = usc − vsc,
and note that w is then a radiating solution to the Helmholtz
equation.

Since w = 0 on Γmeas it follows from the uniqueness of
radiating solutions to the exterior Dirichlet problem for the
Helmholtz equation, see [8, Theorem 3.7], that w = 0 in the

unbounded exterior of the curve Γmeas . This implies that
usc = vsc in the unbounded exterior of Γmeas . Therefore,
usc and vsc have the same far field pattern. Since usc and vsc

are scattered fields for the same incoming wave and having
the same far field pattern Theorem 1 implies that Ω and Ω ′
coincide contrary to the assumption. Thus, Ω is uniquely
determined. �

3 A Numerical Procedure for the Shape Reconstruction

In this section we describe our strategy to locate the obsta-
cles given the total field u = usc + uinc on Γmeas such that
(1)–(3) hold. The idea is to introduce an adequate variational
reformulation of the inverse problem and then compute the
topological derivative of the constrained shape functional in-
volved. The topological derivative is a scalar quantity de-
fined pointwise and allows to visualize the possible struc-
ture of the set of obstacles. We will discuss in the next sec-
tion how the available information (the number of incident
waves, detector locations. . . ) influences the quality of the
reconstruction.

In real reconstruction tests one usually has access to mea-
surements for several incoming directions dj , j = 1, . . . ,M .
The shape cost functional (4) is then replaced by:

J (R2 \ Ω) = 1

2

M∑

j=1

∫

Γmeas

|u(x;dj ) − umeas(x;dj )|2 d�x.

(5)

Here, u(x;dj ) is the solution to the forward Dirichlet prob-
lem (1)–(3) with incident field uinc(x;d) = eıkx·dj

and
umeas(x;dj ) is the measured total field on Γmeas .

The topological derivative of a general shape functional
J (R) is defined as follows. Let us consider a small ball
Bε(x) = B(x, ε), x ∈ R ⊂ R

2, and the domain Rε := R \
Bε(x). The topological derivative of J (R) is a scalar func-
tion of x ∈ R defined as

DT (x, R) := lim
ε→0

J (Rε) − J (R)

V (ε)
. (6)

The scalar function V (ε) > 0 is chosen in such a way that the
limit (6) exists, is finite and does not vanish (for instance, for
our Dirichlet problem we may take V (ε) := −2π/ log(kε),
see the proof of Theorem 3 in the Appendix). This definition
is made in order to guarantee the relationship

J (Rε) = J (R) + V (ε)DT (x, R) + o(V (ε)), as ε → 0.

If we remove a ball of sufficiently small radius about a point
x for which DT (x, R) is negative, then the value of the cost
functional decreases. Thus, regions where the topological
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derivative takes large negative values are likely to indicate
the location of obstacles.

To compute the topological derivative of our functional
in an efficient way, an alternative and easier to compute ex-
pression for its topological derivative is needed. An explicit
formula in terms of forward and adjoint fields is given be-
low. This formula depends on the domain R = R

2 \ Ω . Let
us first assume that Ω = ∅, i.e. R = R

2.

Theorem 3 The topological derivative of the cost functional
(5) when Ω = ∅ is given by

DT (x,R
2) =

M∑

j=1

Re
(
u(x;dj )p(x;dj )

)
, (7)

for x ∈ R
2. The forward fields u(x;dj ) solve the forward

problem (1)–(3) with obstacle Ω = ∅ and uinc(x;dj ) =
eıkx·dj

. The adjoint field p(x;dj ) solves the adjoint problem
⎧
⎨

⎩

�p + k2p = (umeas − u) δΓmeas , in R
2,

lim
r→∞ r1/2 (∂rp + ıkp) = 0,

(8)

with u = u( · ;dj ) and umeas = umeas( · ;dj ).

