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Abstract Propagation of traveling pulses in the myelinated Hodgkin–Huxley model
is studied. The nerve impulse is a traveling wave with two components. At the Ranvier
nodes, it behaves as a discrete traveling pulse. Wave motion through the internodal
regions is then driven by this traveling pulse. We give analytical characterizations of
the parameter ranges for which nerve impulses fail to propagate by exploiting time
scale separation and the active node approximation, which reduces the dynamics of
infinite fibers to the evolution of a few nodes. Simple recipes to predict the speed
of the impulses and the widths of their peaks are also given. Predictions are in good
agreement with the information provided by numerical simulations.

Keywords Travelling waves · Propagation failure · Myelinated nerves ·
Reaction–diffusion systems
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1 Introduction

Understanding the role of the relevant control variables in nerve impulse propagation
may help to devise strategies to improve the life quality of people suffering from mul-
tiple sclerosis or other nerve diseases (Pluchino et al. 2003). Often, nerve propagation
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Fig. 1 Structure of a
myelinated neuron

failure is due to damage in the myelin sheaths covering the axons of motor neurons
(Moore et al. 1978; Rushton 1951; Struijk 1997; Scott 2002). Each neuron is formed
by a cell body and an axon; see Fig. 1. Unlike nerve fibers in primitive animals (such
as squids), the neurons of vertebrates are myelinated. This means that the axon is
almost entirely covered by insulating layers of myelin. The sheath of myelin is peri-
odically interrupted by Ranvier nodes, at which the nerve membrane is exposed and
the interchange of ions with the surrounding medium can take place. External stimuli
generate a nerve impulse. When this impulse surpasses a threshold, it jumps from
node to node, giving rise to ‘saltatory’ wave propagation along the axon (FitzHugh
1962; Keener 2000; Scott 2002). The alternance of myelin sheaths and nodes allows
for high conduction speeds in fibers of small diameter. In unmyelinated nerves, fast
propagation of impulses is only possible by increasing the diameter (Goldman and
Albus 1968; Scott 1975). Nerve propagation along myelinated fibers can be modeled
by a system of ordinary differential equations for the Ranvier nodes coupled with a
diffusion equation at the internodes (FitzHugh 1962; Markin and Chimadzhev 1967;
Pickard 1966), the ‘myelinated Hodgkin–Huxley’ (MHH) model. Careful computa-
tional studies have shown a reasonable agreement of the numerically observed prop-
agation speeds with experimental measurements for toads or frogs (FitzHugh 1962;
Goldman and Albus 1968; Moore et al. 1978). Related approaches to saltatory prop-
agation have been tried in the study of calcium waves and cardiac muscles. The
fire-diffuse-fire models employed in this field consist of diffusion equations loaded
with point sources (Coombes et al. 2003; Ponce et al. 1999). Recently, such models
have been applied to the study of synaptic transmission between neurons (Timofeeva
2010).

Analytical work on nerve conduction has mostly focused on models for un-
myelinated axons: the Hodgkin–Huxley (HH) model (Casten et al. 1975; Hodgkin
and Huxley 1952; Muratov 2000) and simplified FitzHugh–Nagumo (FHN) or
Nagumo equations (FitzHugh 1961; Nagumo et al. 1962; Rinzel and Keller 1973;
Scott 1975). Nerve impulses are described mathematically by traveling wave solu-
tions of the partial differential equations defining such models. Explicit constructions
(Rinzel and Keller 1973) and asymptotic studies (Casten et al. 1975; Keener 1980;
Muratov 2000) provide predictions of their speeds in terms of the parameters. The
voltage is a fast excitable variable: it jumps abruptly from the resting state to an
excited value and then returns to equilibrium. Some of the variables governing the ki-
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netics of the ion currents evolve on a slower time scale, allowing for recovery. Propa-
gation failure in unmyelinated nerves occurs only when the separation of time scales
between the fast excitable variables and the slow recovery variables is too small.

Propagation criteria for myelinated versions of the Nagumo and FitzHugh–
Nagumo equations (with partial differentials replaced by finite differences) are es-
tablished in Anderson and Sleeman (1995), Bell and Costner (1984), Keener (2000).
Discrete models with a similar mathematical structure but Morris–Lecar or Beeler–
Reuter dynamics might help to understand excitable behavior in muscles and cardiac
tissue (Beeler and Reuter 1977; Carpio 2005b; Keener 2000; Keener and Sneyd 1998;
Morris and Lecar 1981). Asymptotic and explicit constructions of impulses are pre-
sented in Carpio and Bonilla (2001, 2003b), Carpio (2005a), Fáth (1998), Tonnelier
(2003). Models coupling two myelinated nerves, which can serve as a basis to study
nerve bundles are discussed in Binczak et al. (2001). All these simplified models
are easier to analyze, but have the disadvantage of being inaccurate. More realis-
tic models, such as the MHH equations, provide quantitative information but have a
complicated structure. Up to now, the understanding of realistic models was mainly
based on time-consuming numerical simulations. In this paper, we propose a ‘semi-
analytical’ technique to extract quantitative predictions out of the MHH model with-
out performing costly numerical tests. An approximation of saltatory impulses based
on time scale separation and the idea of an ‘active node’ (Carpio and Bonilla 2003b)
yields quantitative predictions of the propagation speed and the range of parameters
for which propagation fails. This happens due to inadequate time scale separation
for the kinetics of the voltage and ion currents, but also to alterations in the myelin
sheath.

The paper is organized as follows. In Sect. 2 we formulate the MHH model in
two equivalent forms: the original diffusion equation periodically coupled with the
dynamics of the Ranvier nodes, and a closed integrodifferential system of equations
for the nodes which is useful to understand the structure of wave solutions. We work
with realistic parameter values for frogs and toads, for which spatial discreteness is
relevant. Section 3 contains a numerical description of impulses, identified with wave
solutions of a peculiar structure. At the Ranvier nodes, they are described by a discrete
traveling pulse solution of the integrodifferential system. The evolution of the action
potential in the internodal region is driven by the dynamics of the nodes. The lead-
ing front of the pulse solves a reduced bistable system involving two fast variables,
instead of a bistable equation for the voltage as in simplified FitzHugh–Nagumo or
Nagumo models. Predictions of parameter ranges for propagation failure are given
in Sects. 4 and 5, exploiting separation of time scales and the analysis of truncated
systems involving a few nodes. Whereas Sect. 4 focuses on pinning of the leading
front of the impulses, Sect. 5 deals with failure due to inadequate time scale sepa-
ration. Unlike previous work on propagation failure (Anderson and Sleeman 1995;
Keener 2000) in spatially discrete systems, which relies on comparison principles for
bistable equations or holds near averaged limits excluding saltatory propagation, our
strategy is successful in systems for which no principles for comparison are known
and discreteness is relevant. Moreover, our predictions are sharp. Section 6 summa-
rizes our conclusions. Final Appendices A, B, C contain additional material on the
nondimensionalization of the model, the structure of the integrodifferential equations
for the nodes and the procedure employed to construct numerical solutions.
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Table 1 Dimensionless parameters for a myelinated frog nerve

