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ABSTRACT. We offer an equivariant version of the classical monodromy zeta
function of a singularity as a series with coefficients from the Grothendieck
ring of finite G-sets tensored by the field of rational numbers. The two main
ingredients of the definition are equivariant Lefschetz numbers and the -
structure on the Grothendieck ring of finite G-sets. We give an A’Campo type
formula for the equivariant zeta function.

A number of invariants of singularities have equivariant versions for singularities
invariant with respect to an action of a finite group G. For example, in [7], an
equivariant version of the Milnor number of a G-invariant function germ is an
element of the ring of virtual representations of the group G. However, one can
say that it is not clear what should be considered as the equivariant version of the
classical monodromy zeta function of a singularity.

Here we offer a candidate for this role. The two main ingredients of the defini-
tion are equivariant Lefschetz numbers (defined, e.g., in [6],[3]) and the A-structure
on the Grothendieck ring K, (f.G-s.) of finite G-sets (also called the Burnside ring,
see [5]) which is connected with the power structure over the Grothendieck ring of
complex quasi-projective varieties discussed in [4]. Moreover, we consider the equi-
variant Milnor number of a singularity of a G-invariant function germ as an element
of the Grothendieck ring of finite G-sets. This notion reduces to the one considered
in [7] under the natural homomorphism from K, (£.G-s.) to the ring R(G) of virtual
representations of the group @, but in some cases is a certain refinement of that
one.

The classical monodromy zeta function Cs(t) of the germ of a function fona
variety is a rational function in a variable ¢ Or a power series in ¢ (with integer coef-
ficients). The equivariant version C]? (t) offered here is a power series in one variable
¢ with coefficients from the tensor product Ko(f.G-s.) ® Q of the Grothendieck ring
of finite G-sets with the field Q of rational numbers.
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We write down an A’Campo type formula for the equivariant zeta function

¢F (t)-

1. The Grothendieck ring of finite G-sets

A finite G-set is a finite set with an action of a finite group G. An isomor-
phism between two G-sets is a one-to-one correspondence from one to the other
which respects the G-action. Isomorphism classes of irreducible G-sets, also called
simple or transitive (i.e. those which consist of exactly one orbit) are in one-to-one
correspondence with the set consub(G) of conjugacy classes of subgroups of G; see
[5].

The Grothendieck ring of finite G-sets is the group generated by isomorphism
classes of finite G-sets with the relation [A]] B] = [A] + [B] for finite G-sets A
and B and with the multiplication defined by the cartesian product. As an abelian
group, Ko(f.G-s.) is freely generated by isomorphism classes of irreducible G-sets
and, therefore, an element of Ko(f.G-s.) can be written as 3, c onsuna) knlG/H],
where H is a representative of the conjugacy class h, ky, € Z. ,

The Grothendieck ring Ko (f.G-s.) has a natural A-structure defined by the series

(1—8) K= 14+ [X]t + [S2X] 2 + [S3X] 82 + - -+,

where S¥X = X*/S), is the k-th symmetric power of the G-set X with the natural
G-action. (This A-structure induces a power structure over the Grothendieck ring
Ko(f.G-s.) connected with the power structure over the Grothendieck ring Ko(Vc)
of quasi-projective algebraic varieties introduced in [4].)

ExAMPLES. (1) Let G be the cyclic group Zg of order 6. There are four conju-
gacy classes of subgroups of Zg: (e), Zo, Z3, and Zg¢. One has

t3

(1 _ t3)(1 _ t6) [ZG/Z3]

(1—g)- /@l = 1y
t2
(2P )
t(1+t+ 2t2 + 2t3 + 3t* + 25 + ¢7)

(1—2)2(1 — 3)(1 - t9)(1 - £)?

| Z2)

Z6/(e)];

(1 - t)—[ZG/Z2] — i jts [1] + (1 - tg)t(l - t)z [ZG/Zz],
R LA (e I

(2) Let G be the group S3 of permutations on three elements. There are four
conjugacy classes of subgroups of G: (e), Zs, Z3, and S5 (the class Zy consists of
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three subgroups). One has

1 t3

=[S3/(e)] _

(l—t) [Sa/( ) — 1~t6[1]+\\(l—tg)(lhtﬁ)[ka/ZB]
3t?

" O

E(L+ 482 + 65 4 a4t — 945 1 346 )
C-2PA =B 1— @)@ gz 5/
1!
=gl rfiﬂ%wg%]
3 :
RN CErs s YO

(]_ = t)_[ss/zal — 1—_1?[1] + m[&/zﬂ

(i = t)‘fsa/Zzl —

There is a natural homomorphism from the Grothendieck ring Ko(f.G-s.) to the
ring R(Q) of virtual representations of the group @ which sends the class [G/H]
of a G-set to the representation %1y induced from the trivial one-dimensional
representation 15 of the subgroup H. This homomorphism is a homomorphism of
A-rings ([5]).