A proof of this theorem is given in the Appendix.
Note that the forward fields are known: u( · ;dj ) =

uinc( · ;dj ) since Ω = ∅. Similarly, the adjoint fields p can
be computed using the Green’s function for the Helmholtz
equation since p solves a Helmholtz problem with a con-
jugate right-hand side and a standard Sommerfeld radiation
condition:

p( · ;dj ) = −
∫

Γmeas

ı

4
H

(1)
0 (k| · −y|)(umeas(y;dj )

− u(y;dj )) d�y, (9)

where H
(1)
0 is the Hankel function of the first kind of or-

der zero [1]. Therefore, formula (7) is fully explicit and can
easily be evaluated for any point x ∈ R

2.
As mentioned above, we locate objects at regions where

the topological derivative given by (7) takes large negative
values. This provides a first guess Ω of the scatterers. Such
guess is accepted if the cost functional decreases. We know
that the functional decreases if we locate an object at a small
ball centered about a point where the topological deriva-
tive is negative. However, one must check that by locating
objects in large regions this is still so. This preliminary re-
construction can be corrected by computing the topological
derivative in R = R

2 \Ω and adding to Ω new points where
the topological derivative is negative, in such a way that the
cost functional decreases further.

When Ω 	= ∅ the topological derivative of the shape func-
tional (5) is formally identical to (7), but the adjoint and for-
ward fields solve exterior problems in R

2 \Ω instead of R
2.

Theorem 4 When Ω 	= ∅ the topological derivative of the
cost functional (5) is given by

DT (x,R
2 \ Ω) =

M∑

j=1

Re
(
u(x;dj )p(x;dj )

)
, (10)

for x ∈ R
2 \ Ω. The forward fields u(x;dj ) solve the

forward Dirichlet problems (1)–(3) with obstacle Ω and
uinc(x;dj ) = eıkx·dj

. The adjoint fields p(x;dj ) solve the
adjoint Dirichlet problems

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

�p + k2p = (umeas( · ;dj ) − u( · ;dj )) δΓmeas ,

in R
2 \ Ω,

p = 0, on ∂Ω,

lim
r→∞ r1/2 (∂rp + ıkp) = 0.

(11)

Note that the forward and adjoint problems now have to
be solved numerically, since for general domains Ω there
are no explicit expressions for u and p.

A proof of Theorem 4 can be obtained as follows. Fol-
lowing [25], we have

DT (x,R
2 \ Ω)

= mean(u, ∂B(x,R))

J0(kR)

mean(p, ∂B(x,R))

J0(kR)
, (12)

where the means over the boundary of balls centered at x
with radius R are defined as

mean(v, ∂B(x,R)) := 1

2πR

∫

∂B(x,R)

v(y) d�y,

and J0 is the Bessel function of the first kind of order zero
[1]. Introducing this (cutting) radius R is a technical trick
that makes it easier to handle the boundary conditions on
∂Ω . In [25], formula (12) is proven for Dirichlet problems in
bounded domains. Formally letting R tend to zero, formula
(12) becomes (10) with M = 1.

In R
2, a more straightforward proof yields directly (7) as

seen in the Appendix.

4 Numerical Results

In this section we present some numerical experiments il-
lustrating the ability of the method described in Sect. 3 to
provide good initial guesses of the objects using just one or
a few incident fields. Topological derivatives will be evalu-
ated in R

2 by using Theorem 3. The cost of these computa-
tions is almost negligible, since both the forward and adjoint
fields u and p appearing in (7) are known explicitly (u is the
incident wave and p is given by (9)).

In view of the uniqueness result stated in Theorem 2,
we have taken measurements of the total field on a number
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L of detector locations x1, . . . ,xL uniformly distributed on
a circle surrounding the objects, corresponding to incident
fields with propagation directions d1, . . . ,dM . In this case,
we minimize the cost functional

J (R2 \ Ω) = 1

2

L∑

i=1

M∑

j=1

|u(xi;dj ) − umeas(xi;dj )|2, (13)

which is the discrete analog of (5). Good results are expected
for relatively low frequencies. No a priori information about
the number, size or location of the objects is required (apart
from that in Theorem 2).

The subsequent examples are chosen to illustrate the
quality of the initial reconstructions varying the following
different parameters: number of receptors (L), distance to
the scatterers, number of incident waves (M), location of
the objects relative to the direction of the incident waves,
number of objects (N ), frequency of the incident waves (k),
noise in the measurements, and geometry.