Dc Dd R gNa gK gL VK VL λh λn

0.082 0.175 58.92 2.99 0.546 0.131 −0.043 −0.043 0.014 0.016

2 The Myelinated Hodgkin–Huxley Model

The dimensionless MHH model couples a diffusion equation for the dimensionless
voltage in the internodal regions,

∂v

∂t
= Dc

∂2v

∂x2
− v

R
, x ∈ (xj , xj+1) = (j, j + 1), t > 0, (1)

v(xj , t) = vj (t), v(xj+1, t) = vj+1(t), (2)

with a sequence of ordinary differential equations describing the dynamics of the
nodes (located at integer positions xj = j ):

dvj

dt
+ gNam

3
j hj (vj − 1) + gL(vj − VL) + gKn4

j (vj − VK)

= Dd

[
∂v

∂x
(x+

j , t) − ∂v

∂x
(x−

j , t)

]
, (3)

dmj

dt
= Λm(vj )

[
m∞(vj ) − mj

]
,

dnj

dt
= λnΛn(vj )

[
n∞(vj ) − nj

]
,

dhj

dt
= λhΛh(vj )

[
h∞(vj ) − hj

]
,

(4)

where vj represents the dimensionless voltage at the j th node and mj ,nj ,hj control
the sodium and potassium activation and the sodium inactivation, respectively. The
dimensionless ion current acts as a source:

Iion(vj ,mj ,nj , hj ) = gNam
3
j hj (vj − 1) + gL(vj − VL) + gKn4

j (vj − VK).

Table 1 collects parameter values for frogs representing dimensionless diffusivities
Dc,Dd, resistances R, conductances gNa, gK, gL (Na stands for sodium, K for potas-
sium, L for leakage) and voltages VK,VL. The procedure followed to nondimen-
sionalize the model together with explicit expressions for the rate functions Λn(v),

Λm(v), Λh(v) and the equilibrium states n∞(v), m∞(v), h∞(v) are given in Ap-
pendix A. λh, λn control time scale separation, since the profiles Λh,Λn,Λm are of
order one in the ranges of interest.

The structure of the wave solutions of the MHH model is better understood by re-
formulating the original model as a closed system of differential equations for the
Ranvier nodes. Time dependent solutions of (1)–(2) can be expressed as Fourier
series of the initial v(x,0) and boundary values vj (t), vj+1(t), which represent
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the voltage at the Ranvier nodes. For each fixed vj (t), vj+1(t), we denote by v =
Q[vj , vj+1](x, t) the solution of (1)–(2). We set G+(vj , vj+1) = ∂Q[vj ,vj+1]

∂x
(x+

j , t)

and G−(vj−1, vj ) = ∂Q[vj−1,vj ]
∂x

(x−
j , t). Then, (3) can be rewritten as

dvj

dt
+ Iion(vj ,mj ,nj , hj ) = Dd

[
G+(vj , vj+1) − G−(vj−1, vj )

]
. (5)

Equations (4) and (5) form an integrodifferential system for vj , mj , hj , and nj at the
Ranvier nodes. Integral expressions for the operator G+(vj , vj+1) − G−(vj−1, vj )

are given in Appendix B for the sake of completeness. We will not make use of
those explicit formulas for the time dependent case. When time dependence can be
neglected, the structure of this operator simplifies. These simpler expressions will be
relevant in the sequel and we detail them below.

In case we look for equilibrium states, the time derivative vt in (1) vanishes. The
corresponding stationary solution Q[vj , vj+1] of (1)–(2) is

Q[vj , vj+1](x) = Aeγ (x−xj ) + Be−γ (x−xj ),

A = vj e−γ − vj+1

e−γ − eγ
, B = vj+1 − vj eγ

e−γ − eγ
, γ = 1√

DcR
. (6)

In this way, the internodal voltage is expressed as a function of the constant voltage
at the Ranvier nodes. We may now compute

G+(vj , vj+1) − G−(vj−1, vj ) = ∂Q[vj , vj+1]
∂x

(x+
j , t) − ∂Q[vj−1, vj ]

∂x
(x−

j , t)

= (
vj+1 − vj

(
eγ + e−γ

) + vj−1
) 2γ

eγ − e−γ
.

Since
dvj

dt
= 0, (5) becomes a nonlinear system for the stationary states:

gNam
3
j hj (vj − 1) + gL(vj − VL) + gKn4

j (vj − VK)

= 2Ddγ

eγ − e−γ

(
vj+1 − 2vj

(
eγ + e−γ

) + vj−1
)
. (7)

If the nerve is initially at equilibrium and vj (t), vj+1(t) are known to vary very
slowly with time, we may neglect again vt in (1)–(2). In this quasistatic approx-
imation, the internodal voltage is again given by (6), with vj , vj+1 replaced by
vj (t), vj+1(t).

3 Construction of Nerve Impulses

The MHH system (1)–(4), or equivalently (4)–(5), describes propagation of impulses
when it has an excitable nature. This means that there is a stable equilibrium, and that
sufficiently large disturbances from this equilibrium give rise to large excursions of
the variables before they return to equilibrium.
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Fig. 2 (a) Calculation of the
resting state of the nerve.
(b) Calculation of the maximum
value for the action potential

System (1)–(4) has a unique equilibrium state vj = v∗, nj = n∗, mj = m∗,
hj = h∗ when v∗, n∗ = n∞(v∗), m∗ = m∞(v∗) and h∗ = h∞(v∗) solve (7), which
yields an equation for v∗:

f (v∗) = p(v∗),

p(s) = 2Ddγ
1 − cosh(γ )

sinh(γ )
s, γ = 1√

DcR
, (8)

f (s) = gNa
(
m∞(s)

)3
h∞(s)(s − 1) + gL(s − VL) + gK

(
n∞(s)

)4
(s − VK).

