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Abstract—The notion of power structure over the Grothendieck ring of complex quasi-
projective varieties is used for describing generating series of classes of Hilbert schemes of
zero-dimensional subschemes (“fat points”) on complex orbifolds.
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Let K0(VC) be the Grothendieck ring of complex quasi-projective varieties. This is an abelian
group generated by classes [X] of all quasi-projective varieties X modulo the following relations:

(1) if varieties X and Y are isomorphic, then [X] = [Y ];
(2) if Y is a Zariski closed subvariety of X, then [X] = [Y ] + [X \ Y ]

(a quasi-projective variety is the difference of two (complex) projective (algebraic) varieties). The
multiplication in K0(VC) is defined by the Cartesian product of varieties: [X1] · [X2] = [X1 × X2].

Let Hilbn
X be the Hilbert scheme of zero-dimensional subschemes of length n of a complex quasi-

projective variety X. According to [4], Hilbn
X is a quasi-projective variety. For a point x ∈ X, let

us denote by Hilbn
X,x the Hilbert scheme of zero-dimensional subschemes of the variety X that are

supported at the point x.
Let

HX(T ) := 1 +
∞∑

n=1

[Hilbn
X ]T n ∈ 1 + TK0(VC)[[T ]]

and

HX,x(T ) := 1 +
∞∑

n=1

[Hilbn
X,x]T n ∈ 1 + TK0(VC)[[T ]]

be the generating series of classes of Hilbert schemes Hilbn
X and Hilbn

X,x in the Grothendieck
ring K0(VC).

In [5], a notion of power structure over a ring was defined. A power structure over a commutative
ring R is a method to assign a certain meaning to expressions of the form (1 + a1T + a2T

2 + . . .)m,
where ai and m are elements of the ring R. In other words, a power structure is defined by a map
(1 + T · R[[T ]]) × R → 1 + T · R[[T ]]:

(A(T ),m) �→ (A(T ))m, A(T ) = 1 + a1T + a2T
2 + . . . , ai ∈ R, m ∈ R,

such that all the usual properties of the exponential function hold. In [5], a natural power structure
over the Grothendieck ring K0(VC) of complex quasi-projective varieties was described. It is closely
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connected with the λ-structure (see, e.g., [9]) on K0(VC) defined by the Kapranov zeta function of
a quasi-projective variety [8]:

ζX(t) = 1 + [X]t + [S2X]t2 + [S3X]t3 + . . . ∈ K0(VC)[[t]].

The geometric description of this power structure is as follows: if A1, A2, . . . ,M are quasi-projective
varieties, then the coefficient of T n in the series

(1 + [A1]T + [A2]T 2 + . . .)[M ]

is represented by the configuration space of pairs (K,ϕ) consisting of a finite subset K of the
variety M and a map ϕ from K to the disjoint union

∐∞
i=1 Ai of the varieties Ai, such that∑

x∈K I(ϕ(x)) = n, where I :
∐∞

i=1 Ai → Z is the tautological function sending the component Ai

of the disjoint union to i.
There are two natural homomorphisms from the Grothendieck ring K0(VC) to the ring Z of

integers and to the ring Z[u, v] of polynomials in two variables: the Euler characteristic (alternating
sum of ranks of cohomology groups with compact support) χ : K0(VC) → Z and the Hodge–Deligne
polynomial e : K0(VC) → Z[u, v]: e(X)(u, v) =

∑
ep,q(X)upvq. These homomorphisms respect the

power structures on the corresponding rings (see, e.g., [7]).
For a smooth quasi-projective variety X of dimension d, the following equation holds in

K0(VC)[[T ]] (see [6]):

HX(T ) =
(
HAd,0(T )

)[X]
, (1)

where A
d is the complex affine space of dimension d. For d = 2, i.e., for surfaces, this equation

was proved in other terms in the Grothendieck ring of motives by L. Göttsche [3]. For an arbitrary
dimension d, the reduction of equation (1) for the Hodge–Deligne polynomial was proved by J. Cheah
in [1].

