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Received 25 July 2007; received in revised form 11 March 2008; accepted 14 May 2008
Available online 9 July 2008
Abstract

A numerical method to detect objects buried in a medium by surface thermal measurements is presented. We propose a
new approach combining the use of topological derivatives and Laplace transforms. The original optimization problem
with time-dependent constraints is replaced by an equivalent problem with stationary constraints by means of Laplace
transforms. The first step in the reconstruction scheme consists in discretizing the inversion formula to produce an approx-
imate optimization problem with a finite set of constraints. Then, an explicit expression for the topological derivative of the
approximate shape functional is given. This formula is evaluated at low cost using explicit expressions of the forward and
adjoint fields involved. We apply this technique to a simple shape reconstruction problem set in a half space. Good approx-
imations of the number, location and size of the obstacles are obtained. The description of their shapes can be improved by
more expensive hybrid methods combining time averaging with topological derivative based iterative schemes.
� 2008 Elsevier Inc. All rights reserved.
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1. Introduction

Photothermal techniques are becoming an effective tool in nondestructive testing of composite materials.
Recent experiments aiming to reconstruct internal properties of materials are described in [14,26,30,32].
The goal is to detect structural defects or inclusions and determine their location, size, shape, orientation
and physical properties. This is done by heating the exterior surface of the material using a defocused laser
beam and measuring the temperature on the surface. Unlike acoustic waves, thermal waves are highly damped
[23,27]. They are useful to obtain information near the surface. Applications to the recovery of dielectric coat-
ing factors or detection of corrosion are studied in [6,18]. The properties of thermal waves and their multiple
0021-9991/$ - see front matter � 2008 Elsevier Inc. All rights reserved.

doi:10.1016/j.jcp.2008.05.014

* Corresponding author. Tel.: +34 913363287.
E-mail addresses: ana_carpio@mat.ucm.es (A. Carpio), marialuisa.rapun@upm.es (M.-L. Rapún).

mailto:ana_carpio@mat.ucm.es
mailto:marialuisa.rapun@upm.es


8084 A. Carpio, M.-L. Rapún / Journal of Computational Physics 227 (2008) 8083–8106
usages are discussed in [1,23,24,29]. We refer to [12,20] and references therein for theoretical results on inverse
problems involving heat equations.

In this paper, we use thermal waves for the reconstruction of inclusions near the surface of a matrix. In [25]
tomographic techniques relying on thermal waves are used to guess the shape of an inhomogeneity in a turbid
medium. Further domain identification tests are carried out in [2,3,17]: an unknown part of a domain has to be
reconstructed from measurements of the temperature in the known part. In [15], scatterers buried in a medium
are detected by means of time-harmonic acoustic waves.

A common strategy in scattering problems consists in collecting data originated by time-harmonic waves
arriving from several directions or sources at different frequencies. The scatterers buried in the medium must
be reconstructed from such measurements. In our case, receptors can only be placed on the surface of the material
and the set of possible incident directions is restricted. Reconstruction tests using time-harmonic incident waves
produce poor results. We resort instead to general time-dependent sources. Handling time-harmonic excitations
is simple, because we are left with stationary problems. More general incident waves lead to evolution problems.

A way to solve our inverse scattering problem consists in minimizing a shape functional with a constraint in
the form of a transmission problem for a heat equation. We propose a strategy to approximate the scatterers
based on the idea of topological derivative. Topological derivative methods have arisen as a powerful tool in
imaging and nondestructive testing, see [7,8,11,13,15,16] and references therein for applications with time-har-
monic sources. For general time-dependent sources, we might either compute the topological derivative of the
time-dependent formulation or reduce the original problem to a family of optimization problems with station-
ary constraints by means of Laplace transforms and calculate the topological derivatives of the resulting func-
tional. The first strategy is more expensive than the second one. At present, it does not seem to provide
efficient schemes to reconstruct objects.

In this paper, we propose simple and efficient schemes generated by taking Laplace transforms in time and
exploiting the topological derivative techniques developed for the time-harmonic case. Choosing carefully the
inversion path for the Laplace transform [19,22], the resulting procedure is computationally efficient: only a
small number of stationary forward and adjoint fields have to be computed. The topological derivatives
are directly calculated using explicit expressions for these fields, which solve Helmholtz equations in the whole
space. A judicious selection of sampling points and times improves the quality of the reconstructions. The cost
of adding information coming from new measurements at different times is negligible. More precise descrip-
tions of the shape of the obstacles are found by combining time recording with topological derivative based
iterative techniques. These hybrid schemes use boundary integral methods to compute forward and adjoint
fields in each iteration, which now solve unbounded transmission problems. The resulting schemes are more
accurate, but also more expensive.

These strategies can be useful in other contexts requiring a knowledge of the time record. In medical appli-
cations, knowing the time-varying distribution of electrical properties inside a body is useful to differentiate
between different tissues and locate blood clots or tumors [9]. In synthetic aperture radar, data are recorded
during a certain time for general time-dependent electromagnetic signals, see [4].

The paper is organized as follows. Section 2 describes the forward scattering model in a half-space and refor-
mulates the inverse problem as a constrained optimization problem. Section 3 starts with a short background
on topological derivative methods applied to time-harmonic problems. These methods are then extended to
functionals with time-dependent constraints using Laplace transforms and combined with topological deriva-
tive based iterative schemes. Numerical experiments comparing scattering by time-harmonic and more general
time-dependent sources are presented in Section 4. Reasonable reconstructions are found at a low computa-
tional cost. Section 5 gives a formula for the time-dependent topological derivative and comments on the dif-
ficulties encountered when implementing schemes based on it. The derivation of the formulae for the
topological derivative of the ‘Laplace transformed’ functional and the time-dependent functional are given
in Appendixes A and B, respectively. Our conclusions are summarized in Section 6.

2. The time-dependent inverse problem

We consider a matrix Xe containing inclusions Xi of a different material near its surface. The whole com-
posite medium is identified with Rn

� :¼ fðx1; . . . ; xnÞ 2 Rn; xn 6 0g; n ¼ 2 or 3. We wish to determine the
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shape, size, topology and location of the inclusions in this semi-infinite medium from the temperature mea-
sured over a time interval on the surface of the sample P, that has been thermically excited by an incident
radiation U inc. Recent experimental work on this technique can be found in [14,26,30].

The temperature of the system is governed by a diffusion model:
U t � jeDU ¼ 0 in Xe � ð0;1Þ;
U t � aijiDU ¼ 0 in Xi � ð0;1Þ;
U� � Uþ ¼ U inc on C� ð0;1Þ;
ai@nU� � @nUþ ¼ @nU inc on C� ð0;1Þ;
@nU ¼ 0 on P� ð0;1Þ;
Uð�; 0Þ ¼ 0 in Rn

�;

8>>>>>>>><>>>>>>>>:
ð1Þ
where Xe :¼ Rn
� n Xi. Here U represents the scattered field in Xe and the transmitted field in Xi. The outward

normal vector n points outside Xe. We denote by Uþ and U� the limits of U from the exterior and interior of
Xi, respectively, and on stands for the normal derivative. An adiabaticity condition is imposed on the upper
boundary P :¼ fðx1; . . . ; xnÞ 2 Rn; xn ¼ 0g.

The parameter ai > 0 is the ratio of the interior and exterior thermal conductivities. The diffusivities of the
materials are je; aiji > 0. We write aiji for the interior diffusivity because it simplifies the later computation
of topological derivatives.

The domain Xi � Rn
� is an open bounded set with smooth boundary C :¼ oXi but we do not assume con-

nectivity. There may be an unknown number of isolated components, that is, Xi ¼ [d
j¼1Xi;j with Xi;j open con-

nected bounded sets satisfying Xi;l \ Xi;j ¼ ; for l 6¼ j (see Fig. 1).
Scattering patterns are measured at detector locations Cmeas placed on P. The sources are also located on P.