Figure 2(a) plots f (s) and p(s) for the parameter values in Table 1. The graph of
p(s) cuts f (s) at (v∗, f (v∗)), with v∗ < 0.

Once we have determined v∗, the internodal voltage is given by

v∗ e−γ − 1

e−γ − eγ
eγ (x−xj ) + v∗ 1 − eγ

e−γ − eγ
e−γ (x−xj ), γ = 1√

DcR
.

This equilibrium state is linearly stable for the dynamics (1)–(4). This can be
checked by linearizing about it and then looking for solutions of the linearized prob-
lem with the structure (vj , nj ,mj ,hj )eαt , v(x)eαt . Inserting these expressions in
the linearized equations, we find an eigenvalue problem for α and the prefactors
(vj , nj ,mj ,hj ), v(x). A numerical study of this eigenvalue problem suggests that
Reα < 0 and the equilibrium state is linearly stable.

Figures 3–7 illustrate the structure of the impulse generated exciting the node
j = 0 for a short time, in a nerve initially at rest. These figures have been generated
solving the dimensionless MHH equations by the method of lines; see Appendix C
for details. We discretize by finite differences the derivatives appearing in (1) and (3),
and solve the resulting system of ordinary differential equations for the voltage at the
numerical nodes, coupled with the system for the voltage at the Ranvier nodes.

Figures 3 and 5 show the structure of the nerve impulse propagating along the
fiber. Notice that a single Ranvier node is crossing the gap from the resting voltage
to the excited voltage at each stage. Once this node has reached the excited volt-
age, the next node moves away from the resting state. The resulting wave front mo-
tion is ‘saltatory’. Figures 4 and 6 plot the temporal profile of the impulse. Adjacent
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Fig. 3 (a) Spatial profile of the nerve impulse at the Ranvier nodes for a fixed time: vj (circles), mj (as-
terisks), hj (triangles), nj (squares). The solid line represents the evolution of the potential in internodal
regions. (b) Zoom in the peak region. Parameter values are given in Table 1

Fig. 4 (a) Temporal profile of the nerve impulse at two fixed consecutive Ranvier nodes: vj (solid line),
mj (dotted), hj (dashed), nj (dash-dotted). (b) Zoom at the voltage peak, including the voltage at four in-
termediate numerical nodes located in the myelin sheath (dashed lines). Parameter values given in Table 1

Fig. 5 Spatial profile of the
nerve impulse at the Ranvier
nodes for a fixed time: vj (large
circles), mj (asterisks), hj

(triangles), nj (squares). Small
circles represent the evolution of
the voltage in the myelin sheaths
(at the numerical nodes).
Parameter values are given in
Table 1 with R replaced by
R/10, and λn , λh by λn/4,
λh/4

nodes undergo the same evolution with a constant delay. At the numerical nodes in-
troduced between two adjacent Ranvier nodes the temporal profile varies slightly; see
Figs. 4(b) and 6(b). Such small variations influence the tails and fronts of the spatial
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Fig. 6 (a) Temporal profile of the nerve impulse at two consecutive Ranvier nodes: vj (solid line), mj

(dotted), hj (dashed), nj (dash-dotted). (b) Zoom at the voltage peak, including the voltage at four inter-
mediate numerical nodes located in the myelin sheath (dashed lines). Parameter values are given in Table 1
with R replaced by R/10, and λn, λh by λn/4, λh/4

Fig. 7 (a) Propagation of the front of the voltage pulse along the axon as time grows. (b) Evolution of the
tail. Squares correspond to Ranvier nodes and circles to numerical nodes within the myelin sheath

profiles; see Fig. 7. Temporal profiles are the same for numerical nodes occupying
the same position in different internodes. These numerical simulations suggest that
impulses behave like some kind of traveling wave.

When space is continuous, traveling waves are given by u(x, t) = u(x − ct).

All the points x undergo the same evolution as time grows with a time delay τ . Plot-
ting u(x − ct) for different fixed times and c > 0, we see a pattern moving to the right
at speed c. In a spatially discrete system, a traveling wave has the mathematical struc-
ture uj (t) = u(j − ct). All nodes j evolve according to the same profile, with a delay
τ = 1

c
between consecutive nodes: uj+1(t) = u(j + 1 − ct) = u(j − c(t − 1/c)) =

uj (t − 1
c
).

The original MHH model has a hybrid structure, mixing spatially discrete and
continuous variables. Using the integrodifferential system for the Ranvier nodes
(4)–(5), the continuous and discrete components uncouple. The structure of the
traveling pulses becomes clear. At the Ranvier nodes, the variables evolve as dis-
crete wave solutions of system (4)–(5): vj (t) = v(j − ct), mj (t) = m(j − ct),
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nj (t) = n(j − ct), hj (t) = h(j − ct). The evolution of the internodal region is driven
by the nodes: v(x, t) = w(x − [x], t − [x]/c) ([] denotes the integer part, that is:
x = [x] + r,0 ≤ r < 1), where the profile w(z, t) solves

∂w

∂t
= Dc

∂2w

∂z2
− w

R
, z ∈ (0,1), t > 0, (9)

w(0, t) = v(−ct), w(1, t) = v(1 − ct). (10)

All the points x, y located in internodal regions and placed at the same distance of
their respective left nodes undergo the same evolution with a time delay (x − y)/c.
Therefore, describing a nerve impulse reduces to analyzing traveling pulse solutions
of (4)–(5).

4 Propagation Failure Due to Pinning of the Leading Front

Quantitative predictions of the propagation speed and the ranges of parameters for
which propagation fails are obtained exploiting two facts.

• The presence of two separate time scales (Carpio 2005a; Casten et al. 1975;
Muratov 2000). The fast variables vj and mj evolve in the fast time scale t . The
slow variables nj and hj vary in a slower time scale τ = εt , ε = λn ∼ 10−2 (see
Table 1, we set λh = λε).

• The small size of Dd ∼ 10−1 (see Table 1). This results in ‘saltatory’ propagation
(node by node) and renders useless approximations of (3) or (5) in which their right

hand sides are crudely replaced by Dd
∂2v

∂x2 .

Figure 6(a) depicts different regions in the time profile of the nerve impulse. Ini-
tially, the nerve is at rest (I), in the equilibrium state (v∗,m∗, n∗, h∗). The onset
of the impulse is a front, marked as (II). The next region is the peak of the pulse,
marked (III). The fourth and the fifth regions describe the return to the resting state.
This section is devoted to the analysis of propagation failure due to pinning of the
leading front. By ‘pinning’, we mean that the leading front is trapped at a node and
cannot move, so that stable pulses cannot be formed.