4.1 Number of Receptors and Incident Waves

For the first test we consider an elementary geometry with
only one object, the disc of radius 0.3 and center (−0.5,0).
We select a relatively low wave number k = 5. Figure 1 rep-
resents the values of the topological derivative for a single
incident wave (i.e. M = 1) in the direction (1,0). Measure-
ments are taken at L = 12 points (Fig. 1(a)) and L = 120
points (Fig. 1(b)), marked with crosses in both cases. The
incident direction is represented by an arrow. These figures
show that the quality of the reconstruction does not improve

Fig. 1 One incident wave in the direction (1,0) and k = 5. (a) 12
receptors on Γmeas , (b) 120 receptors

much by increasing the number of receptors. In both cases,
we see that the largest negative values attained by the topo-
logical derivative are concentrated inside the true object.
However, we also observe two regions of negative values
located in the shadow regions behind the true object that
do not correspond to real scatterers. If we choose the crite-
rion DT < −0.1 to locate possible scatterers (DT stands for
the topological derivative), then our initial guess consists of
one object, which is well–placed and only its shape and size
have to be improved. However, the criterion DT < −0.05
provides an initial guess with three objects. Typically, we
only trust the guess provided by the largest negative values.
Choosing initial guesses with more or less components is not
a problem for iterative reconstruction schemes that allow for
topological changes, as we will see in Sect. 5. Subsequent it-
erations correct the number of components. Notice that the
reconstruction in Fig. 1(a) is quite rough, but is in fact fairly
good if we consider that we are only using measurements of
the total field at twelve points for a single incident wave.

Since increasing the number of receptors distributed over
a circle seems to provide reconstructions of similar quality,
we next analyze the effect of increasing the number M of
incident waves. Figure 2(a) is exactly the same as Fig. 1(a)
and shows the values of the topological derivative computed
from data on 12 points for one incident wave. If we duplicate
the number of data by considering the same receptors but
with two incident waves in the opposite directions (1,0) and
(−1,0), we observe a clear improvement in the approxima-
tion. Figure 2(b) shows that the two large spurious regions
where the topological derivative attained large negative val-
ues almost disappear. The shape of the object seems more
symmetrical. Considering four incident directions (which
means that still only 48 data points are used), we have no
doubts about the number, location, shape, and approximate
size of the object. Figure 2(c) visualizes exactly a circular
scatterer (the arrows represent the four incident directions).

These experiments, in principle, are not affected by the
distance between the detector locations and the scatterers.
If we increase the distance between the circle and the ob-
jects, then the reconstructions are similar. This effect can be
observed in Fig. 3, where the radius of the circle has been in-
creased 100 times. The spatial distribution of large and small

Fig. 2 (a) M = 1, k = 5,
(b) M = 2, k = 5, (c) M = 4,
k = 5
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Fig. 3 Same as Fig. 2 with 12
uniformly distributed receptors
but over the circle of radius 100

Fig. 4 Same object located in
different places for a fixed
incident wave with k = 5

Fig. 5 Same object located in
different places for two fixed
incident waves with k = 5

Fig. 6 (a) M = 2, k = 5,
(b) M = 4, k = 5, (c) M = 5,
k = 5

values of the topological derivative is similar. The main dif-
ference stems from its range of values, which is smaller
because the adjoint field depends on u − umeas , which de-
creases as we go further away from the objects.

4.2 Location of the Object Relative to the Incident Waves

In Fig. 4 we again test the performance of the proposed
method with one incident wave to detect the same circu-
lar object located at different places. As one can expect, the
best results are obtained for the geometrical configuration in
Fig. 4(a). Notice also that the topological derivative seems
to indicate that there are at least two or even three objects in

Fig. 4(b) and three in Fig. 4(c). Increasing the number of in-
cident waves this spurious effect disappears and we are left
with one object, as can be observed in Figs. 5 and 6.

4.3 Multiple Objects and Different Frequencies

Let us now consider geometrical configurations with more
than one object, i.e. multiple inverse scattering. We present
our results for a problem with two objects in Fig. 7 and with
four objects in Fig. 8. In these examples we have again used
12 receptors, and the number of incident directions varies
from 1 to 6. The wave number is k = 4.

Figure 7 shows that using one incident wave, we vaguely
locate the larger object. Increasing the number of incidence
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Fig. 7 k = 4 and M = 1, . . . ,6

Fig. 8 k = 4 and M = 1, . . . ,6

Fig. 9 (a) k = 3, (b) k = 4,
(c) k = 5

directions, we are able to clearly detect the largest object and

can also guess the presence of the smallest one.