Since, for a point x of a smooth variety X of dimension d, the Hilbert scheme Hilbn
X,x can be

identified with the Hilbert scheme Hilbn
Ad,0, equation (1) can be written as an integral with respect

to the universal Euler characteristic χg(Y ) = [Y ] ∈ K0(VC) as follows:

HX(T ) :=
∫
X

HX,x(T )dχg . (2)

Here dχg is placed in the exponent since the group operation in 1+T ·K0(VC)[[T ]] is the multiplica-
tion. For a constructible function ψ on a quasi-projective variety X with values in the abelian group
1 + T · K0(VC)[[T ]], constant and equal to ψΣ(T ) on a stratum Σ from a stratification S = {Σ} of
the variety X, by definition one has ∫

X

ψdχg =
∏
Σ∈S

(ψΣ(T ))[Σ]. (3)

If a variety X is not smooth but has only isolated singularities, one can easily see that equa-
tion (2) holds. However, this could not be the case in general. Even the function HX,x(T ) (with
values in 1 + T · K0(VC)[[T ]]) may be nonconstructible: singularities of the variety X at points of
some strata may have moduli. It is interesting to understand to what extent equation (2) holds for
varieties X such that the function HX,x(T ) is constructible.

The problem described does not occur for orbifolds: their singularities have finitely many local
models. Here we prove equation (2) for complex (algebraic) orbifolds.
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An orbifold of dimension d is a complex quasi-projective variety X with an atlas of uniformizing
systems for Zariski open subsets of the variety X (see, e.g., [10]). For a Zariski open subset U ⊂ X,
a uniformizing system is a triple (Ũ ,G, ϕ), where G is a finite group (depending on U), Ũ is a
smooth complex d-dimensional quasi-projective variety with an action of the group G, and ϕ is an
isomorphism Ũ/G → U of quasi-projective varieties (considered with the reduced structures).

For a point x ∈ X, let (Ũ ,G, ϕ) be a uniformizing system for a Zariski open neighbourhood U
of the point x. Let π

Ũ
be the natural map Ũ → Ũ/G and let x̃ ∈ (ϕ ◦π

Ũ
)−1(x) be a representative

of the corresponding orbit. The isotropy group Gx̃ = {g ∈ G : gx̃ = x̃} of the point x̃ acts on the
tangent space Tx̃Ũ by a representation α = αx̃ : Gx̃ → GL(d, C). Moreover, there exists a system of
local parameters z1, . . . , zd at the point x̃ such that the action of the group Gx̃ on the manifold Ũ
is given by standard linear equations corresponding to the representation:

g∗zi =
d∑

j=1

αi,j(g)zj , (4)

where (αi,j(g)) = α(g).
We have the following:

(i) the Hilbert scheme Hilbn
X,x of 0-dimensional subschemes on X supported at the point x is

isomorphic to the Hilbert scheme Hilbn
Ad/Gx̃,0;

(ii) the partition of the neighbourhood U into parts corresponding to different conjugacy classes
of isotropy subgroups Gx̃ ⊂ G and to different (nonisomorphic) representations of the
group Gx̃ is a stratification of the neighbourhood U .

Therefore, HX,x(T ) is a constructible function on the variety X with values in 1 + T · K0(VC)[[T ]].
Theorem 1. For an orbifold X, the following equation holds in the group 1 + T ·K0(VC)[[T ]]:

HX(T ) =
∫
X

HX,x(T )dχg . (5)

Proof. For a locally closed subvariety Y ⊂ X, let us denote by Hilbn
X,Y the Hilbert scheme of

subschemes of length n of the variety X that are supported at points of the variety Y , and let

HX,Y (T ) := 1 +
∞∑

n=1

[Hilbn
X,Y ]T k

be the corresponding generating series. If Y is a Zariski closed subset of the variety X, then

HX(T ) = HX,Y (T ) · HX,X\Y (T ). (6)

Therefore, it is sufficient to prove equation (2) for the case when X is covered by one uniformizing
system (Ũ ,G, ϕ) such that Ũ lies in an affine space A

N .
Let us fix a subgroup G′ of the group G and a representation α : G′ → GL(d, C). Let XG′,α be

the image under the map ϕ ◦ πG of the set of points x̃ ∈ Ũ such that Gx̃ = G′ and the representation
of the group G′ on the tangent space Tx̃Ũ is isomorphic to α. Using (6) again, one can see that it
is sufficient to prove the formula