2. An equivariant Euler characteristic of a G-variety

decomposition and, moreover, if 9 0 =0 for a cell ¢, then 9l, = id. The set C,, of
n-cells is a finite G-set.

DEFINITION. The equivariant Euler characteristic Xc(X) is the alternating
sum ) o (=1)*[Cy] € K, (f.G-s.) of the classes of the G-sets C,,.

a conjugacy class h € consub(G) of subgroups of the group G, let X, := {reXx:
G € h}, where G ={ge@q: 9-x =z} is the isotropy group of the point z.
Then one has

O xex)= 3 XM, 5 X(Xa/G)[G/H],

h€consub(@) ’G, h€consub(Q)

where H is a representative of the conjugacy class A.

REMARK. Here the Euler characteristic x(-) is the additive one, i.e. the alter-
nating sum of ranks of the cohomology groups with compact support.

The natural homomorphism from the Grothendieck ring Ko(f.G-s.) to the ring
R(G) of virtual representations of the group G sends the equivariant Euler charac-
teristic x(X) to the one defined by Wall in [7]. Moreover, since this homomor-
phism is, generally speaking, not injective, the equivariant Euler characteristic as
an element in K, (f.G-s.) is a somewhat finer invariant than the one as an element
of the ring R(G).
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3. Equivariant Lefschetz number and an equivariant zeta function
of a map

A concept of the equivariant Lefschetz number or class was introduced in [6]
(see also [3]).

The equivariant Lefschetz number can be defined for a G-invariant map ¢ from
a finite G-CW-complex X to itself and also for an equivariant map ¢ from a pair
(X,Y) of finite G-CW -complexes to itself. In the last case the definition takes into
account a G-equivariant chain complex of the pair (X, Y) and the action of the map
@4 on it. The latter means that the equivariant Lefschetz number can be defined
also for a G-equivariant proper Imap from the space X \ 'Y (which is not a finite
CW-complex) to itself (by considering the one-point compactification of X\Y).

The equivariant Lefschetz number AG(p) of a G-map ¢ : X — X is an ele-
ment of the Grothendieck ring Ko(f.G-s.) of finite G-sets. If X is a G-manifold,
the equivariant Lefschetz number counts fixed points of a generic G-equivariant
perturbation of the map ¢ (which is a union of G-orbits) with appropiate signs.

We shall essentially use the following properties of the equivariant Lefschetz
number:

(1) Under the natural homomorphism from the Grothendieck ring Ko (f.G-s.)
to the ring Z of integers (the class of a G-set is sent to the number of
points in it), the equivariant Lefschetz number of a G-equivariant map ¢
reduces to the usual Lefschetz number A(yp) of the map .

(2) Additivity. If Y is a closed G-subspace of X and a G-equivariant map
¢ : X — X preserves Y and X \ Y (ie., it sends each of these spaces to
itself), then

AS () = A% (01y) + A% (P1xny):

(3) If a G-equivariant map ¢ : X — X has no fixed points, then AS{p) =10,

(4) AG(’idx) = xa(X).

(5) If X = Xp = {z € X: Gy €h}fora conjugacy class h of subgroups of
the group G, then

o _ M) 1]

where A(y) is the usual Lefschetz number of the map ¢.

In the usual (nonequivariant, i.e. G = (e)) situation, the zeta function of a
map ¢ : X — X is the rational function in the variable ¢ which, as a series in ¢, is

given by the formula
C¢(t) = H (1- tm)—i’%7
m>1

where s,, are the numbers (in fact integers) defined by the formulae:

Alg™ =Y si-
The degree deg(, of the zeta function of the map ¢ (i.e., the degree of the
numerator minus the degree of the denominator) is equal to the Euler characteristic
of the variety X. This inspires the following definition:
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DEFINITION. The equivariant zeta function of G-equivarian mape: X — X
is the series Sty e1+ t(Ko(f.G-s.) ® Q)[[¢]] defined by

2) SW)=T[a-tm-%
m>1

where the virtual finite G-setg s¢ € K, (f.G-s.) are defined by the following recur-
rence formu_la:

(3) AS(p™) =3¢,
ilm
sG
and (1 —¢™)=5 is the series from 1 + (Ko (f.G-s5.) ® Q)[[¢]] defined in Section 1.

REMARK. ( 1) Generally speaking, coefficients of the series Cg (¢) do not belong
to the Grothendieck ring Ko(f.G-s.); i.e., this series may have “rational” coefficients.

(2) Applying the natural homomorphism from the Grothendieck ring K (f.G-s.)
to the ring R(G) of representations of the group G (see Section 1) one gets a version
of the zeta function as an element of 1 + LR(G) ® Q)[[]].