In the leading front (region (II)), the slow variables remain approximately at their
rest values (n∗, h∗). The smaller ε is, the more accurate this approximation becomes.
The fast variables jump abruptly from their rest values (v∗,m∗) to an excited state
(V ,M), forming a front for the fast system:

dvj

dt
+ Iion(vj ,mj ,n

∗, h∗) = Dd
[
G+(vj , vj+1) − G−(vj−1, vj )

]
, (11)

dmj

dt
= Λm(vj )

[
m∞(vj ) − mj

]
. (12)

The system (11)–(12) has three equilibrium states. The leading front joins the two
stable equilibria: (v∗,m∗) and (V ,M),M = m∞(V ), where V solves
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f (V ) = p(V ),

p(s) = 2Ddγ
1 − cosh(γ )

sinh(γ )
s, γ = 1√

DcR
, (13)

f (s) = gNa
(
m∞(s)

)3
h∗(s − 1) + gL(s − VL) + gK(n∗)4(s − VK).

The graphs of f and p are depicted in Fig. 2(b), showing three possible solutions.
The first one is v(1) = v∗ and the third one v(3) = V . The intermediate value v(2)

marks a threshold for stability. The intensity of the excitation at the left node j = 0
must surpass v(2) for an impulse to be generated. Wave front solutions of (11)–(12)
may either be stationary or they may propagate. Only in the second case can the nerve
impulse propagate successfully.

To determine ranges of parameters for which the leading front propagates we
use the ‘active point’ approximation (Carpio and Bonilla 2001, 2003a, 2003b). This
method was developed for wave fronts in discrete bistable equations and is recalled
in Sect. 4.1. Section 4.2 applies a similar strategy to our fast system.

4.1 Active Point Theory for Bistable Equations

Let us consider a spatially discrete bistable equation:

dvj

dt
= D(vj+1 − 2vj + vj−1) − f (vj ) − w, D > 0, j ∈ Z. (14)

The sources f (z) + w have three zeros z1(w) < z2(w) < z3(w) (the first and the
third of which are stable) provided w ∈ (wmin,wmax). w is a parameter controlling
the symmetry of the source. Analytical and numerical studies of wave front solu-
tions joining z1 and z3 (see Carpio et al. 2000; Carpio and Bonilla 2001, 2003a;
Fáth 1998; Mallet-Paret 1999; Zinner 1992 and references therein) suggest that,
generically, there are two threshold values wc−(D), wc+(D) such that we have the
following.

• If w ∈ (wmin,wc−(D)), there exist wave front solutions vj (t) = v(j − ct) decreas-
ing from z3(w) to z1(w) (resp. increasing from z1(w) to z3(w)) moving to the right
(resp. left) with speed c = c+(w,D) �= 0.

• If w ∈ (wc+(D),wmax), there exist wave front solutions increasing from z1(w) to
z3(w) (resp. decreasing from z3(w) to z1(w)) moving to the right (resp. left) with
speed c = c−(w,D) �= 0.

• If w ∈ [wc−(D),wc+(D)], there exist static wave front solutions (c = 0). The size
of this interval grows as D decreases, hindering propagation.

For sources − sin(z)−w, it was proven that static and moving wave fronts cannot co-
exist for the same values of D and w (Carpio et al. 2000). Similar arguments seem to
apply to more general sources f (z,w). Moreover, comparison principles using static
or moving wave fronts as sub- or supersolutions to block or force propagation seem
to imply that wave front propagation is not possible when static wave fronts exist.
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For exceptional sources, it may happen that wc−(D) = wc+(D), but then saltatory
propagation is excluded (Carpio and Bonilla 2003a).

At wc±(D) the so-called depinning transitions occur. For small D, there are stable
static fronts sj at w = wc−(D) with the following structure: two essentially constant
tails sj ∼ z3(w), j < 0, and sj ∼ z1(w), j > 0, joined by an active point s0, which
takes values in the interval (z1(w), z2(w)). As we vary w, such static (‘pinned’)
fronts cease to exist and propagation becomes possible. While the wave front patterns
move at a constant speed c for w < wc−(D), the motion of individual points vj (t)

belonging to moving fronts is saltatory. Their spatial profiles vj stay near some
shifted static configuration sj−
, for a time of order 1

c
, until the 
th point v
(t)

(the active point) jumps from s0 to z3(w) and v
+1(t) (the next active point) jumps
from z1(w) to s0, advancing the front one position (Carpio and Bonilla 2003a;
Fáth 1998).

The depinning transition occurs when the branches of static wave fronts undergo
a bifurcation of saddle-node type. This fact can be sustained by truncation to finite
dimension (Carpio and Bonilla 2003a). If D is small, the sequence of equations is
truncated to one for the active point:

dv0

dt
= D

(
z1(w) − 2v0 + z3(w)

) − f (v0) − w. (15)

This equation has three stationary solutions if w−(D) < w < w+(D), two stable and
one unstable. Setting s0 equal to any of those stationary solutions, sj = z3(w), j < 0,

and sj = z1(w), j > 0, we reconstruct the static wave fronts of (14). At w = w−(D),
the two solutions close to z1(w) collide. For w < w−(D), only the stable solution
near z3(w) is left. An analogous situation is encountered for w > w+(D). The val-
ues w±(D) approximate the thresholds wc±(D) of (14). The speed and profiles of
the traveling wave solutions of (14) near w = w±(D) are predicted by using the nor-
mal form of the bifurcation and matched asymptotic expansions (Carpio and Bonilla
2003a). Near the thresholds, the temporal wave profiles are staircase like, and the
speed is approximated by the inverse of the time spent in one step, which is predicted
using the blow-up time of the normal form.

An analogous situation is encountered as D increases, with a larger number of ac-
tive points filling the gap between the constant tails, see Carpio and Bonilla (2003a),
Fáth (1998).

An identical analysis is hard to reproduce in our case, due to the coupling with
the diffusion equation. However, we can exploit the underlying strategy to predict
propagation thresholds and speeds.