In the example with four objects of the same size sym-

metrically distributed as is illustrated in Fig. 8, the directions

of the incident waves are crucial to be able to locate an ob-

ject (see Figs. 8(a, b)). Increasing the number of incidence

directions, we are able to locate all the four objects, although

we do not exactly see four independent objects. They seem

more like the corners of a non-convex object. This effect is

clearly observed in Fig. 8(d), and it is probably amplified
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Fig. 10 k = 5 and
M = 1, . . . ,6

by the symmetry of the problem. This is due to two basic
facts: (i) the objects are quite close in comparison to their
size, which means that there is a strong interaction between
them for moderate values of the wave number k, (ii) the
reconstructions are performed for a particular value of the
wave number, in this case k = 4. Increasing or decreasing
the value of k, we find different reconstructions, as shown
in Fig. 9 for four incident waves and k = 3,4, and 5. In
Fig. 10, we repeat the experiments for k = 5 and increasing
the number of incident waves as in Fig. 8. All of the results
seem to suggest the presence of four objects, though this is
seen better for certain configurations of incident waves.

A conclusion may be that the choice of the wave number
k can be as important as the number of incident waves, to get
good reconstructions. For a small number of incident waves
we may greatly improve the reconstruction by choosing a
well fitted value of k.

4.4 Noisy Data

Topological derivatives are not overly sensitive to measure-
ment errors. This is observed in Fig. 11, where we plot the
values of the topological derivative computed with noisy
data, with relative random errors of 0%, 1%, 5%, and 10%.
We see that noisy data provide analogous results up to a 5%
error. Furthermore, increasing the number of incidence di-
rections the strategy becomes more reliable for higher levels
of noise, as presented in Fig. 12. In this case we basically ob-
tain the same reconstruction with a 25% relative error than
in the absence of noise.

4.5 More Complicated Geometries

In our final example we show that the proposed method pro-
vides similar results for shapes that are more complicated

Fig. 11 k = 5, M = 1, and different levels of noise: (a) 0%, (b) 1%,
(c) 5%, and (d) 10%

than discs. Depending on the wave number we can not only
determine the number and approximate size of the objects
but also reconstruct their shapes. In order to avoid spurious
reconstructions due to considering too few incidence direc-
tions and/or too few receptors, we take 10 waves and 16
points on Γmeas (this means that we increase the number
of data to 160, which is still a small amount of information).

We first consider the curve given by the parameterization

z1(t) = 1

4
(cos t + 0.65 cos 2t − 1.6,1.5 sin t), t ∈ [0,2π].

(14)
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When taking k = 4.5, we recover the correct position of the
object as well as its approximate size, but we cannot predict
its shape, as observed in Fig. 13(a). The same happens for
the pinched ellipse (see Fig. 13(b)) given by

z2(t) = (0.5,0.2) + 9

80

(
cos2 t + 16 sin2 t

)1/2
(cos t, sin t),

t ∈ [0,2π].
We show in Fig. 13(c) the reconstruction of the configura-
tion with these two objects: we detect the presence of two
shapes, which seem to be ellipses. Finally, we repeat the
tests for k = 6.5. We observe in Fig. 13(d) a great improve-
ment in the reconstruction of the shape of the object given

Fig. 12 k = 5, M = 4, and different levels of noise: (a) 0%, (b) 5%,
(c) 10%, and (d) 25%

by z1(t). We also get a very good idea about the geometry of
the second object, as seen in Fig. 13(e). However, depending
on the threshold C > 0 for the criterion DT < −C, our ini-
tial guess has one or two components (that is, it is an “eight-
like” object or consists of two circular objects). As will be
explained in Sect. 5, initial guesses with a wrong number of
components can be corrected by iterative methods allowing
for topological changes. When considering the configura-
tion with two objects we again get a relatively satisfactory
reconstruction.

To conclude, we want to remark that although our last
experiment seems to be very promising to recover accurate
reconstructions of both the number of objects as well as
shapes, we need to choose an appropriate wave number k

and a large enough number of incident directions. There is a
relation between these two quantities as observed in Fig. 14
(compare also with Fig. 13).

5 Correction by Iteration

In this section we sketch a very simple iterative method en-
tirely based on the concept of the topological derivative that
improves the first guesses of the structure and shape of the
sound-soft obstacles obtained in Sect. 4. Some other alter-
natives are listed in Sect. 1.