Time-harmonic excitations generated at a point x0 2 P take the form U incðx; tÞ ¼ ReðuincðxÞe�ıxtÞ, where
uincðxÞ :¼ /ke
ðx; x0Þ; ð2Þ
/ke
being the fundamental solution of the Helmholtz equation with wave-number ke
/kðx; yÞ :¼
ı
4
H ð1Þ0 ðkjx� yjÞ if n ¼ 2;

expðıkjx�yjÞ
4pjx�yj if n ¼ 3:

(
ð3Þ
Time-dependent excitations of the form
U incðx; tÞ ¼
1

t
n
2

exp � jx� x0j2

4jet

 !
; x 2 Rn; t > 0; ð4Þ
model a point source located at x0. In both cases, the incident wave satisfies the adiabaticity condition if the
source point x0 is located on P.
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Fig. 1. Geometrical configuration: Xi ¼ [d
j¼1Xi;j and Xe ¼ Rn

� n Xi.
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In practical experiments, the total field is known on a set of receptors Cmeas placed on P for a sequence of
times. The inverse problem consists in finding the shape and structure of the obstacle Xi such that the solution
of the forward transmission problem (1) equals the measured values U measðx; tjÞ at the detector locations at
times t1; . . . ; tN . This problem is ill-posed. Instead, we consider a weaker variational reformulation and seek
a domain Xi solving a constrained optimization problem: minimize
JðXiÞ :¼ 1

2

XN

j¼1

f ðtjÞ
Z

Cmeas

ðU totalðx; tjÞ � Umeasðx; tjÞÞ2dlx; ð5Þ
when U totalðx; tÞ ¼ Uðx; tÞ þ U incðx; tÞvXe
ðxÞ, Uðx; tÞ being the solution of the forward problem (1). vXe

ðxÞ
stands for the characteristic function of the domain Xe. On Cmeas, vXe

¼ 1. The cost functional (5) depends
on the design variable Xi through the heat equation, which acts as a constraint.

The positive weight function f ðtÞ accounts for the time decay of solutions of heat equations. The incident
waves (4) are positive functions which decay with time. For x 6¼ x0, they start from U incðx; 0Þ ¼ 0, attain a
maximum at t ¼ jx� x0j2=ð4jenÞ and then decay to zero as time grows. The corresponding solution U of
(1) shows a similar behavior. We will discuss different choices for f in Section 4.

Our choice of the boundary condition at the free surface P allows to extend the original problem set in a
half space to a problem set in the whole space by reflection. Let us denote by x̂ the reflected point of x with
respect to P, that is, x̂ ¼ ðx1; x2;�x3Þ for x ¼ ðx1; x2; x3Þ 2 R3 or x̂ ¼ ðx1;�x2Þ for x ¼ ðx1; x2Þ 2 R2. We define
the symmetric domains
eXi :¼ Xi [ fx 2 Rn; x̂ 2 Xig; eXe :¼ Rn n eX i
and the boundary eC :¼ C [ fx 2 Rn; x̂ 2 Cg. If U solves (1), then the reflected function
eU ðx; tÞ :¼
Uðx; tÞ if x 2 Rn

�;

Uðx̂; tÞ if x 2 Rn n Rn
�

(

satisfies
 eU t � jeD eU ¼ 0 in eXe � ð0;1Þ;eU t � aijiD eU ¼ 0 in eX i � ð0;1Þ;eU � � eU þ ¼ eU inc on eC � ð0;1Þ;

aion
eU � � on

eU þ ¼ on
eU inc on eC � ð0;1Þ;eU ð�; 0Þ ¼ 0 in Rn;

8>>>>>>><>>>>>>>:
ð6Þ
where
eU incðx; tÞ :¼
U incðx; tÞ if x 2 Rn

�;

U incðx̂; tÞ if x 2 Rn n Rn
�:

�

Reciprocally, if eU solves (6), the symmetry of the problem implies that U :¼ eU in Rn

� is a solution of (1).
Green’s function of the Helmholtz equation in the half space with wave-number k and zero Neumann bound-
ary condition on P is
/kðx; yÞ þ /kðx; byÞ:

From now on, we will work indistinctly with solutions in the half space or their extensions to the whole space.
For ease of notation, in the sequel U will be either the solution to (1) or to (6).
3. Topological derivatives for time-dependent problems: Laplace approach

In this section, we develop a topological derivative approach to solve inverse scattering problems reformu-
lated as optimization problems with time-dependent constraints. The interested reader can find a formula for
the topological derivative of the full time-dependent problem in Section 5, together with a discussion of the
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difficulties encountered when trying to develop schemes based on it. This section is devoted to a hybrid
Laplace transform–topological derivative approach, which works out nicely.

Let us first recall the definition of topological derivative of a shape functional. Consider a small ball BeðxÞ,
x 2 R, and the domain Re :¼ R n BeðxÞ. For x 2 R, the topological derivative of J ðRÞ is
DT ðx;RÞ :¼ lim
e!0

J ðReÞ � J ðRÞ
VðeÞ ; ð7Þ
where VðeÞ is a positive function selected in such a way that the limit exists, is finite and does not vanish. In our
case, VðeÞ ¼ pe2 in 2D but VðeÞ ¼ 4

3
pe3 in 3D.

The knowledge of the topological derivative of a shape functional is exploited to find information about the
presence of obstacles as follows. Notice that its value depends on R. When no a priori information on the set
of scatterers Xi is available, we set R ¼ Rn. Objects are likely to be located in the regions where DT ðx;RnÞ takes
large negative values. In this way, a first guess X1

i for Xi is found. A guess Xk
i can be improved by setting

R ¼ Rn n Xk
i and adding to Xk

i the regions where the updated DT ðx;RÞ takes large negative values. The mag-
nitude of the topological derivative decreases at each step and the updated guesses provide better reconstruc-
tions. This idea has been exploited to design iterative schemes to solve inverse scattering problems for time-
harmonic sources [7,8].

In this section, we first study a simplified model with time-harmonic excitations. Afterwards, we deal with the
full time-dependent problem, transforming it into a family of time-harmonic problems by means of Laplace
transforms. The new shape functional is replaced by a discretized version with a finite set of stationary con-
straints. We compute the topological derivative of the discretized functional and use it to generate a first approx-
imation to the set of scatterers. This approximation can be improved in two ways. First, by increasing the
number of time recordings and selecting the times conveniently. This is a low cost strategy. Second, by a topo-
logical derivative based iterative scheme, which sharpens the reconstructions at a higher computational cost.

3.1. Time-harmonic problems

Incident fields of the form U incðx; tÞ ¼ ReðuincðxÞe�ıxtÞ generate time-harmonic responses
Uðx; tÞ ¼ ReðuðxÞe�ıxtÞ with frequency x > 0. The time-dependent problem becomes a stationary Helmholtz
transmission problem and we may resort to standard topological derivative methods to find information on
the structure of the material [7,8,16].

To be more precise, the functional to be optimized becomes
JðXiÞ :¼ 1

2

Z
Cmeas

jutotal � umeasj2dl ð8Þ
with utotalðxÞ ¼ uðxÞ þ uincðxÞ. Notice that we take the modulus of the difference utotal � umeas, since both func-
tions are complex-valued. The space-dependent amplitude of the scattered wave u ¼ usc in Xe, and of the trans-
mitted wave u ¼ utr in Xi, solve the elliptic transmission problem
Duþ k2
eu ¼ 0 in Xe;

aiDuþ k2
i u ¼ 0 in Xi;

u� � uþ ¼ uinc on C;

aionu� � onuþ ¼ onuinc on C

8>>><>>>: ð9Þ
and satisfy the Sommerfeld radiation condition at infinity
lim
r!1

rðn�1Þ=2 oru� ıkeuð Þ ¼ 0; r ¼ jxj; ð10Þ
uniformly in all directions. The wave-numbers are k2
‘ ¼ ıx=j‘, ‘ ¼ e; i, that is, k‘ ¼ ð1þ ıÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x=ð2j‘Þ

p
.

Throughout this work, square roots of complex numbers are always taken with non-negative imaginary part.
For our particular type of complex wave-numbers and ai > 0, problem (9) and (10) is always uniquely solvable
(see [10] or [28]). Efficient numerical strategies to solve (9) and (10) by means of boundary element techniques
are discussed in the survey [29].



8088 A. Carpio, M.-L. Rapún / Journal of Computational Physics 227 (2008) 8083–8106
Notice that the scattering of acoustic waves produces real and positive wave-numbers, whereas thermal
waves give rise to Helmholtz problems with complex wave-numbers. Reconstruction strategies in the acoustic
setting are discussed in [7,8,11,13,16] for either Rn or Rn

�. With our choice of boundary conditions on the free
surface P, methods developed for the whole space apply in particular to half-spaces.

Below, we extend the known formula for the topological derivative of the functional (8) to the complex
case. The generalization to complex wave-numbers requires only small adjustments.

Theorem 3.1. The topological derivative of the cost functional (8) in Rn n Xi, n ¼ 2 or 3, is given by
DT ðx;Rn n XiÞ ¼ Re
nð1� aiÞ
n� 1þ ai

rutotalðxÞrpðxÞ þ ðk2
i � k2

eÞutotalðxÞpðxÞ
� �

ð11Þ
for x 2 Rn n Xi. The state p is the continuous solution of
Dp þ k2
ep ¼ ðumeas � utotalÞdCmeas in Rn n Xi;

aiDp þ k2
i p ¼ 0 in Xi;

p� � pþ ¼ 0 on C;

aionp� � onpþ ¼ 0 on C;

lim
r!1

rðn�1Þ=2ðorp � ıkepÞ ¼ 0

8>>>>>>><>>>>>>>:
ð12Þ
and utotal ¼ uinc þ u, where u solves (9) and (10). When Xi ¼ ;, utotal ¼ uinc. The continuous solution of (12) is

then:
pðxÞ ¼ �
Z

Cmeas

/ke
ðx; yÞðumeasðyÞ � uincðyÞÞdly; ð13Þ
/ke
being the fundamental solution of the Helmholtz equation (3).