4.2 Analysis of the Leading Front

For small ε, the leading front of the impulse has the structure (vj ,mj ,n
∗, h∗), where

(vj ,mj ) is a front for the fast system (11)–(12). Notice that the diffusivity Dd =
(CnλM(Re + Ri)L)−1 ∼ 10−1 takes small values. Due to this fact, most of the time
such fronts consist essentially of two constant tails joined by one node, at which
the voltage jumps from the rest state v∗ to an excited state V . This suggests that an
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approximation using one or two active points might be tried. Figures 3, 5 and 7 seem
to validate this assumption.

To determine the threshold parameters for failure, truncation to a system involving
just one node is enough. If the active point is located at j = j0, the reduced equations
are

dvj0

dt
+ Iion(vj0,mj0 , n

∗, h∗) = Dd
[
G+(vj0, v

∗) − G−(V , vj0)
]
, (16)

dmj0

dt
= Λm(vj0)

[
m∞(vj0) − mj0

]
. (17)

In case static wave front solutions of the full fast system exist, they may be approxi-
mated by two constant states joined by the active node:

mj = M, j < j0, mj0 , mj = m∗, j > j0,

vj = V, j < j0, vj0, vj = v∗, j > j0.
(18)

The unknown values (vj0 ,mj0) are stationary solutions of (16)–(17), satisfying
m∞(vj0) = mj0 and

Iion
(
vj0,m∞(vj0), n

∗, h∗) = Dd
[
G+(vj0, v

∗) − G−(V , vj0)
]
. (19)

For time independent arguments, the operators G+ and G− are explicitly defined at
the end of Sect. 2. Equation (19) becomes

gNam∞(vj0)
3h∗(vj0 − 1) + gL(vj0 − VL) + gK(n∗)4(vj0 − VK)

= 2Ddγ

eγ − e−γ

(
V − vj0

(
eγ + e−γ

) + v∗), γ = 1√
DcR

. (20)

Notice that (v∗, n∗, h∗,V ) are not fixed but depend on the parameters. For typical
parameter values, (20) has either one or three solutions. When it has three solutions,
the solution ν closest to v∗ can be used to approximate the static wave front solution
of (11)–(12) generated by exciting the left end of a chain of nodes: an initial state at
equilibrium evolves into a static wave front with a left tail near (V ,M) and a right
tail near (v∗,m∗), joined by (ν,m∞(ν)).

Unlike the situation described in Sect. 4.1, for the fast system (11)–(12) we lack
rigorous results relating propagation success or failure to the existence of station-
ary or traveling waves, or establishing that static and moving waves cannot coexist.
Assuming that this is still the situation, we use identity (20) to predict ranges of para-
meters for which propagation fails, as in Sect. 4.1. As long as (20) has three solutions,
propagation of wave fronts in (11)–(12) should be blocked and nerve impulses would
fail to propagate. Figure 8(a) plots the resulting threshold value of R for propagation
failure as a function of gNa. At such thresholds, the two solutions of (20) which are
close to v∗ are lost. There is good agreement between this curve and the one obtained
by directly checking whether an impulse is generated by exciting the left end of a
chain of nodes governed by the full system (1)–(4) during a long enough time (up to
10–50 in our tests) for small enough ε. Notice that we only expect this approximation
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Fig. 8 (a) Threshold curve for propagation (dashed) obtained studying the solutions of (20), compared to
the curve computed by direct simulation of impulses using (1)–(4) with parameters given in Table 1 (solid)
or smaller λn/10, λh/10 (dash-dotted). (b) Numerically calculated speeds of the impulses. The solid curve
is computed solving the full system (1)–(4). The dashed and dashed-dotted lines are predictions obtained
by numerically solving the active node approximations with one node (16)–(17) and two nodes (21)–(24),
respectively. (c) Peak time length, (d) number of nodes in a peak and (e) threshold separation of time scales
for propagation of stable impulses calculated by direct simulation (solid lines) of (1)–(4) compared to the
predictions (dashed lines) given by (31), (32) and (33), respectively. Reference parameters for (b), (c), (d),
(e) are given in Table 1. All the magnitudes are dimensionless. Dimensions can be restored as described in
Appendix A

to perform well when λn and λh are small enough to ensure an adequate time scale
separation and Dd is small enough to justify truncation to one active point. The qual-
ity of the approximation as Dd grows can be improved by considering two or more
active points and studying when the truncated problems loose blocking static wave
fronts. For λn and λh given in Table 1, the approximation worsens as gNa decreases
because the mechanisms for propagation failure described in Sect. 5 become relevant
(vanishing peak length due to insufficient time scale separation instead of pinning of
leading front). Similar plots may be obtained for other sets of parameters.

When (20) loses its two smallest solutions, the dynamic equations for the active
point (16)–(17) drive an initial state (v∗,m∗) to a state close to (V ,M). The result-
ing trajectories (vj0(t),mj0(t)) approximate quite well the trajectories (vj (t),mj (t))

generated by exciting (1)–(4) in Sect. 3 (up to a time shift). We obtain a rough pre-
diction of the speed of the front by computing the inverse of the time an active point
takes to first reach (V ,M). This arrival time is calculated by numerically solving
(16)–(17), choosing as initial data (v∗,m∗) at time zero. This value is finite, because
the trajectories are not monotonic: the values V and M are surpassed and then the
profiles decrease to their limit. The prediction improves as we approach the thresh-
olds for failure, since it is reminiscent of the estimation of the time spent in steps of
the profile mentioned in Sect. 4.1 (Carpio and Bonilla 2003a). For standard values
of the parameters, a sharper approximation is found by truncating the fast system
(11)–(12) to two active points located at j = j0, j0 + 1, with vj0−1 = V , vj0+2 = v∗:

dvj0

dt
+ Iion(vj0 ,mj0, n

∗, h∗) = Dd
[
G+(vj0 , vj0+1) − G−(V , vj0)

]
, (21)

dvj0+1

dt
+ Iion(vj0+1,mj0+1, n

∗, h∗) = Dd
[
G+(vj0+1, v

∗) − G−(vj0 , vj0+1)
]
, (22)
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dmj0

dt
= Λm(vj0)

[
m∞(vj0) − mj0

]
, (23)

dmj0+1

dt
= Λm(vj0+1)

[
m∞(vj0+1) − mj0+1

]
. (24)

Starting from (v∗, v∗,m∗,m∗) at time zero, the corresponding numerical solutions
reach values near (V ,V,M,M) as time grows. The trajectories vj0(t), vj0+1(t) look
alike, except for a time lag. Let t1 and t2 be the times at which both reach the same
value vj0(t1) = vj0+1(t2) = v∗+V

2 . Then, the speed of the wave fronts governed by
(11)–(12) can be approximated by c ∼ 1

t2−t1
(provided D is small enough), and so

can the speed of the impulses generated by the whole system (provided ε is small
enough). Figure 8(b) shows good agreement between this second prediction and the
speed of pulses for the parameter values in Table 1.