The method works as follows. To generate a first guess,
we start by computing the topological derivative when Ω =
∅ as in Sect. 3 and select the region Ω1 where the topological
derivative falls below a certain negative threshold, that is,

Ω1 := {x ∈ R
2, DT (x,R

2) < −C1}, C1 > 0, (15)

where DT (x,R
2) is computed using Theorem 3. In the sub-

sequent iterations, we construct the nested sequence Ωj+1 ⊃

Fig. 13 Reconstructions of
different geometrical
configurations: (a, b, c) k = 4.5,
(d, e, f) k = 6.5
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Fig. 14 (a) k = 4.5 and M = 2, (b) k = 4.5 and M = 4, (c) k = 6.5
and M = 2, (d) k = 6.5 and M = 4

Ωj , defined by

Ωj+1 := Ωj ∪ {x ∈ R
2 \ Ωj, DT (x,R

2 \ Ωj) < −Cj+1},
Cj+1 > 0. (16)

The topological derivative DT (x,R
2) is now defined as in

Theorem 4. The cost of computing such topological deriv-
atives increases because the forward and adjoint fields are
not known analytically and must be calculated numerically.
In our examples we solve a standard boundary integral re-
formulation of the problems by a fully discrete version of a
Galerkin method using the space of trigonometric polyno-
mials. We refer to [9] for further details.

The constants Cj > 0 are selected in such a way that the
functional J decreases from one step to the next one. Our re-
construction algorithm stops either when the variation of the
area between two consecutive approximate domains is small
(a Cauchy criterion) or when the value of the cost functional
is small, i.e. when the difference between the measured data
and the numerical solution for the reconstructed objects at
the last step is approximately as large as the level of noise
in the measurements (a discrepancy principle criterion). For
further details on these issues we refer to [4, 6].

To parametrize the boundaries of the objects, we proceed
as follows. We examine the lowest values attained by the
first topological derivative to determine a first guess of the
number N of disjoint objects such that our initial guess is
Ω1 = ⋃N

k=1 Ωk
1 . Then, we describe the boundary of each

object Ωk
1 by a parameterization of the form

(ck
x, c

k
y) + rk(t)(cos(t), sin(t)), t ∈ [0,2π],

where the function rk is sought in the form

rk(t) = ak
0 +

L∑

�=1

(ak
� cos(�t) + bk

� sin(�t)), t ∈ [0,2π],

by solving a least squares problem to find the real parameters
ak

0, ak
� , and bk

� . In the next steps we proceed in a similar way.
The parametrization of Ωj is known and we generate Ωj+1

by using (16). To do that, we find the points where the new
topological derivative attains its minimum values and apply
a simple rule: if one of those points is close to any existing
scatterer, then it is added to that scatterer in the next itera-
tion. However, if there is a region of such points which is far
from all the existing scatterers, then a new object is created.
Once we have updated the number of scatterers, we calcu-
late for each of them the corresponding parameterization.
For new objects we proceed as in the first step, by locating
its center and function rk . To update an existing object, we
find the corresponding rk by imposing that the new object
contains the old object and the new region. This rule has
been shown to work well for transmission problems [3–6]
and penetrable objects without holes. For general objects the
protocol has to be slightly modified, see [4].

When dealing with sound-soft objects, the forward field
vanishes at the boundary of the objects ∂Ωj = ⋃N

k=1 ∂Ωk
j ,

and therefore, the topological derivative also vanishes at
∂Ωj (see (10)). By continuity, its values remain near zero
at least in a thin neighborhood of such a boundary. This fact
makes it difficult to determine which regions should be in-
cluded in a new object. The scheme has to be modified to in-
clude in the updated objects regions between their previous
boundary and locations close to it, where the new topolog-
ical derivative takes large negative values. The result is ac-
cepted if the cost functional decreases. However, the uncer-
tainty of whether to create a new object or add to an existing
one a new region located at a certain distance plus the inter-
mediate points, together with the small amount of data, may
result in poor reconstructions. The fact that the cost func-
tional decreases does not guarantee that we are converging
to the true minimum of the functional. We might be evolv-
ing to a spurious local minimum, and the chances for this
increase as our number of incident waves decreases.