Proof. In the two-dimensional case, the proofs of [7, Theorems 3.1 and 3.2], or [8, Theorems 1 and 2], for the
real case can be followed step by step. The formula in three dimensions was obtained in [16] in a different way.
Only real wave-numbers where considered in [7,8,16]. By revising the proofs, it is clear that the results remain
valid for complex wave-numbers with a small change. The field p here is the conjugate of the adjoint state. The
adjoint state �p solves (12) replacing k2

‘ by k2
‘ , �ık‘ by �ık‘ for ‘ ¼ e; i, and removing the conjugate from the

right-hand side. See Appendix A. h
3.2. Laplace-transformed problem

Let us consider now the evolution problem in the non-harmonic case. The original optimization problem
with time-dependent constraints can be replaced by an approximate problem with stationary constraints by
means of Laplace transforms. We describe below how this is accomplished. A rigorous justification for our
transmission problem can be found in [21] (see also [29]). For related problems arising in the study of coated
materials see [19].

Let U inc be the incident field defined in (4) and U the corresponding solution of the time-dependent forward
problem (6). We define then uinc and u as the Laplace transforms in time of U inc and U:
uincðx; sÞ ¼
Z 1

0

e�stU incðx; tÞdt; uðx; sÞ ¼
Z 1

0

e�stUðx; tÞdt; x 2 Rn:
For each value of s, the function usðxÞ :¼ uðx; sÞ solves
Dus þ k2
s;eus ¼ 0 in Xe;

aiDus þ k2
s;ius ¼ 0 in Xi;

u�s � uþs ¼ uinc;s on C;

aionu�s � onuþs ¼ onuinc;s on C;

8>>>><>>>>: ð14Þ
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where k2
s;e :¼ �s=je, k2

s;i :¼ �s=ji and uinc;sðxÞ :¼ uincðx; sÞ. The Laplace transforms of our incident fields (4) are
uincðx; sÞ ¼
2K0 jx� x0j

ffiffiffiffiffiffiffiffiffi
s=je

p� �
if n ¼ 2;

2
ffiffiffiffiffi
pje
p

jx�x0j
exp �jx� x0j

ffiffiffiffiffiffiffiffiffi
s=je

p� �
if n ¼ 3;

8><>: ð15Þ
K0 being the modified Bessel function of order zero. These expressions are valid for all x 2 Rn, ReðsÞ > 0, and
admit holomorphic extensions to s 2 C n ð�1; 0� (see [19, Lemma 10]).

Notice that problems (14) and (9) have the same structure. Problem (14) has a unique solution satisfying the
Sommerfeld radiation condition at infinity
lim
r!1

rðn�1Þ=2ðorus � ıks;eusÞ ¼ 0; r ¼ jxj ð16Þ
for all s 2 C n ð�1; 0� (see for instance [10, Proposition 4.7]). This characterization of usðxÞ can be used to
define and compute uð�; sÞ for all s 2 C n ð�1; 0�.

The solution of the time-dependent problem (6) is recovered by inverting the Laplace transform:
Uðx; tÞ ¼ 1

2pı

Z
C

estuðx; sÞds:
Since uð�; sÞ exists for all s 2 C n ð�1; 0� and depends holomorphically on s, many different choices for the
inversion path C are possible, see [22,31]. Inverting the Laplace transform requires solving (14)–(16) for the
values of s lying in the selected path. From a numerical point of view, the best paths are those along which
this inversion formula can be accurately approximated by a quadrature formula involving as few points as
possible.

The classical theoretical choice for inversion paths are Bromwich contours, which are parallel to the imag-
inary axis and are located to the right of the singularities of uðx; sÞ. In this case, we may select the imaginary
axis. The inversion formula holds if uðx; sÞ ! 0 for ReðsÞP 0, jsj ! 1 and

R1
�1 juðx; ixÞjdx converges. For

numerical purposes, the best choices of the inversion contour are based on deforming the standard Bromwich
contour. A typical choice for problems where the Laplace transform is defined in C n ð�1; 0� and satisfies
adequate decay conditions for large s are the Talbot contours (see [31]), which are asymptotically parallel
to the negative real axis. From a computational point of view, hyperbolic paths are a better choice. A
detailed analysis of the computational cost of inverting Laplace transforms using different paths is found
in [22]. We choose the hyperbolic path that was proposed in [22], given by the parameterization c : R! C
with
cðhÞ :¼ lð1� sinðbþ ıhÞÞ; h 2 R;
where l > 0 and 0 < b < p=2 are parameters that can be tuned to obtain an optimal performance of the meth-
od in the desired time interval. Then, U is computed as
Uðx; tÞ ¼ 1

2pı

Z 1

�1
etcðhÞuðx; cðhÞÞc0ðhÞdh: ð17Þ
We refer to [19] for guidelines on how to choose the parameters l and b. In our numerical experiments we will
take b ¼ p=4 and adapt the value of l depending on the values of t, in such a way that l � 5=t as suggested in
[19], where a rigorous justification of the fact that Laplace inversion formulae work for our transmission prob-
lem (6) is given.

As we will see in Section 3.3, a quadrature formula involving less than 21 nodes can be used to get a good
approximation of the integral (17) with our choice of the inversion path. By symmetry, less than eleven sta-
tionary Helmholtz problems have to be solved. When Xi ¼ ;, the solutions of the resulting Helmholtz equa-
tions are known explicitly. The cost of solving such stationary problems is negligible. When Xi 6¼ ;, none of
the wave-numbers can be a Dirichlet eigenvalue of the Laplace operator in Xi, because they are complex.
Therefore, problem (14)–(16) can be solved numerically at low cost by using elementary boundary integral for-
mulations based on single layer potentials, as suggested in [28] (see also [29] for other formulations).
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Once the inversion path is selected, we write the cost functional (5) as
JðXiÞ ¼
1

2

XN

j¼1

f ðtjÞ
Z

Cmeas

ðU totalðx; tjÞ � Umeasðx; tjÞÞ2dlx

¼ 1

2

XN

j¼1

f ðtjÞ
Z

Cmeas

Z 1

�1
etjcðhÞutotal;cðhÞðxÞ

c0ðhÞ
2pı

dh� U measðx; tjÞ
���� ����2dlx: ð18Þ
Here, utotal;cðhÞ ¼ ucðhÞ þ uinc;cðhÞ, where uinc;cðhÞðxÞ ¼ uincðx; cðhÞÞ is defined in (15) and ucðhÞ solves (14)–(16) with
s ¼ cðhÞ. Notice that U totalðx; tÞ and U measðx; tÞ are real-valued functions. However, for each value of h, the
function utotal;cðhÞðxÞ as well as the factors etjcðhÞ and c0ðhÞ are complex-valued.

3.3. Numerical scheme

The idea now is to discretize integrals from �1 to1 by means of a truncated trapezoidal rule. The inver-
sion formula (17) is approximated by
Uðx; tÞ �
Xm

‘¼�m

c‘ets‘uðx; s‘Þ ð19Þ
with nodes and weights
s‘ :¼ c
logðmÞ

m
‘

	 

; c‘ :¼ logðmÞ

2pım
c0

logðmÞ
m

‘

	 


and where uðx; s‘Þ ¼ us‘ðxÞ solves problem (14)–(16) with s ¼ s‘. Few nodes are needed for a good approxima-
tion, since convergence is exponential in m. Convergence and error studies depending on m are found in [19].
For the problems we are dealing with, the values 5 6 m 6 10 provide relative errors of order 10�4. Therefore,
only a few stationary problems have to be solved in order to obtain a good approximation. Furthermore, by
the symmetry of the selected path and the problems involved, only mþ 1 stationary problems have to be
solved, because uð�; s‘Þ is computed using uð�; s‘Þ. Moreover, once m has been fixed and us‘ðxÞ computed, for-
mula (19) holds for any t in the observed time interval with the same accuracy.

The cost functional (18) is approximated by
JðXiÞ :¼ 1

2

XN

j¼1

f ðtjÞ
Z

Cmeas

Xm

‘¼�m

c‘etjs‘utotal;s‘ðxÞ � Umeasðx; tjÞ
�����

�����
2

dlx: ð20Þ
Here, utotal;s‘ ¼ uinc;s‘ þ us‘ , where uinc;s‘ðxÞ ¼ uincðx; s‘Þ is defined in (15) and us‘ solves (14)–(16) with s ¼ s‘. Our
approximate optimization problem has now 2mþ 1 restrictions of the form (14)–(16). As said before, only
mþ 1 forward stationary problems must be solved by symmetry.