4.3 Comparison with Simpler Models

Simplified versions of the MHH model assume the axial current to be constant along
the myelin sheath: ∂v

∂x
(x, t) = vj+1(t) − vj (t) in [j, j + 1]. We obtain the discrete

Hodgkin–Huxley (DHH) model at the nodes, given by (4) and:

dvj

dt
+ Iion(vj ,mj ,nj , hj ) = Dd(vj+1 − 2vj + vj−1). (25)

The new equilibrium solves Iion(v
∗,m∞(v∗), n∞(v∗), h∞(v∗)) = 0. For our para-

meter values, the right hand side in (9) is 0.036v∗. The resting states of the MHH and
DHH models are close. Applying the active node approximation to the DHH model,
equation (20) characterizing propagation failure is replaced by:

Iion
(
vj0,m∞(vj0), n

∗, h∗) = Dd(V − 2vj0 + v∗). (26)

They differ in the factors 2Ddγ

eγ −e−γ = 0.97Dd and eγ + e−γ = 2.2. The parameter re-
gions for propagation failure are similar for our parameter values.

However, if we wish to study the way variations of parameters in the myelin sheath
affects nerve propagation, the DHH model is almost useless. The only parameter rep-
resenting the myelin sheath in the simplified model is Dd = 1

(Ri+Re)LCnλM
, which

involves the length of the myelin sheath. If this length changes noticeably, this means
that the Ranvier nodes have increased their size, so as to not be identifiable with
points, and the whole model should be changed. The DHH model cannot describe the
impact of alterations in the myelin capacitance Cm or resistance R due to changes in
the thickness of the myelin sheath. With even simpler FitzHugh–Nagumo approxi-
mations, all quantitative information is lost.

5 Propagation Failure Due to Vanishing Peaks

We have seen that inadequate values of resistances, conductances, capacitances, and
so on, forbid nerve impulse propagation due to pinning of the leading front of the
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impulse. Inadequate separation of time scales may also be a cause for propagation
failure. By studying the width of the peak we can find thresholds for the separation
of scales ε.

Throughout the peak (region (III) in Fig. 6(a)), the slow variables vary in their
length scale τ = εt (recall that ε = λn) and the fast variables relax instantaneously to
their equilibrium values: mj(t) = m∞(vj (t)) with vj (t) satisfying

Iion
(
vj (t),m∞

(
vj (t)

)
, nj (t), hj (t)

) = Dd
[
G+(

vj (t), v
∗) − G−(

V,vj (t)
)]

. (27)

In the quasistatic approximation G+(vj , vj+1) − G−(vj−1, vj ) becomes (vj+1(t) −
vj (t)(eγ + e−γ ) + vj−1(t))

2γ

eγ −e−γ ; see Sect. 2. Now, vj (t) ∼ vj+1(t) ∼ vj−1(t) in
the peak and (27) reduces to

gNam∞
(
vj (t)

)3
hj (t)

(
vj (t) − 1

) + gL
(
vj (t) − VL

) + gK
(
nj (t)

)4(
vj (t) − VK

)

= 2Ddγ
1 − cosh(γ )

sinh(γ )
vj (t). (28)

Figure 2(b) shows that this type of equations has typically three branches of zeros
vj for known nj ,hj . Since the peak is matched to the leading front, vj must lie in
the third branch of zeros: vj = v(3)(nj , hj ) and mj = m∞(vj ). The slow variables
(nj , hj ) are governed by the slow system:

dnj

dτ
= Λn(vj )

[
n∞(vj ) − nj

]
,

dhj

dτ
= λΛh(vj )

[
h∞(vj ) − hj

]
, (29)

for τ0 < τ < τ1 and lie in an integral curve of

dh

dn
= λΛh(v

(3)(n,h))[h∞(v(3)(n,h)) − h]
Λn(v(3)(n,h))[n∞(v(3)(n,h)) − n] , h(n∗) = h∗. (30)

In standard asymptotic constructions of pulses, the peak ends in a trailing front
through which the slow variables remain near constant values (n∗

1, h
∗
1) lying in the

integral curve (30) (Carpio and Bonilla 2003b; Carpio 2005b; Keener 1980). These
values are selected observing that the back front must move at the same speed as the
leading front, which is determined by (n∗, h∗). For some nonlinearities it may happen
that no trailing fronts moving at the required speed exist. In that case, the peak ends at
values (n∗

1, h
∗
1) for which the branch v(3) is lost. Numerical simulations suggest that

this might often be the case for our strongly asymmetric source, as in Carpio (2005a).
The time length of the peak of the impulse is found by integrating (29):

T1 = τ1 − τ0

ε
=

∫ n∗
1

n∗
ds

εΛn(v(3)(s, h(s)))[n∞(v(3)(s, h(s))) − s] , (31)

where the integral is evaluated along the solution h(n) of (30). The number of Ranvier
nodes in the peak is computed using the traveling wave structure: vj (t) = v(j − ct).

The temporal length T1 is the time delay between the instant at which the leading
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front is placed at the j th node and the time at which the end of the peak is located at
the same node. The number of nodes forming the peak is then the closest integer to:

L1 ∼ c(n∗, h∗)T1. (32)

The above construction is only consistent if L1 ≥ 1. This provides a restriction on the
size of ε for the existence of pulses:

ε ≤ c(n∗, h∗)
∫ n∗

1

n∗
ds

Λn(v(3)(s, h(s)))[n∞(v(3)(s, h(s))) − s] . (33)

The quality of these approximations is tested in Fig. 8(c)–(e).

6 Conclusions

We have analyzed saltatory propagation of impulses in the MHH model for myeli-
nated fibers. Nerve impulses consist of two parts: a discrete traveling pulse at the Ran-
vier nodes (which solves an integrodifferential system for the voltage at the nodes)
and a subordinated continuous wave propagating through the internodal regions (in-
duced by the dynamics of the nodes). The internodal region affects the generation
and propagation of the discrete traveling pulse through a number of parameters de-
scribing properties of the myelin sheath, which enter the integrodifferential system
governing the impulse at the Ranvier nodes.