4. The A’Campo type formula for the equivariant zeta function
of the monodromy

Let (V,0) be a germ of a purely n-dimensional complex analytic variety with
an action of the group @ and let 1+ (V,0) — (C, 0) be the germ of a G-invariant
analytic function such that SingV' C f=1{0}. Let M s be the Milnor fibre of the
germ f at the origin: My ={zeV: f(z) = &zl <6} with 0 < le] < & small
enough (for this definition we assume (V,0) to be embedded in a certain affine space
(CY,0)). The group G acts on the Milnor fibre J/ ¢ because the function germ fis
G-invariant.

Let = : (X, D) — (V,0) be a G-equivariant resolution of the germ f, ie., a
proper G-equivariant map from a G-manifold X to 1/ such that 7 is an isomorphism
outside the zero level set JS71{0} of the function fand, in a neighbourhood of any
point p of the total transform [, :— T (f71{0}) of the zero-level set J7Ho} of
the function f, there exists a local system of coordinates zy, .. ., 2p (centred at the
point p) in which one has fom(z,.. > 2p) = M. "2y, with nonnegative
integers m;, 5 = L,...,n (this implies that the total transform Ey of the zero level
set f~1{0} is a normal crossing divisor on X 2 Moreover, we assume that, for each
point p € E, the irreducible components of Ey are invariant with respect to the
isotropy group G of the point p.

Let Sy, m > 1, be the set of points p of the exceptional divisor D :— 7r—1{0}
such that, in a neighbourhood of the point p, one has f o m(21,... »2n) = 2. For
P € Sy, let G, be the isotropy group of the point p: G = {g € @ : gp = p}.
The group Gp acts on the smooth germ (X, p) preserving the exceptional divisor
D locally given by 21 = 0. This implies that, in a neighbourhood of the point p,
one can suppose G, to act by linear transformations in the coordinates z, ... ) 2n
preserving “the normal slice” 22 = ... = 2, = 0. This way one gets a linear
Tepresentation of the group G) on this normal slice. Let @,, be the kernel of this

representation. One can see that Gp/ @p is a cyclic group, the order of which divides
m.
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Let 5, w5 (fl C H) be the set of points p € S,, such that the pair (H, ﬁI) is
conjugate to the pair (G, @p); i.e., for the same element g € G one has G, = gHg~!
and G, = gHg™ 1.

THEOREM.
IHIX(S,, g 7)., =
GFO= I -y —@oem
m>1,(h,h)
|H|x(s =/G)
(4) _ = JI a-tv- faf—[c/H)
le,(h,Tz)

where the product is over all conjugacy classes (h,/i;) of pairs of subgroups of the
group G, the pair (H, H) being a representative of the conjugacy class (h,h).

PROOF. Just like in the nonequivariant case (see [1], [2]) one can construct a
G-equivariant retraction of a neighbourhood of the total transform Ey of the zero
level set f~1{0} to E, itself such that, outside of a neighbourhood, in Ej, of all
intersections of at least two irreducible components of Ey, i.e. where in local coor-
dinates f om(21,...,2,) = 2", m > 1, the retraction sends a point (21, 22, ..., 2,)
to (0,22, ...,2,).

Moreover, one can construct a monodromy transformation ¢ which commutes
with the retraction and, in a neighbourhood of a point where o (230035 25) = 27,
it sends a point (z1,22,...,2,) € My to (exp(%’%)zl,zz,...,zn) € My, My being
the Milnor fibre.

From the additivity property 2 above it follows that the equivariant Lefschetz
number A% (p*) is equal to the sum of the equivariant Lefschetz numbers for the
map ¢* in a neighbourhood of intersections of the irreducible components of Fj
and also on the preimages of the strata Sm, o

One can show that the equivariant Lefschetz number of the restriction of the
power ¢F of the monodromy transformation ¢ to a neighbourhood of a G-orbit in
the intersection of irreducible components of Ej is equal to zero. This follows from
the fact that the Milnor fibre M in a neighbourhood of such an orbit can be fibred
by circles and the monodromy transformation can be supposed to preserve these
fibrations. Then the fact that the equivariant Lefschetz number is equal to zero
follows from the fact that the Euler characteristic of the circle is equal to zero. Ad-
ditivity of the equivariant Lefschetz number implies that the equivariant Lefschetz
number of the restriction of the power ¢* of the monodromy transformation ¢ to
a neighbourhood of the union of intersections of irreducible components of Fy is
equal to zero.

The equivariant Lefschetz number of the restriction of the power F of the
monodromy transformation to the preimage of a stratum Sm, m, 7 can be computed
using Property 5 of the equivariant Lefschetz number. This implies that:

A= 3 (S, /O = Y G XS G/ B
mlk,H,H m|k,H,H
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This implies that the classes s&, defined by (3) are equal to
i -
5 = X 1518, G/
HH

(in particular, there are only finitely many classes 5@ different from 0). Now the
definition (2) implies the equation (4). O

REMARK. One can see that the degree of the zeta function (4), understood as
the (finite) sum

s> ™l (s, e/,

is equal to the equivariant Euler characteristic x%(My) of the Milnor fibre Mj.