To illustrate the performance of the iterative method, we
go back to the first example in Sect. 4, where we try to recon-
struct the disc of radius 0.3 and center (−0.5,0), from mea-
surements of the total wave at twelve receptors from a single
incident wave (see Fig. 1(a)). Our first guess Ω1, shown in
Fig. 15(a), was computed using (15). Then, we compute the
topological derivative when Ω = Ω1, which is also repre-
sented in Fig. 15(a). A new region where the topological
derivative attains the lowest values is identified close to Ω1.
Thus, both the new region and the points between it and Ω1

are included in the approximate scatterer Ω2 in the next step
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(see Fig. 15(b)). Evaluating the topological derivative when
Ω = Ω2 (represented in Fig. 15(b)), we get the final approx-

Fig. 15 (a) Initial guess Ω1 and topological derivative when Ω = Ω1;
(b, c) second and third iterations; (d) cost functional through the itera-
tive procedure

Fig. 16 Final reconstruction (dashed lines) of the objects represented
by solid lines. (a) Reconstruction at the third iteration from measured
data for a single incident wave (see Fig. 7(a)). (b) Reconstruction at
the third iteration from measured data for three incident waves (see
Fig. 7(c))

imation of the object Ω3 (see Fig. 15(c)). The iterative pro-
cedure is terminated by the discrepancy principle. We finally
plot the decrease of the cost functional J (R2 \ Ωj) defined
in (13) versus the number of iterations in Fig. 15(d). This re-
construction is reasonable taking into account that no a pri-
ori information is used and that only data from a single inci-
dent wave at just twelve receptors are available. It is worth
pointing out that only three iterations were required to get
this reconstruction and that it took approximately eight or
ten times longer to run this scheme than to run the simpler
one described in Sect. 3.

In our next test we apply the iterative procedure to the
configuration with two objects explored in Fig. 7. The true
scatterers are represented by solid lines in Fig. 16. A dashed
line marks the reconstruction of the geometry obtained
from a single incident wave in Fig. 16(a) (corresponding
to Fig. 7(a)) and from three incident waves in Fig. 16(b)
(corresponding to Fig. 7(c)). As expected, the quality of
the reconstructions depends strongly on the number of inci-
dent waves. We only identified two different scatterers using
three incident waves. Notice that, in all the cases considered
in Fig. 7, that is, for a number of incident directions ranging
from 1 to 6, the first stage reconstructions seemed to de-
tect the larger object on the right, but the smallest one was
missed.

To conclude this section, we analyze the complicated
geometries previously studied in Sect. 4.5. First, we recon-
struct the object described by the parameterization (14) us-
ing data from 16 receptors and 10 incidence angles with
wave numbers k = 4.5 and k = 6.5 (corresponding to
Figs. 13(a) and 13(d), respectively). The final reconstruc-
tions are plotted in Fig. 17(a,b). In both cases we detected
the presence of a single object, its correct location and ap-
proximate size, but only the higher wave number provides
a reasonable prediction of the true geometry of the object.
The geometry in Fig. 17(c) is also reasonably reconstructed
for the higher wave number (former example in Fig. 13(f)).

In all the examples studied in this section, the stopping
criterion was satisfied after very few iterations. This makes
the proposed iterative method a fast way to improve the first
stage approximate domains.

Fig. 17 Final reconstruction
(dashed lines) of the objects
represented by solid lines.
(a) Reconstruction at the forth
iteration when k = 4.5 (see
Fig. 13(a)). (b) Reconstruction
at the fifth iteration when
k = 6.5 (see Fig. 13(d)).
(c) Reconstruction at the tenth
iteration when k = 6.5 (see
Fig. 13(f))
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For the sake of brevity, we have not included reconstruc-
tions corresponding to noisy data. As in the case of first stage
reconstructions (see Sect. 4.4), the iterative method is not
too sensitive to noisy data and provides quite satisfactory
reconstructions, specially when working with data from sev-
eral incident directions.

6 Conclusions

We have investigated the possibility of reconstructing mul-
tiple sound-soft planar obstacles measuring the total field
at detector locations distributed uniformly on a circle sur-
rounding the objects for moderate wave numbers and a sin-
gle incident wave (or just a few more). A local uniqueness
result for this inverse problem is given, suggesting that re-
constructions using a single incident wave should be possi-
ble. We use a topological derivative based numerical strat-
egy to obtain first guesses of the scatterers with no a priori
knowledge of their number, location or geometry. Numeri-
cal tests show that accurate reconstructions can be obtained,
finding both the shapes and the number of obstacles. The
quality of the reconstructions improves by either increasing
the number of incident waves or fitting the value of the wave
number. Increasing the number of detectors or the distance
between the objects and the detectors do not seem to alter
the quality of the results. Our first stage reconstructions can
be corrected using them as initial guesses in more sophis-
ticated iterative reconstruction schemes, for example, linear
sampling, level-sets, or, as done here, with topological deriv-
ative based schemes.