The following result is proven in Appendix A.

Theorem 3.2. The topological derivative of the cost functional (20) in Rn n Xi, n ¼ 2 or 3, is given by
DT ðx;Rn n XiÞ ¼ Re
Xm

‘¼�m

nð1� aiÞ
n� 1þ ai

rutotal;s‘ðxÞrps‘
ðxÞ

	"
þðji � jeÞs‘

jeji
utotal;s‘ðxÞps‘

ðxÞ

�
; ð21Þ
where the continuous function ps‘ solves
Dp þ k2
s‘;e

p ¼ B‘dCmeas in Xe;

aiDp þ k2
s‘;i

p ¼ 0 in Xi;

p� � pþ ¼ 0 on C;

aionp� � onpþ ¼ 0 on C;

lim
r!1

rðn�1Þ=2ðorp � ıks‘;epÞ ¼ 0

8>>>>>>>><>>>>>>>>:
ð22Þ
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with
B‘ðxÞ :¼
XN

j¼1

f ðtjÞc‘etjs‘ U measðx; tjÞ �
Xm

k¼�m

cketjsk utotal;sk ðxÞ
 !

:

In this formula, ðji�jeÞs‘
jeji

¼ k2
s‘;i
� k2

s‘;e
replaces the factor appearing in Theorem 3.1 for the time-harmonic-case.

The basic reconstruction scheme sets Xi ¼ ; and computes DT ðx;RnÞ over a grid of points. The total field is
known explicitly: utotal;s‘ ¼ uinc;s‘ given by (15). In practice, Cmeas is composed of sampling points x1; . . . ; xM and
the solution to the adjoint problem (22) is given by
ps‘ðxÞ ¼ �
XM

k¼1

/ks‘;e
ðx; xkÞB‘ðxkÞ; ð23Þ
where /ks‘;e
is the fundamental solution of Duþ k2

s‘;e
u ¼ 0 defined in (3). Scatterers are likely to be located in

the regions where DT ðx;RnÞ takes large negative values.
The resulting scheme is cheap, because the adjoint and forward fields are known explicitly. Also, the cost of

adding new information coming from measurements at other times (in a fixed time interval) or detector loca-
tions is negligible. The range for m is fixed and the required forward fields have already been computed. One
has just to update ps‘ by adding to B‘ the contribution of the new time or by adding to ps‘ the contribution of
the new receptor.

3.4. Iterative schemes

The basic scheme proposed in Section 3.3 is able to locate the scatterers at low cost, at least when they have
similar sizes and are placed at a certain distance. If we need a precise reconstruction of their shape, we may
resort to iterative schemes.

For a detailed description of iterative schemes in the time-harmonic case we refer to [7,8]. Let us sketch the
procedure here. To improve the reconstruction, we select as first guess the domain
X1 :¼ fx 2 RnjDT ðx;RnÞ 6 �C0g;
where C0 is a certain large positive threshold. Taking now R ¼ Rn n X1, we compute DT ðx;Rn n X1Þ using for-
mula (21). Iterating this procedure, we generate a nested sequence of scatterers
Xkþ1 ¼ Xk [ fx 2 Rn n XkjDT ðx;Rn n XkÞ 6 �Ckg;
where Ck is a decreasing sequence of positive numbers.
The cost of computing topological derivatives in the successive iterations increases because Xi ¼ Xk 6¼ ;, the

forward and adjoint fields are not known analytically and must be calculated numerically. In our two-dimen-
sional examples presented in Section 4, this is done using a boundary integral formulation proposed in [28].
The space discretization is carried out by considering a fully discrete version of a Galerkin method using the
space of trigonometric polynomials. The resulting scheme has superalgebraic order of convergence with
respect to the discretization parameter if the boundary C is infinitely smooth, as it happens in our examples.
We refer to [28] and references therein for further details.

The above iterative scheme usually captures scatterers of different sizes provided the boundary of each
scatterer has one component. To recover obstacles with more complex shapes (annular shapes, for instance)
a refined strategy is needed. An alternative iterative scheme allows to add or remove points from an approx-
imate scatterer at any stage using an extended notion of topological derivative [7]. The idea is to use for-
mula (7) for x 2 R ¼ Rn n Xk and extend it to x 2 Xk, removing BeðxÞ from Xk when computing the
functionals. In this way, the topological derivative is defined for all x 2 Rn and we may implement a differ-
ent iteration
Xkþ1 ¼ fx 2 RnjDT ðx;Rn n XkÞ 6 �Ckg:
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4. Reconstruction tests

In this section, we present numerical experiments comparing reconstructions of inclusions using time-har-
monic and delta pulse excitations in a problem set in the half plane R2

�. In both cases, incident waves are orig-
inated at sources located on the upper boundary P :¼ fðx; 0Þ; x 2 Rg. The temperature is measured at a set of
sampling points located on P.

Either for time-harmonic incident waves or delta-pulse excitations, the computation of the topological
derivatives (11) and (21) is rather cheap. We just have to evaluate a few known functions at a grid of points.
In the time-harmonic case, uinc is given by (2) and (3) and p by (13). For the time-dependent problem, the func-
tions uinc;s‘ are given by (15) and the adjoint states ps‘ are computed by formula (23).

We select an obstacle Xi with physical parameters ji ¼ 1=4 and ai ¼ 1. The conductivity of the exterior
matrix Xe ¼ R2

� n Xi is je ¼ 4. The interface separating both materials is parameterized as
x : R! C; xðsÞ :¼ ðrðsÞ cosðsÞ; �1:2þ rðsÞ sinðsÞÞ;

where
rðsÞ :¼ 0:5þ 0:05ðsinð2sþ p=4Þ � sinð3sÞÞ:

Notice that the solution of the forward problem for the true obstacle Xi agrees with the measured data at the
detector locations. Typically, the values of U meas at the detector locations are measured experimentally. In our
tests, the measured data Umeas are generated by solving the corresponding forward problem and adding a small
relative noise about 0.1%.

Let us first discuss a time-harmonic test. As said before, thermal waves have a short range of action. The
size of the region influenced by the incident wave depends on the frequency. At high frequencies, penetration is
weak. By lowering the frequency we increase the distance traveled by the wave.

In Fig. 2, we represent the topological derivative (11) for different values of the frequency x. Recall that the
wave-numbers in the Helmholtz transmission problem and the frequency of the incident radiation are related
by the identities
k‘ ¼ ð1þ ıÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x=ð2j‘Þ

p
; ‘ ¼ e; i:
We have considered incident waves generated at 24 uniformly distributed source points on P. Measurements
were taken on 25 sampling points that form a staggered grid with respect to the source points, see Fig. 2. Nei-
ther low, nor high frequencies provide accurate information about the size and the shape of the obstacle. We
can only infer its approximate location, although not the correct depth. As expected, the topological derivative
tries to capture the part of the obstacle that is closer to P (the ‘illuminated’ part). This behavior is not sur-
prising, since we are just considering incident waves generated at sources located on P and measuring the tem-
perature at receptors located at the same boundary. No information from other directions is available. As
pointed out in [7,13,15] for acoustic and elastic scattering, restricted distributions of source points (or limited
incidence angles in case of planar incident waves) result in the appearance of ‘shadow’ and ‘illuminated’ re-
gions. The topological derivative tends to be useful only on the ‘illuminated’ region. This effect is amplified
here by the strong damping of thermal waves, which makes them very sensitive to the presence of defects lo-
cated near the surface, but not to the ones that are far from it.

Let us repeat the experiment considering incident fields of the form (4) with source points located on P. We
compute the topological derivative of the approximate cost functional (20) with f ¼ 1 and N ¼ 1, for different
times t1. The results are shown in Fig. 3 considering the same source and sampling points as in the time-har-
monic case.

For small values of t, the illuminated region is reconstructed with more precision than the shadow parts.
For the intermediate values of t, there is not a big difference between these two regions. As t increases, one
can even recover more information about the shadow region than about the illuminated one. Higher values
of t give almost no information about any of the regions. For an intermediate range of times, the size and
location of the obstacle are reasonably predicted, as shown in Fig. 3(c)–(e).

In the tests represented in Figs. 2 and 3, we had at our disposal data at 25 sampling points for 24 incident
fields. This amounts 600 data. Increasing the number of sampling points and/or incident fields does not result
in significant improvements.



Fig. 2. Topological derivative with data from 24 incident sources (‘	’) at 25 sampling points (‘�’) for different frequencies: (a) x ¼ 2, (b)
x ¼ 4, (c) x ¼ 7, (d) x ¼ 10.
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We have carried out a number of numerical experiments for different geometries, sizes and depths. They
seem to indicate that, depending on the size and depth of the obstacles, a suitable choice of the time at which
measurements are taken allows for quite accurate reconstructions. For our incident fields, the time interval is
defined by the times at which the expanding gaussians reach and pass the obstacles. For a fixed geometrical
configuration, the optimal values of the observation times depend on the physical parameters, that is, on the
values of je; ji and ai. In general, for each physical and geometrical configuration there exists a time interval
that produces much more reliable reconstructions than simple time-harmonic excitations.