EXAMPLES. (1) Let f: (C?,0) — (C,0) be the germ of the analytic map
defined by f(z,y) = 2 —y?. Let the cyclic group Zg = (exp(2in/6)) C C*
act on C2 by \- (z,y) = (\%z,A3y). The minimal embedded resolution
of the curve {f = 0} (by three blowups) is an equivariant one. There are
two strata, Sa (e),(e) and S3,(2,),(e)> with the Euler characteristic equal to
zero. The strata So, (z,),(zs) a0d S3,(z4),(z,) consist of one point each. The
stratum Sg (z,),(e) COnsists of one component of the exceptional divisor
(isomorphic to the projective line CP') without three points. Its Euler
characteristic is equal to —1. Now the theorem gives

C?G t)=(1- tz)—%[ze/zs](l _ t3)—%[Z6/Z2](1 _ tﬁ)%[Ze/(e)]_

(2) Let V = {(z,9,2) € C®: 2 +y+ 2z = 0} and let f be the function on V
defined by f(z,y,2) = x% + y* + 2%. Consider the natural action of the
group S3 of permutations on three elements on V/ (f is an Ss-invariant
function). Blowing up the origin, one gets a resolution of the function
f. There are three strata of the form Sm’ HT The stratum S (z,),(z,)
consists of three points, (1 : 1 : —2), (1 : =2 : 1), and (=2 : 1 : 1),
permuted by the group S; in the natural way. The stratum 59,(22),(e)
consists of three points: (1 : —1 :0), (1 : 0 : —=1), and (0 : 1 : —1).
The stratum Sy (e),(e) coincides with the exceptional divisor CP! of the
resolution without 8 points. Its Euler characteristic is equal to —6. Now
the theorem gives

C}S‘a(t) =(1- t2)—-[53/Z2](1 — tQ)%[Ss/(e)].

References

[1] N. A’Campo. La fonction zéta d’une monodromie. Comment. Math. Helv. 50 (1975), 233-248.

[2] C. H. Clemens. Picard-Lefschetz theorem for families of nonsingular algebraic varieties ac-
quiring ordinary singularities. Trans. Amer. Math. Soc. 136 (1969), 93-108.

[3] D. L. Goncalves, J. Weber. Axioms for the equivariant Lefschetz number and for the Reide-
meister trace. Preprints of the Max-Planck-Institut fiir Mathematik, MPIM2006-123.

[4] S.M. Gusein-Zade, I. Luengo, A. Melle-Herndndez. A power structure over the Grothendieck
ring of varieties. Math. Res. Lett. 11 (2004), 49-57.

[5] D. Knutson. A-rings and the representation theory of the symmetric group. Lecture Notes in
Mathematics, Vol. 308. Springer-Verlag, Berlin-New York, 1973. iv+203 pp.




146 S. M. GUSEIN-ZADE, I. LUENGO, AND A. MELLE-HERNANDEZ

[6] W. Liick, J. Rosenberg. The equivariant Lefschetz fixed point theorem for proper cocompact
G-manifolds. In: High-dimensional manifold topology, 322-361, World Sci. Publ., River Edge,

NJ, 2003.
[7] C.T.C. Wall. A note on symmetry of singularities. Bull. London Math. Soc. 12 (1980), no.3,

169-175.

MosCOW STATE UNIVERSITY, FACULTY OF MATHEMATICS AND MECHANICS, MOSCOW, 119992,

Russia
E-mail address: sabir@mccme.ru

UNIVERSITY COMPLUTENSE DE MADRID, DEPT. OF AI.GEBRA, MADRID, 28040, SPAIN
E-mail address: iluengo@mat.ucm.es

UNIVERSITY COMPLUTENSE DE MADRID, DEPT. OF ALGEBRA, MADRID, 28040, SPAIN
E-mail address: amelle@mat.ucm.es




This volume contains a selection of papers based on presentations given
in 2006-2007 at the S. P. Novikov Seminar at the Steklov Mathematical
Institute in Moscow. Novikov’s diverse interests are reflected in the
topics presented in the book. The articles address topics in geometry,
topology, and mathematical physics. The volume is suitable for grad-
uate students and researchers interested in the corresponding areas of
mathematics and physics.

ISBN 978-0-8218-4674-2

i

AMS on the Web
TRANS2/224

B0 AT (v

ey
4 BB 11 rywes
R D D

) - BRI 0 AT
: TR [ T

BT
SASTT

R T R R AR

T R v




	0060_001 (1)
	0061_007