Acknowledgements The authors are partially supported by FIS2008-
04921-C02-02, MEC–FEDER MTM2007-63204, and CM-910143
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Appendix

In this appendix we prove Theorem 3. To compute the topo-
logical derivative, we rely on the relationship between shape
and topological derivatives established in [11].

Let us start by introducing the shape derivative of a func-
tional J (R) along a vector field V:

DV J (R) := d

dτ
J (ϕτ (R))

∣
∣
∣
∣
τ=0

,

where ϕτ are deformations along the vector field V, ϕτ (z) :=
z + τV(z) for z ∈ R

2 and τ > 0. The image of the region R
by these deformations is denoted by ϕτ (R). Notice that the
function J (ϕτ (R)) depends on the real parameter τ and can
be differentiated with respect to its real argument.

Now, to compute DT (x, R) at a point x ∈ R we can con-
sider a small ball centered at x of radius ε, Bε(x), and define

the domain Rε := R \ Bε(x). Then, we may use the follow-
ing formula stated in [11],

DT (x, R) = lim
ε→0

DVε
J (Rε)

V ′(ε)
. (17)

Here, V ′(ε) is the derivative of the function V (ε) that ap-
pears in the definition of the topological derivative (see for-
mula (6)). The vector field Vε satisfies Vε(z) = −nε(z) on
the boundary of the ball Bε(x), nε being the unit normal
pointing towards the inside of the ball. This field is smoothly
extended to R

2 in such a way that it vanishes outside of a
thin neighborhood of Γε = ∂Bε(x), (see [4] for an explicit
expression of such a vector field).

For the proof of Theorem 3, we consider the shape cost
functional (5) with M = 1, that is,

J (R2 \ Ω) = 1

2

∫

Γmeas

|u(x;d) − umeas(x;d)|2d�x. (18)

The result for M > 1 is obtained by linearity.

A.1 Shape Derivative

Lemma 1 The shape derivative of the functional (18) in the
domain R

2 \ Bε(x) along the direction Vε is given by

DVε
J (R2 \ Bε(x)) = Re

(∫

Γε

(∂nuε∂npε)d�

)

. (19)

Here, uε solves the forward Dirichlet problem (1)–(3) and
pε solves the adjoint problem (8), with Ω = Bε(x) and Γ =
Γε := ∂Bε(x).

Proof We first give a variational formulation of the for-
ward problem (1)–(3) in a bounded domain for a general
(multiple) domain Ω (not necessarily Ω = Bε(x)). To do
that, let us consider a large ball BR := B(0,R) contain-
ing the obstacles and the detector locations, and define
the Dirichlet-to-Neumann operator, DtN : H 1/2(ΓR) →
H−1/2(ΓR), DtN(f ) := ∂nw where w is the unique solu-
tion to the exterior Dirichlet problem in BR with boundary
data w = f on ΓR := ∂BR . This operator allows us to re-
place our original problem (1)–(3) by an equivalent bound-
ary value problem set in BR , which admits the variational
formulation:

Find u ∈ H

such that S(Ω;u,v) = l(v), ∀v ∈ H,
(20)
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where H = {v ∈ H 1(BR), v = 0 on Γ } (H 1(BR) is the
usual Sobolev space), and

S(Ω;u,v) :=
∫

BR\Ω
(∇u∇v − k2uv)dz

−
∫

ΓR

DtN(u)v d�, ∀u, v ∈ H,

l(v) :=
∫

ΓR

(∂nuinc − DtN(uinc)) v d�, ∀v ∈ H.