In practice, we know the values of je; ji and ai but we do not have information about the size and/or depth
of the obstacles. Hence, we do not know how to choose the correct value of t to obtain an optimal reconstruc-
tion. This difficulty is overcome by considering cost functionals of the form (20) with N > 1, in which mea-
surements are taken at different times. We compare the information provided by the topological derivative
(21) for the following weight functions:
f1ðtÞ ¼ max
x2fx1;...;xMg

jU measðx; tÞj�1
; ð24Þ

f2ðtÞ ¼ max
x2fx1;...;xMg

jU incðx; tÞj�1
; ð25Þ

f3ðtÞ ¼ max
x2fx1;...;xMg

jU measðx; tÞj�2
; ð26Þ

f4ðtÞ ¼ max
x2fx1;...;xMg

jU incðx; tÞj�2
; ð27Þ
and the sequence of times t1 ¼ 0:2, t2 ¼ 0:25, t3 ¼ 0:3, t4 ¼ 0:35, t5 ¼ 0:4, t6 ¼ 0:45, keeping the same source
and sampling points as in the previous tests. This is equivalent to averaging in different ways the topological



Fig. 3. Topological derivative with data from 24 incident sources (‘	’) at 25 sampling points (‘�’) at different times: (a) t1 ¼ 0:2, (b)
t1 ¼ 0:25, (c) t1 ¼ 0:3, (d) t1 ¼ 0:35, (e) t1 ¼ 0:4, (f) t1 ¼ 0:45.
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derivatives plotted in Fig. 3. The results are shown in Fig. 4. We observe that the overall reconstruction quality
in the four cases is quite good, f4 being possibly the function that provides the best predictions. For each plot
in Fig. 4 we have used 600 � 6 = 3600 data.

The fact that one can obtain reliable reconstructions by measuring the temperature over a carefully chosen
time interval was already noticed in [18] for reconstructions of corrosion functions in given geometries. In that
work, it is also observed that delta-pulse excitations provide the same quality of reconstruction for shadow
and illuminated regions.

We explore now the performance of the method when increasing the number of observation times while
decreasing the number of sampling and source points. In Fig. 5, we represent the topological derivative of
the cost functional (20) for the weight function f4 defined in (27). The total amount of data for each example



Fig. 4. Topological derivative of the cost functional (20) for the weight functions defined in (24)–(27) with data from 24 incident sources
(‘	’) at 25 sampling points (‘�’) at times t1; . . . ; t6 ¼ 0:2; 0:25; 0:3; 0:35; 0:4; 0:45: (a) f ¼ f1, (b) f ¼ f2, (c) f ¼ f3, (d) f ¼ f4.
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in Fig. 5 is 360. These examples illustrate that a small number of observation points or incident fields allow for
reasonable reconstructions if we measure the temperature many times.

Let us consider now the geometry with two objects in Fig. 6. Our method clearly identifies two objects, their
correct depth and approximate sizes. When the objects have different sizes and/or are very closed to each
other, this scheme could fail in obtaining the correct number of objects or their location.

First guesses obtained by computing topological derivatives in the whole space can be further improved by
the iterative method described in Section 3.4. Shapes can be reconstructed with precision and the correct num-
ber of obstacles (in case they have different sizes or are very close) is found. Fig. 7(a) depicts the topological
derivative of the cost functional (20) with weight function f4 when the temperature is measured at the seven
receptors (‘�’) and fifteen observation times in [0.2,0.45] for six source points (‘	’). We detect the presence
of a single object, its approximate size and location, but we cannot predict its shape. In Fig. 7(b), we show
the first guess X1, superimposed on the topological derivative DT ðx;R2

� n X1Þ. The subsequent plots illustrate
the improvement in a few iterations. In five steps the shape, size and location of the object are almost
determined.

In Fig. 8, the same iterative procedure is applied to a geometry with two objets. A first guess X1 is obtained
using the values of the topological derivative represented in Fig. 6. Again, after a few iterations both objects
are satisfactorily reconstructed, specially the regions which are closer to the detector locations Cmeas.

5. Topological derivatives for the time-dependent problem: Direct approach

Let us compare the computational approach we have developed with strategies based on computing the
topological derivative of the original time-dependent functional. Below, we give an expression for this deriv-
ative when n ¼ 2.



Fig. 6. Topological derivative of the cost functional (20) with weight function f4.

Fig. 5. Topological derivative of the cost functional (20) with weight function f4: (a) 2 source points (‘	’), 3 observation points (‘�’),
N ¼ 60 for times in [0.2,0.45]; (b) 3 source points (‘	’), 4 observation points (‘�’), N ¼ 30 for times in [0.2,0.45]; (c) 4 source points (‘	’), 5
observation points (‘�’), N ¼ 18 for times in [0.2,0.45]; (d) 5 source points (‘	’), 6 observation points (‘�’), N ¼ 12 for times in [0.2, 0.45].
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Theorem 5.1. For the incident fields U inc defined in (4), the topological derivative of the functional (5) is
DT ðx;R2Þ ¼
Z T

0

2ð1� aiÞ
1þ ai

rU totalðx; tÞrP ðx; tÞ
�

þ � 1

ji
þ 1

je

	 

U total;tðx; tÞP ðx; tÞ

�
dt; ð28Þ



Fig. 7. First iterations of the hybrid method.
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when x 2 R2, x 6¼ x0, and x 6¼ xk, k ¼ 1; . . . ;M , fx1; . . . ; xMg being the set of sampling points on Cmeas. The for-

ward and adjoint fields are known: U total ¼ U inc and
P ðx; tÞ ¼
XM

k¼1

X
jjt6tj6T

Gjeðx� xk; tj � tÞBðxk; tjÞ; ð29Þ
where
Bðx; tÞ ¼ f ðtÞðU totalðx; tÞ � U measðx; tÞÞ ð30Þ

and Gje is the two-dimensional heat kernel for the exterior problem. When R2 is replaced by R2 n X the topological

derivative is again given by (28), with forward and adjoint fields solving transmission problems for the heat equa-

tion with Xi ¼ X.



Fig. 8. First iterations of the hybrid method.
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The proof is given in Appendix B. In (28), we may replace U tP by �UP t because Uðx; 0Þ ¼ P ðx; T Þ ¼ 0
when x is not a source point. However, the integrand UtP behaves better from a numerical point of view.
In spite of the singularities of U at t ¼ 0 and P at tj, the integrals are finite because the exponentials cancel
out the singularity when x is not a source or a sampling point.

The asymmetric role played by variables t and x observed in (28) is due to the fact that we look for spatial
domains X and the topological derivative is computed using balls BeðxÞ in space.

Unlike formula (21) for Xi ¼ ;, formula (28) is not fully explicit due to the time integral. Our tests with
ai ¼ 1 and U inc defined in (4), indicate that the objects are indistinguishable unless T is chosen properly
and an adequate quadrature formula with the right number of nodes, distributed in the right way and with
right weights is employed. For each geometrical configuration, a reasonable choice depends on the sources,
sampling points and times. There is not a clear recipe to select T. The particular integrands we are working
with make the result of the numerical integration very sensitive to the quadrature formula. Is seems that nodes
must be distributed far enough from the times tj and 0. We have managed to fit the parameters in the quad-
rature formula for known obstacle geometries. In practice, the geometry is unknown and it is unlikely that the
quadrature formula we use will be fitted to the problem.

Hybrid schemes combining time recording with topological derivative based iterative schemes relying in
(28) are more expensive than those relying on Laplace transforms due to the cost of evaluating the integral
in (28) and computing the adjoint and forward fields if Laplace transforms are avoided. At each iteration,
we must solve two transmission problems for the heat equation in unbounded domains with an inclusion
of changing shape. The infinite spatial domain has to be truncated to a large domain without affecting the
solutions. The heat equations can be discretized using finite elements but the mesh changes at each iteration
as Xi changes. The forward and adjoint fields may then be approximated solving large systems of ordinary
differential equations. Computing at each time step the right-hand side for many time steps makes this
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approach much expensive than solving a few boundary integral equations with the Laplace approach. In fact,
the combination of Laplace transforms with boundary integral techniques allows to implement fast parallel-
izable solvers to evaluate the solutions of these transmission problems at certain times (without computing the
solutions for previous times).