Simple analytical characterizations of the parameter regions (resistances, conduc-
tances, rates, . . .) for which propagation fails, together with predictions of the speed
and width of the impulse, have been given by exploiting separation of time scales
and truncations to small subsystems of active nodes. These predictions are in good
agreement with numerical simulations of the full model. In contrast to previous work
on propagation failure in discrete equations, the leading fronts of our impulses solve
discrete bistable systems for which no comparison principles are available.

Unlike simpler models, the MHH system provides quantitative information, suit-
able for comparison with experimental data. It incorporates precise information on
the myelin sheath, allowing to test the influence of damage in the myelin cover on
nerve propagation. The models we have discussed consider single fibers. Nerves are
usually formed by bundles of fibers. Our analysis of single myelinated fibers might
serve as a basis for the study of impulse propagation along nerve bundles following
the ideas in Binczak et al. (2001).

Acknowledgements This work has been supported by the Spanish Ministry of Research and the Au-
tonomous Region of Madrid under Grants FIS2008-04921-C02-02 and CM-910143.

Appendix A

The myelinated Hodgkin–Huxley model was proposed in FitzHugh (1962). We re-
call its structure. Let us denote by V (X,T ) and Vj (T ) the deviation of the potential
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with respect to its equilibrium value in the myelin sheaths and at the Ranvier nodes,
respectively. We assume that the nodes are separated by a distance L, equal to the
length of the myelin sheath. The length of the myelin sheaths is of order 1–2 mm
(about 100d , where d is the fiber diameter). The length of the Ranvier nodes is of
order 1 µm. Therefore, we may consider the Ranvier nodes simply as points located
at positions Xj . Myelin covers the intervals [Xj ,Xj+1]. The time evolution of the
voltage V (X,T ) in the myelin sheaths (see FitzHugh 1962) is governed by

Cm
∂V

∂T
= 1

Ri + Re

∂2V

∂X2
− V

R
, X ∈ (Xj ,Xj+1), T > 0, (34)

V (Xj ,T ) = Vj (T ), V (Xj+1, T ) = Vj+1(T ). (35)

These equations are coupled with equations for the voltage at the nodes (FitzHugh
1962):

Cn
dVj

dT
+ I ion(Vj ,Mj ,Nj ,Hj ) = 1

Ri + Re

[
∂V

∂X
(X+

j , T ) − ∂V

∂X
(X−

j , T )

]
. (36)

The ion current through the membrane is given by

I ion(V ,M,N,H) = gNaM
3H(V − V Na,R)

+ gL(V − V L,R) + gKN4(V − V K,R). (37)

The dimensionless variables Nj , Mj and Hj control the chemistry of sodium and
potassium: Nj is the potassium activation, Mj the sodium activation and Hj the
sodium inactivation. Their dynamics obeys the equations:

dMj

dT
= λMΛM(Vj )

(
M∞(Vj ) − Mj

)
,

dNj

dT
= λNΛN(Vj )

(
N∞(Vj ) − Nj

)
, (38)

dHj

dT
= λH ΛH (Vj )

(
H∞(Vj ) − Hj

)
.

Parameters have the following meaning. gNa and gK are the maximum conduc-
tances for Na+ and K+ channels, respectively. gL is the leakage conductance. The
corresponding potentials are V Na, V K and V L, respectively. We define, V Na,R =
V Na − V R , V K,R = V K − V R and V L,R = V L − V R, where V R is the resting po-
tential. Cn is the capacitance of the membrane at the nodes and Cm the myelin ca-
pacitance. Ri and Re represent intracellular and extracellular membrane resistances.
R is the myelin resistance. Myelin may increase the electrical resistance across the
membrane by a factor of 5 000 and decrease its capacitance by a factor of 50.

In the literature on the Hodgkin–Huxley models, convergence rates are usually
represented as single functions Λ
(V ). We have chosen to write λ̄
Λ
(V ) so that
nondimensionalizing the model becomes easier. Our parameter λ̄
 contains the units
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Table 2 Parameter values for a
myelinated frog nerve Cm V Na Ri + Re gNa λM

1.6 pf/mm 47 mV 15 M�/mm 0.57 µmho 127 (ms)−1

Cn V K R gK λH

1.5 pf −75 mV 290 M�mm 0.104 µmho 1.76 (ms)−1

V R V L L gL λN

−70 mV −75 mV 2 mm 0.025 µmho 2 (ms)−1

Table 3 Nondimensionalization rules

gNa gK gL Dd Dc R VK VL λn λh

gNa
CnλM

gK
CnλM

gL
CnλM

D

CnλM

D

CmλML
RCmλM

V K,R
V Na,R

V L,R
V Na,R

λN

λM

λH

λM

and also the order of magnitude of the term. For the motor nerves of frogs (Cole
1968), experimental curves can be adjusted using the following profiles:

ΛM(V ) = 0.03

[
2.5 − 0.1V

exp(2.5 − 0.1V ) − 1
+ 4 exp

(−V

18

)]
,

M∞(V ) =
[

1 + 4 exp

(−V

18

)
exp(2.5 − 0.1V ) − 1

(2.5 − 0.1V )

]−1

,

ΛH (V ) =
[

0.07 exp

(−V

20

)
+ 1

exp(3 − 0.1V ) + 1

]
,

H∞(V ) =
[

1 + exp( V
20 )

0.07(exp(3 − 0.1V ) + 1)

]−1

,

ΛN(V ) = 0.79

[
0.1 − 0.01V

exp(1 − 0.1V ) − 1
+ 0.125 exp

(−V

80

)]
,

N∞(V ) =
[

1 + 0.125 exp

(−V

80

)
exp(1 − 0.1V ) − 1

(0.1 − 0.01V )

]−1

,

(39)

where V is measured in mV. Typical values for the remaining parameters are collected
in Table 2 (Cole 1968; Scott 1975).

To nondimensionalize the model we introduce the new variables:

v = V

V Na,R
, t = T λM, x = X

L
,

mj = Mj, nj = Nj , hj = Hj .

Setting D = 1
(Re+Ri)L

, we obtain the dimensionless equations (1)–(4) of Sect. 1, with

dimensionless parameters computed according to Table 3.
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The new profiles Λn(v), Λm(v), Λh(v) and n∞(v), m∞(v), h∞(v) are obtained
from the original ones replacing V by vV Na,R in (39). All these functions take values
in (0,1) for the ranges of interest of the variable v. Thus, the parameters λn,λh allow
one to visualize the relevant time scales.