Let us set Ωτ,ε := ϕτ (Bε(x)). The assumptions on Vε

ensure that ϕτ (ΓR) = ΓR , ϕτ (Γmeas) = Γmeas and ϕτ (BR \
Bε(x)) = BR \ Ωτ,ε . Using the Lagrangian

L(Ωτ,ε;v,p) := J (Ωτ,ε) − Re
(
S(Ωτ,ε;v,p) − l(p)

)
,

∀v, p ∈ H,

and following [3, 12] we obtain

DVε
J (R2 \ Bε(x)) = −Re

(
d

dτ
S(Ωτ,ε;uε,pε)

∣
∣
∣
∣
τ=0

)

.

The fields uε and pε solve the forward and adjoint problems
(1)–(3) and (8) respectively, with Ω = Bε(x).

Differentiating S(Ωτ,ε;uε,pε) with respect to τ and
evaluating at τ = 0, we find

d

dτ
S(Ωτ,ε;uε,pε)

∣
∣
∣
∣
τ=0

=
∫

BR\Bε(x)

(∇uε∇pε − k2uεpε)∇ · Vε dz

−
∫

BR\Bε(x)

(
(∇Vε + ∇V�

ε )∇uε

) · ∇pε dz. (21)

Integrating by parts and using the forward and adjoint equa-
tions, the derivatives of the vector field Vε disappear:

DVε
J (R2 \ Bε(x))

= Re

(∫

Γε

(−∇uε∇pε + k2uεpε + 2∂nuε∂npε)d�

)

,

(22)

with Γε := ∂Bε(x) (see [3, 12] for further details). The
fact that uε = 0 on Γε implies the vanishing of the tangen-
tial derivatives, i.e. ∂tuε = 0. Splitting the gradients on Γε

in tangential and normal components, ∇uε = (∇uε · t) t +
(∇uε · n)n, we finally obtain the desired formula (19). �

A.2 Topological Derivative

Combining the identities (17) and (19) we find

DT (x,R
2) = lim

ε→0

1

V ′(ε)
Re

(∫

Γε

∂nuε∂npε d�

)

, (23)

where uε and pε solve the forward and adjoint Dirichlet
problems (1)–(3) and (8) respectively, with Ω = Bε(x) and
Γ = Γε = ∂Bε(x).

Let us write uε and pε as corrections of u and p, the
solutions to the forward and adjoint problems when Ω = ∅,

uε(z) = u(z) + vε(z), pε(z) = p(z) + qε(z).

The remainder vε(z) satisfies:

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

�vε + k2vε = 0, in R
2 \ Bε,

vε = −u(z), on Γε,

lim
r→∞ r1/2 (∂rvε − ıkvε) = 0.

(24)

The Dirichlet-to-Neumann map [18] provides an expression
for the normal derivative of vε on Γε:

∂nvε(x + ε(cos θ, sin θ))

= k

2π

∞∑

n=−∞

(H
(1)
|n| )′(kε)

H
(1)
|n| (kε)

×
∫ 2π

0
eın(θ−)u(x + ε(cos, sin))d (25)

in polar coordinates. Here H
(1)
|n| denotes the Hankel function

of the first kind of order |n|. Notice that the normal vector n
points into Bε (the above expression is preceded by a minus
sign that cancels the minus sign in the boundary condition).
For sufficiently small ε > 0,

∂nvε(x + εeıθ ) = k
(H

(1)
0 )′(kε)

H
(1)
0 (kε)

u(x) + O(ε). (26)

A similar expansion holds for pε. For small ε > 0, the Han-
kel functions have the following leading parts (see [1]):

H
(1)
0 (kε) ∼ −2 log(kε)

πı
,

(H
(1)
0 )′(kε) = −H

(1)
1 (kε) ∼ −2

πıkε
.

Thus,

(H
(1)
0 )′(kε)

H
(1)
0 (kε)

∼ 1

kε log(kε)
.
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Inserting the above expansions in (23), we find that for
sufficiently small ε > 0, the leading terms are
∫

Γε

∂nuε∂npε d� ∼ 2πε

(

∂nu(x) + 1

ε log(kε)
u(x)

)

×
(

∂np(x) + 1

ε log(kε)
p(x)

)

∼ 2π

ε log2(kε)
u(x)p(x).

For (23) to be finite we may take V (ε) = −2π
log(kε)

, which is

positive for small ε. With this choice, V ′(ε) = 2π

ε log2(kε)
and

DT (x,R
2) = Re (u(x)p(x)) ,

where u and p solve the forward and adjoint problems in
R

2 as stated in the theorem. This finishes the proof of Theo-
rem 3.
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