6. Conclusions

We have extended topological derivative techniques to a time-dependent setting, considering in particular
shape reconstruction problems by thermal measurements in a semi-infinite medium. The time-dependent prob-
lem is transformed in a family of stationary problems by means of Laplace transforms. Selecting an adequate
path for the inversion formula, the original time-dependent fields can be accurately approximated by a quad-
rature rule involving few points. The shape reconstruction problem is then approximated by a constrained
optimization problem for a functional defined in terms of the discretized numerical inversion formula. The
constraints are a finite set of stationary Helmholtz transmission problems with complex wave-numbers. Expli-
cit expressions for the topological derivative of this functional in terms of forward and adjoint fields are given.

By computing the topological derivative of the functional in the whole space, we find good guesses of the
number and location of obstacles at low cost. The adjoint and forward fields are known explicitly. Numerical
experiments show that thermal measurements allow for reasonable reconstructions of objects when they are
placed near the surface and measurements are made on that surface during a well chosen time interval. A small
number of sampling points or incident fields allow for good reconstructions if we measure the temperature
many times. For the selected time-dependent incident fields, we obtain precise information on both the illu-
minated and shadow parts of the objects.

We have shown that scattering by time-harmonic incident fields produce worse results, specially in the sha-
dow parts. In this case, we might improve the reconstruction by resorting to the iterative schemes developed in
[7] or by successively deforming the contours using level-set methods [5,11]. This requires solving a large num-
ber of forward and adjoint problems in variable exterior domains. Using general time-dependent sources, we
avoid solving these auxiliary spatial problems by averaging information at different times using explicit for-
mulae for the adjoint and forward fields. Thus, the computational cost is smaller and the codes are easy to
parallelize.

Hybrid schemes combining time recording with topological derivative based iterative methods have been
tested. They sharpen the description of the shapes provided by the basic time averaging scheme, at a higher
cost. In each iteration the forward and adjoint fields have to be computed by boundary integral techniques.
The usage of general time-dependent sources and time averaging reduces the number of iterations required for
a precise description of sizes and shapes, even for a few sources and a few observation points.

Although we have focused on diffusion problems with transmission boundary conditions at the interface
between the inclusions and the surrounding matrix, the ideas can easily be adapted to acoustic problems
and other boundary conditions: Dirichlet, Neumann, mixed, Engquist–Nédélec, etc. The numerical tests pre-
sented in this paper are restricted to two-dimensional geometries to reduce the computational cost. Alternative
schemes based on computing the topological derivative of the time-dependent functional are not competitive
at the present time.

Our techniques may be useful in other contexts in which data are recorded during a certain time, such as
biomedical applications [9] or synthetic aperture radar [4].
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Appendix A. Derivation of the topological derivative for the Laplace-transformed problem

In this appendix, we prove Theorem 3.2. The formal proof follows the same steps as the proof of Theorem
3.1 for the time-harmonic case, see [8] and references therein for details. By linearity, we can consider indepen-
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dently each value t ¼ tj, that is, we decompose the functional (20) as JðXiÞ ¼
PN

j¼1f ðtjÞJ jðXiÞ and compute the
topological derivative of each J jðXiÞ. Then, we add the different contributions to get the final formula:

Step 1: Variational formulation. Recall that us‘ solves the transmission problem (14)–(16). Then, the total
field u‘ ¼ utotal;s‘ (equal to us‘ inside Xi and us‘ þ uinc;s‘ outside) solves the following variational problem:
Find u‘ 2 H 1ðBRÞ such that
b‘ðXi; u‘; vÞ ¼ l‘ðXi; vÞ 8v 2 H 1ðBRÞ; ðA:1Þ
where

b‘ðXi; u; vÞ :¼
Z

Xe\BR

ðrur�v� k2
s‘;e

u�vÞdzþ
Z

Xi

ðairur�v� k2
s‘;i

u�vÞdz�
Z

CR

Lu�vdl;

l‘ðvÞ :¼
Z

CR

ðonuinc;s‘ � Luinc;s‘Þ�vdl:

Here, BR ¼ Bð0;RÞ is a large ball containing Xi, CR ¼ oBR and L is the Dirichlet-to-Neumann operator on
CR. This operator associates to any Dirichlet data on CR the normal derivative on CR of the outgoing
solution to the exterior problem set in Rn n BR.
Step 2: Transformed functional. We introduce a family of deformations /sðzÞ ¼ zþ sVðzÞ along a vector
field V which decreases rapidly to zero away from C and VðzÞ ¼ V nnðzÞ if z 2 C, V n being a negative con-
stant. Thus, /sðCmeasÞ ¼ Cmeas. Let us set Xi;s :¼ /sðXiÞ and Xe;s :¼ /sðXeÞ ¼ Rn n Xi;s. The transformed
functionals J jðXi;sÞ are given by

J jðXi;sÞ :¼ 1

2

Z
Cmeas

Xm

‘¼�m

etjs‘c‘u‘;sðxÞ � U measðx; tjÞ
�����

�����
2

dlx; ðA:2Þ

where u‘;s solves the variational problem in the transformed domains: Find u‘;s 2 H 1ðBRÞ such that
b‘ðXi;s; u‘;s; vÞ ¼ l‘ðvÞ, 8v 2 H 1ðBRÞ.
Step 3: Adjoint field. The derivative of the transformed functional with respect to the deformation param-
eter s is

d

ds
J jðXi;sÞ

����
s¼0

¼ Re

Z
Cmeas

ð bU totalðx; tjÞ � Umeasðx; tjÞÞ
Xm

‘¼�m

etjs‘c‘ _u‘ðxÞ
 !

dlx

" #

¼ Re
Xm

‘¼�m

Z
Cmeas

ð bU totalðx; tjÞ � Umeasðx; tjÞÞ _u‘ðxÞdlx

	 

etjs‘c‘

" #
where _u‘ ¼ d

ds u‘;s
��
s¼0

and bU totalðx; tjÞ ¼
Pm

‘¼�metjs‘c‘u‘ðxÞ. To avoid the computation of _u‘ we introduce the
modified Lagrangian

LjðXi;s; v‘; p‘Þ ¼ J jðXi;sÞ �Re
Xm

‘¼�m

etjs‘c‘ b‘ðXi;s; v‘; p‘Þ � l‘ðp‘Þð Þ
" #

for all v‘; p‘ 2 H 1ðBRÞ. When v‘ ¼ u‘;s, we have LðXi;s; u‘;s; p‘Þ ¼ J jðXi;sÞ, 8p‘ 2 H 1ðBRÞ: Then, the shape
derivative of J j in the direction V is

DJ jðXiÞ � V ¼ �
d

ds
Re

Xm

‘¼�m

etjs‘c‘b‘ðXi;s; u‘; p‘Þ
" #�����

s¼0

�Re
Xm

‘¼�m

etjs‘c‘b‘ðXi; _u‘; p‘Þ
" #

þRe
Xm

‘¼�m

Z
Cmeas

ð bU totalðx; tjÞ � Umeasðx; tjÞÞ _u‘ðxÞdlx

	 

etjs‘c‘

" #
ðA:3Þ

This identity is valid for all p‘ 2 H 1ðBRÞ. If we select now pj
‘ satisfying

b‘ðXi; v; pj
‘Þ ¼ �

Z
Cmeas

ðU measðx; tjÞ � bU totalðx; tjÞÞvðxÞdlx 8v 2 H 1ðBRÞ; ðA:4Þ
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the shape derivative DJ jðXiÞ � V is given by the first term in (A.3). It is rather simple to show now that the
conjugate �pj

‘ of pj
‘ solves

Dp þ k2
s‘;e

p ¼ Umeasðx; tjÞ � bU totalðx; tjÞ
� �

dCmeasðxÞ in Xe;

aiDp þ k2
s‘;i

p ¼ 0 in Xi;

p� � pþ ¼ 0 on C;

aionp� � onpþ ¼ 0 on C;

lim
r!1

rðn�1Þ=2ðorp � ıks‘;epÞ ¼ 0:

8>>>>>>>>><>>>>>>>>>:
ðA:5Þ

Step 4: Shape derivative. The change of variables from the deformed to the original variables is governed by
the identities

rzsU ¼ F �>s rU ; dzs ¼ det F s dz;

d

ds
F s

����
s¼0

¼ rV;
d

ds
ðrzsUÞ

����
s¼0

¼ �rV>rU ;
d

ds
dzs

����
s¼0

¼ divVdz;

where F s :¼ r/s ¼ I þ srV is the deformation gradient. Let us compute the first term in (A.3) for our
choice of the adjoint field:

d

ds
½b‘ðXi;s; u‘; p

j
‘Þ�
����
s¼0

¼
Z

Xe\BR

ðru‘r�pj
‘ � k2

s‘;e
u‘�p

j
‘ÞdivV� ðrVþrV>Þru‘

� �
r�pj

‘

h i
dz

þ
Z

Xi

ðairu‘r�pj
‘ � k2

s‘;i
u‘�p

j
‘ÞdivV� ai ðrVþrV>Þru‘

� �
r�pj

‘

h i
dz: ðA:6Þ

Integrating by parts, using the equations satisfied by u‘ and �pj
‘, recalling our choice for the normal vector on