Appendix B

In this section we give an explicit formula for the operator G+(vj , vj+1) −
G−(vj−1, vj ) entering (5). To do so, we need expressions for the solution v =
Q[vj , vj+1] of the parabolic problem (1)–(2). The first step is to replace this
problem by an analogous one with zero boundary conditions. We set v(x, t) =
u(x, t) + q+(x, t) in (xj , xj+1). Then u solves

∂u

∂t
− Dc

∂2u

∂2x
+ u

R
= a+, x ∈ (xj , xj+1) = (j, j + 1), t > 0, (40)

u(xj , t) = 0, u(xj+1, t) = 0, (41)

u(x,0) = b+(x,0), (42)

with

a+(x, t) = q+(x, t)

R
− ∂q+

∂t
(x, t), b+(x,0) = v(x,0) − q+(x,0),

q+(x, t) = vj (t)
x − xj+1

xj − xj+1
+ vj+1(t)

x − xj

xj+1 − xj

.

Let μ
 = Dc(
π)2 + 1
R

and φ
(x) = sin(
√

μ


x)(

∫ 1
0 sin(

√
μ



x)2 dx)−1 be the eigen-

values and orthonormalized eigenfunctions of the operator −Dc
∂2u

∂2x
+ u

R
in (0,1) with

zero boundary conditions. We expand a+ and b+ as a Fourier series of the eigenfunc-
tions:

a+(x, t) =
∞∑


=0

a+

 (t)φ
(x − xj ), a+


 (t) =
∫ 1

0
a+(z + xj , t)φ
(z)dz,

b+(x,0) =
∞∑


=0

b+

 (0)φ
(x − xj ), b+


 (0) =
∫ 1

0
b+(z + xj ,0)φ
(z)dz.

The solution of (1)–(2) is then given by

v+(x, t) = q+(x, t) +
∞∑


=0

e−μ
tb+

 (0)φ
(x − xj )

+
∞∑


=0

e−μ
tφ
(x − xj )

∫ t

0
eμ
sa+


 (s)ds, (43)
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where

a+

 (t) =

(
vj (t)

R
− dvj (t)

dt

)
A
 +

(
vj+1(t)

R
− dvj+1(t)

dt

)
B
, (44)

with A
 = ∫ 1
0 (1 − z)φ
(z)dz and B
 = ∫ 1

0 zφ
(z)dz. A similar expression holds for
the solution v−(x, t) of (1)–(2) in (xj−1, xj ), replacing q+ by q−, a+ by a−, b+ by
b−, a+


 by a−

 , b+


 by b−

 , vj+1 by vj and vj by vj−1. Integrating by parts,

∫ t

0
eμ
sa+


 (s)ds =
(

1

R
+ μ


)
A


∫ t

0
eμ
svj (s)ds − A
eμ
t vj (t) + A
vj (0)

+
(

1

R
+ μ


)
B


∫ t

0
eμ
svj+1(s)ds − B
eμ
t vj+1(t)

+ B
vj+1(0),

and an analogous expression holds for a−

 .

The term ∂v+
∂x

(x+
j , t)− ∂v−

∂x
(x−

j , t) = G+(vj , vj+1)−G−(vj−1, vj ) takes the final
form

∑



e−μ
t
∂φ


∂x
(0)

[∫ 1

0
v(z + xj ,0)φ
(z)dz − B
vj+1(0) − A
vj (0)

]

−
∑




e−μ
t
∂φ


∂x
(1)

[∫ 1

0
v(z + xj−1,0)φ
(z)dz − B
vj (0) − A
vj−1(0)

]

+
∑




e−μ
t
∂φ


∂x
(0)

[(
1

R
+ μ


)∫ t

0
eμ
s

(
B
vj+1(s) + A
vj (s)

)
ds

− eμ
t
(
B
vj+1(t) + A
vj (t)

) + (
B
vj+1(0) + A
vj (0)

)]

−
∑




e−μ
t
∂φ


∂x
(1)

[(
1

R
+ μ


)∫ t

0
eμ
s

(
B
vj (s) + A
vj−1(s)

)
ds

− eμ
t
(
B
vj (t) + A
vj−1(t)

) + (
B
vj (0) + A
vj−1(0)

)]

+ vj+1 − 2vj + vj−1. (45)

Appendix C

A simple method to numerically solve the dimensionless MHH model approximates
by finite differences the derivatives appearing in (1) and (3):
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∂2v

∂x2
(x, t) = v(x + r, t) − 2v(x, t) + v(x − r, t)

r2
, x ∈ (j, j + 1) = (xj , xj+1),

∂v

∂x
(x+

j , t) = v(xj + r) − v(xj , t)

r
,

∂v

∂x
(x−

j , t) = v(xj ) − v(xj − r, t)

r
.

In each internodal space [j, j + 1] we introduce N − 1 numerical nodes. We set
r = 1

N
and denote by yj,
 = j + 
r, 
 = 0, . . . ,N, j = 0, . . . ,M the nodes. The

index 
 indicates the position of the numerical node in the internodal space [j, j + 1]
determined by the index j . There are M + 1 Ranvier nodes in the fiber and N + 1
numerical nodes in each internodal space. We numerate all the nodes consecutively.
Keeping j fixed we set zk = yj,
, k = j + 
r, for 
 = 0, . . . ,N and then increase
j from 0 to M . The Ranvier nodes are located in the positions zjN , j = 0, . . . ,M.

At each Ranvier node, (3)–(4) hold. Discretizing the spatial derivatives we find

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

dvjN

dt
+ I (vjN ,mjN,njN ,hjN) = Dd

vjN+1−2vjN+vjN−1
r

,

dmjN

dt
= Λm(vjN)[m∞(vjN) − mjN ],

dnjN

dt
= λnΛn(vjN)[n∞(vjN) − njN ],

dhjN

dt
= λhΛh(vjN)[h∞(vjN) − hjN ],

(46)

for j = 1, . . . ,M − 1. At the intermediate numerical nodes, (1) yields

dv


dt
− Dc

v
+1 − 2v
 + v
−1

r2
= −v


R
, 
 = jN + 1, . . . , (j + 1)N − 1, (47)

for j = 0, . . . ,M − 1. Now, vk,mk,nk,hk stand for the values of the variables at the
numerical nodes zk . The resulting system of ordinary differential equations is then
solved employing the MATLAB adaptive Runge–Kutta solver ode23 with relative
error tolerance at least 10−3. We typically set M = 150–200 and N = 10–100.
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