C, and using the transmission conditions at the interface we find:

DJðXiÞ �V¼�Re
Xm

‘¼�m

etjs‘c‘

Z
C
ðk2

s‘;i
� k2

s‘;e
Þu‘�pj

‘þð1� aiÞotu�‘ ot�p
j�
‘

h"
þaið1� aiÞonu�‘ on�p

j�
‘


V ndlz


: ðA:7Þ

Step 5: Topological derivative in the whole space. Let us first calculate the topological derivative of the cost
functional J j when R ¼ Rn. We set Xi ¼ BeðxÞ, BeðxÞ ¼ Bðx; eÞ. The known relationship between topolog-
ical and shape derivatives [13]:

DT ðx;RnÞ ¼ lim
e!0

1

V0ðeÞjV nj
DJðBeðxÞÞ � V ðA:8Þ

together with formula (A.7) yield

DT ðx;RnÞ ¼ lim
e!0

1

V0ðeÞRe
Xm

‘¼�m

etjs‘c‘

Z
Ce

ðk2
s‘;i
� k2

s‘;e
Þu‘;ep‘;e

h"
þð1� aiÞotu�‘;eotp�‘;e þ aið1� aiÞonu�‘;eonp�‘;e

i
dlz

i
:

ðA:9Þ
Recall that V n is constant and negative. Here, u‘;e and p‘;e solve (A.1) and (A.5) when Xi ¼ BeðxÞ and
C ¼ Ce ¼ oBeðxÞ. A value for this limit is computed performing an asymptotic expansion of these solutions
and their gradients at Ce as in [8]. Let us set

u‘;eðzÞ ¼ u‘ðzÞvRnnBe
ðzÞ þ v‘;eðzÞ; p‘;eðzÞ ¼ p‘ðzÞvRnnBe

ðzÞ þ q‘;eðzÞ;

where u‘ and p‘ solve (A.1) and (A.5) with Xi ¼ ;. Changing variables n :¼ ðz� xÞ=e the correction v‘;eðn; tÞ
satisfies
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Dnv‘;e ¼ aeðnÞ in Rn n B;

aiDnv‘;e ¼ aiðnÞ in B;

v�‘;e � vþ‘;e ¼ bðnÞ on C;

ainðnÞrnv�‘;e � nðnÞrnvþ‘;e ¼ cðnÞ on C

8>>>>><>>>>>:
ðA:10Þ

plus the Sommerfeld condition at infinity, with

a‘ðnÞ ¼ �e2k2
s‘;e

v‘;eðnÞ; ‘ ¼ e; i;

bðnÞ ¼ u‘ðxÞ þ en � ru‘ðx; tÞ þOðe2Þ;

cðn; tÞ ¼ enðnÞ � ru‘ðxÞ þOðe2Þ:

B denotes the unit ball. Let us expand now v‘;eðnÞ in powers of e : v‘;eðnÞ ¼ vð1Þ‘ ðnÞ þ evð2Þ‘ ðnÞ þOðe2Þ. The
leading term of the expansion vð1Þ solves (A.10) with ae ¼ ai ¼ c ¼ 0, b ¼ u‘ðxÞ, and V ð2Þ solves (A.10)
with ae ¼ ai ¼ 0, b ¼ n � ruðxÞ, c ¼ n � ruðxÞ=jnj. By inspection, vð1Þ‘ ðnÞ ¼ u‘ðxÞvBðnÞ. Since Xi ¼ ;, the
total field is simply u‘ðxÞ ¼ uinc;‘ðxÞ. In dimension 2, the second term, vð2Þ‘ ðnÞ, is found working in polar
coordinates:

vð2Þ‘ ðnÞ ¼ ru‘ðxÞ
2

1þ ai
nvBðnÞ þ

1� ai

1þ ai

n

jnj2
vR2nBðnÞ

 !
¼ ru‘ðxÞgðnÞ: ðA:11Þ

Performing a similar expansion for p‘;eðzÞ, we get

p‘;eðzÞ ¼ p‘ðzÞvRnnBe
ðzÞ þ p‘ðxÞvBe

ðzÞ þ erp‘ðxÞgðnÞ þOðe2Þ; z 2 Ce:

This implies that

u‘;eðzÞ ! u‘ðxÞ; p‘;eðzÞ ! p‘ðxÞ as e! 0;

uniformly when jz� xj ¼ e. Expanding the derivatives we find

ou�‘;e
ozj
ðzÞ ¼ ovð2Þ�‘

onj
ðn; tÞ þOðeÞ ¼ 2

1þ ai

ou‘
ozj
ðxÞ þOðeÞ

and a similar identity for p‘;e. Therefore

ru�‘;eðzÞ !
2

1þ ai
ru‘ðxÞ; rp�‘;eðzÞ !

2

1þ ai
rp‘ðxÞ as e! 0:

In dimension 3, we obtain an analogous expression to (A.11) working with spherical harmonics. Arguing as
before it follows that

u‘;eðzÞ ! u‘ðxÞ; p‘;eðzÞ ! p‘ðxÞ as e! 0;

ru�‘;eðzÞ !
3

2þ ai
ru‘ðxÞ; rp�‘;eðzÞ !

3

2þ ai
rp‘ðxÞ as e! 0:

Step 6: Topological derivative in exterior domains. Let us calculate now the topological derivative of the cost
functional (5) in R ¼ Rn n X. We argue as in Step 5, with slight changes in the expansions. Now, u‘ and p‘
solve forward and adjoint problems with Xi ¼ X. (A.10) is replaced by a similar problem with ðRn n B [ XeÞ
and B [ Xe as exterior and interior domains, respectively, and zero transmission conditions on the new
boundary oXe, Xe :¼ ðX� xÞ=e.We just have to check that the presence of Xe does not provide corrections
to the orders zero and one. Expanding v‘;eðnÞ in powers of e, the leading terms vð1Þ‘ ðnÞ, vð2Þ‘ ðnÞ are the same as
in Step 5. Furthermore, vð1Þ‘ ðnÞ is still an exact solution and vð2Þ‘ ðnÞ solves the corresponding equations with
an error of order e2. Thus, the correction coming from Xe appears at orders higher than e, see [7,8] for more
details on this type of expansions.
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Step 7: Several time measurements. Finally, we define the function

ps‘
ðxÞ :¼

XN

j¼1

f ðtjÞc‘etjs‘�pj
‘ðxÞ;

where �pj
‘ solves (A.5). Then, by linearity it is straightforward to check that ps‘ solves (22) and that the topo-

logical derivative of the cost functional (20) written in terms of ps‘ is given by the identity (21).

Appendix B. Derivation of the topological derivative for the time-dependent problem

In this appendix, we prove Theorem 5.1. A number of nontrivial technical problems arise due to the sin-
gular nature of the incident and adjoint fields. For incident fields of the form (4), U incð0Þ ¼ dx0

. We first derive
(28) for a sequence of incident fields U g

inc, U g
incð0Þ being a sequence of functions of compact support tending to

dx0
as g!1. The result follows then for our choice of U inc in the limit g!1. If g P 0 is a smooth function

with compact support and
R

R2 gðxÞdx ¼ 1, we take U g
incð0Þ ¼ 1

g2 gðgðx� x0ÞÞ. The proof for such regularized
incident fields is divided in several steps, following the ideas of Appendix A:

Step 1: Transformed functionals. To simplify, we will drop the subscript ‘total’ and the superscript g and
rename as U the total field U ¼ U þ U inc outside Xi and U ¼ U inside Xi, where U at the right-hand sides
solves (6). The total field satisfies (6) with zero transmission conditions and initial datum U inc in Xe. Since
U incð0Þ 2 W 2;1ðR2Þ \ W 2;1ðR2Þ, it follows that U 2 C1ð½0; T � � XiÞ, U 2 C1ð½0; T � � XeÞ, U 2 Cð½0; T �;
H 2ðR2ÞÞ and Ut 2 Cð½0; T �; L2ðR2ÞÞ. Multiplying by a test function V and integrating over ½0; T � � R2, we
obtain bðXi; U ; V Þ ¼ 0 where
bðXi; U ; V Þ :¼
Z T

0

Z
Xe

rUrV þ 1

je
U tV

	 

dzdsþ

Z T

0

Z
Xi

airUrV þ 1

ji
U tV

	 

dzds: ðB:1Þ

We deform the domains Xi as in Appendix A. The transformed cost functional is

JðXi;sÞ ¼
1

2

XN

j¼1

f ðtjÞ
Z

Cmeas

ðU sðx; tjÞ � Umeasðx; tjÞÞ2dlz; ðB:2Þ

where U s satisfies bðXi;s; U s; V Þ ¼ 0, and U sð0Þ ¼ U incð0ÞvXe
.

One might think of integrating by parts in time in (B.1) to obtain the standard variational formulation for
the evolution problem, which includes a linear form defined in terms of the initial data on the right-hand
side. This is not possible because when V ¼ P is our adjoint field (29), the integrals in time and space of UP t

diverge due to singularities at the observation times.
Step 2: Adjoint states. We define a modified functional

LðXi;s; V ; P Þ :¼ JðXi;sÞ þ bðXi;s; V ; PÞ

for any V ; P for which it makes sense. Then, the shape derivative of J in the direction V is

DJðXiÞ � V ¼
d

ds
LðXi;s; U s; PÞ

����
s¼0

¼ d

ds
bðXi;s; U ; P Þ

����
s¼0

þ bðXi; _U ; P Þ þ
XN

j¼1

f ðtjÞ
Z

Cmeas

ðUðx; tjÞ � Umeasðx; tjÞÞ _Uðx; tjÞdlx: ðB:3Þ

If we select a particular state P satisfying

bðXi; V ; P Þ ¼ �
XN

j¼1

f ðtjÞ
Z

Cmeas

ðUðx; tjÞ � U measðx; tjÞÞV ðx; tjÞdlx ðB:4Þ
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for V ¼ _U , the shape derivative DJðXÞ � V is given by the first term in the right-hand side of (B.3). Since our
regularized U inc has compact support about x0, we may assume that its support does not intersect Xi (take g
large enough) and _U sð0Þ ¼ 0. Let us consider the solution P of

�P t � jeDP ¼ f ðtÞðU measðx; tÞ � U totalðx; tÞÞdCmeasðxÞ
PN
j¼1

dtjðtÞ in Xe � ½0; T �;

�P t � aijiDP ¼ 0 in Xi � ½0; T �;
P� � Pþ ¼ 0 on C� ½0; T �;
aionP� � onPþ ¼ 0 on C� ½0; T �;
P ð�; T Þ ¼ 0 in R2:

8>>>>>>>><>>>>>>>>:
ðB:5Þ

If we multiply these equations by V ¼ _U , integrate by parts in t and x over ð½e; t1 � e� [ ð[N
j¼1

½tj þ e; tjþ1 � e�ÞÞ � R2, and let e! 0, (B.4) follows.
Step 3: Shape derivative. Let us calculate the first term in (B.3) for our choice of the adjoint field. For
U ; P 2 H

d

ds
bðXi;s; U ; P Þ

����
s¼0

¼
Z T

0

Z
Xe

rUrP þ 1

je
UtP

	 

divV� ððrVþrV>ÞrUÞrP

� �
dzds

þ
Z T

0

Z
Xi

airUrP þ 1

ji
U tP

	 

divV� aiððrVþrV>ÞrUÞrP

� �
dzds: ðB:6Þ

Integrating by parts with respect to x, recalling that n points inside Xi and using the transmission boundary
conditions, we find

DJðXiÞ � V ¼
Z T

0

Z
C
� 1

ji
þ 1

je

� �
U tPV n dldsþ

Z T

0

Z
C

aið1� aiÞonU�onP� þ ð1� aiÞotU�otP�½ �V n dlds

�
Z T

0

Z
Xi

aiDU þ 1

ji
U t

	 

ðrP � VÞ þ aiDP ðrU � VÞ þ 1

ji
PðrU t � VÞ

� �
dzds

�
Z T

0

Z
Xe

DU þ 1

je
Ut

	 

ðrP � VÞ þ DPðrU � VÞ þ 1

je
P ðrUt � VÞ

� �
dzds: ðB:7Þ

Unlike the time-harmonic or Laplace cases, the volume integrals now do not vanish. ot stands for the tan-
gent derivative.
Step 4: Topological derivative in the whole space. Once the shape derivative is known, the topological deriv-
ative is the limit

DT ðx;R2Þ ¼ lim
e!0

1

V0ðeÞjV nj
DJðBeÞ � Ve; ðB:8Þ

where DJðBeÞ � Ve is given by (B.7) with Xi replaced by Be ¼ BeðxÞ, C replaced by Ce ¼ oBeðxÞ and U, P re-
placed by U e and P e. U e solves the forward problem (6) when Xi ¼ BeðxÞ and P e solves (B.5) with Xi ¼ Be.By
choice, Ve � n ¼ V n < 0 on Ce. The integrals on Be integrate functions which depend on e, but are bounded,
over a region whose measure scales like e2. The singularities at tj disappear splitting the time integral in
intervals centered about tj and making the changes of variables x�xk

ðtj�tÞ1=2 in space. The integrals on R2 n Be

vanish out of a narrow neighborhood of Be by choice of Ve. Again we integrate bounded functions of x,
t and e over a region whose measure scales like e2. If we divide by V0ðeÞ ¼ 2pe and let e! 0, the contribu-
tion of the volume integrals vanishes.The limit of the surface integrals is computed using asymptotic expan-
sions of U e, P e in terms of the forward and adjoint solutions for Xi ¼ ;, U and P:

U eðz; tÞ ¼ Uðz; tÞvR2nBe
ðzÞ þ V eðz; tÞ; P eðz; tÞ ¼ P ðz; tÞvR2nBe

ðzÞ þ Qeðz; tÞ

and expanding the remainders in powers of e.
For our incident fields, U incð0Þ has a narrow compact support about x0. We fix any point x for which
U incðx; 0Þ ¼ 0.
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Let us denote by B the unit ball. Performing the change of variables n :¼ ðz� xÞ=e, the correction V eðn; tÞ
satisfies for t 6 T :

DnV e ¼ aeðn; tÞ in R2 n B;

aiDnV e ¼ aiðn; tÞ in B;

V �e � V þe ¼ bðn; tÞ on C;

ainðnÞrnV �e � nðnÞrnV þe ¼ cðn; tÞ on C;

V eð�; 0Þ ¼ 0 in R2

8>>>>>><>>>>>>:
ðB:9Þ

with

a‘ðn; tÞ ¼
e2

je
V e;tðn; tÞ; ‘ ¼ e; i;

bðn; tÞ ¼ Uðx; tÞ þ en � rUðx; tÞ þOðe2Þ;
cðn; tÞ ¼ enðnÞ � rUðx; tÞ þOðe2Þ:

Let us expand now V eðn; tÞ in powers of e : V eðn; tÞ ¼ V ð1Þðn; tÞ þ eV ð2Þðn; tÞ þOðe2Þ. The leading term of the
expansion V ð1Þ solves (B.9) with ae ¼ ai ¼ c ¼ 0, b ¼ Uðx; tÞ, and V ð2Þ solves (B.9) with ae ¼ ai ¼ 0,
b ¼ n � ruðx; tÞ, c ¼ n � ruðx; tÞ. Notice that nðnÞ ¼ n.
By inspection, V ð1Þðn; tÞ ¼ Uðx; tÞvBðnÞ. Notice that U incðx; 0Þ ¼ 0. This guarantees that V ð1Þ satisfies the ini-
tial condition. The second term, V ð2Þðn; tÞ, is found working in polar coordinates:

V ð2Þðn; tÞ ¼ rUðx; tÞ 2

1þ ai
nvBðnÞ þ

1� ai

1þ ai

n

jnj2
vR2nBðnÞ

 !
¼ rUðx; tÞgðnÞ:

Again, the fact that U incðx; 0Þ ¼ 0 guarantees that the initial condition is satisfied. Under this assumption:

U eðz; tÞ ¼ Uðz; tÞvR2nBe
ðzÞ þ Uðx; tÞvBe

ðzÞ þ erUðx; tÞgðnÞ þOðe2Þ; z 2 Ce:

Performing a similar expansion for P eðzÞ, we get

P eðz; tÞ ¼ Pðz; tÞvR2nBe
ðzÞ þ P ðx; tÞvBe

ðzÞ þ erP ðx; tÞgðnÞ þOðe2Þ; z 2 Ce:

This implies that

U eðz; tÞ ! Uðx; tÞ; P eðz; tÞ ! P ðx; tÞ as e! 0;

uniformly when jz� xj ¼ e and 0 6 t 6 T . Expanding the derivatives we find

oU�e
ozj
ðz; tÞ ¼ e

oV ð2Þ�
ozj

ðn; tÞ þOðeÞ ¼ 2

1þ ai

oU
ozj
ðx; tÞ þOðeÞ

and a similar identity for P e. Therefore

rU�e ðz; tÞ !
2

1þ ai
rUðx; tÞ; rP�e ðz; tÞ !

2

1þ ai
rP ðx; tÞ as e! 0:

Analogous arguments show that the time derivatives of U e;t, P e;t tend to the time derivatives Ut, P t. Notice that
U tðx; 0Þ ¼ DUðx; 0Þ ¼ 0 and P tðx; T Þ ¼ DP ðx; T Þ ¼ 0. Taking limits in the surface integrals, we find (28) for
any x outside the support of U incð0Þ.
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