HX,Y (T ) =
(
HAd/(G′,α),0(T )

)[Y ] (7)

for each point x ∈ XG′,α and for a certain Zariski open neighbourhood Y of this point in an
irreducible component of the set XG′,α.
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Let x̃ ∈ (ϕ◦π
Ũ
)−1(x) be a point of the manifold Ũ such that Gx̃ = G′. The representation of the

group G′ on the tangent space Tx̃Ũ is isomorphic to the representation α. Let u1, . . . , ud be a regular
system of parameters at the point x̃ (for example, one may suppose that x̃ = 0 and u1, . . . , ud are d of
the standard coordinates on the space A

N such that the projection of the tangent space Tx̃Ũ to the
corresponding d-dimensional coordinate plane is nondegenerate). (In this case u1 − u0

1, . . . , ud − u0
d

is a regular system of parameters at each point from a Zariski open neighbourhood of the point x̃.)
Suppose that the parameters u1, . . . , ud are chosen in such a way that, in the corresponding coor-

dinates on the tangent space Tx̃Ũ , the action of the group G′ is given by the standard equations (4).
Define a new regular system of parameters ũ1, . . . , ũd at the point x̃ by the equations

ũi =
1

|G′|
∑
g∈G′

∑
j

αi,j(g−1)g∗uj.

We have
g∗ũi =

∑
j

αi,j(g)ũj .

Therefore, ũ1− ũ0
1, . . . , ũd− ũ0

d is a regular system of parameters at each point x̃′ from a Zariski open
neighbourhood of the point x̃ in the corresponding irreducible component of the set (ϕ◦πG)−1XG′,α.
This defines a map ũ − ũ0 : Ũ , x̃′ → A

d, 0. There is a commutative diagram

Ũ , x̃′ ũ−ũ0

Ad, 0

X,x′
Ad/(G′, α), 0

where the lower map identifies the Hilbert scheme of points on X supported at the point x′ with
the Hilbert scheme of points on A

d/(G′, α) supported at the origin.
Thus, a zero-dimensional subscheme on the orbifold X supported at points of the subvariety Y

is defined by a finite subset K ⊂ Y to each point x of which there corresponds a zero-dimensional
subscheme on A

d/(G′, α) supported at the origin. The length of the subscheme is equal to the sum
of lengths of the corresponding subschemes of A

d/(G′, α). As follows from the geometric description
of the power structure over the Grothendieck ring of quasi-projective varieties, the coefficient of Tn

on the right-hand side of equation (7) is represented just by the configuration space of such objects.
This proves the theorem. �

Reductions of equation (2) under the Euler characteristic homomorphism and the Hodge–Deligne
polynomial homomorphism give equations for the generating series of the corresponding invariants
of Hilbert schemes of zero-dimensional subschemes of an orbifold. In particular,

1 +
∞∑

n=1

χ(Hilbn
X)T n =

∫
X

(
1 +

∞∑
n=1

χ(Hilbn
X,x)T n

)dχ

. (8)

In [2], J. Cheah considered nested Hilbert schemes on a smooth d-dimensional complex quasi-
projective variety X. For n = (n1, . . . , nr) ∈ Z

r
≥0, the nested Hilbert scheme Z

n
X of depth r is

the scheme that parametrizes collections of the form (Z1, . . . , Zr), where Zi ∈ Hilbni
X and Zi is a

subscheme of Zj for i < j. The scheme Z
n
X is nonempty only if n1 ≤ n2 ≤ . . . ≤ nr; notice that

Z
(n)
X = Hilbn

X
∼= Z

(n,...,n)
X .

For Y ⊂ X, denote by Z
n
X,Y the scheme that parametrizes collections (Z1, . . . , Zr) from Z

n
X with

suppZi ⊂ Y . For Y = {x}, x ∈ X, we will use the notation Z
n
X,x.
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For r ≥ 1, let T = (T1, . . . , Tr) and let

Z(r)
X (T ) := 1 +

∑
n∈Zr

≥0\{0}
[Z n

X ]T n, Z(r)
X,x(T ) := 1 +

∑
n∈Zr

≥0\{0}
[Z n

X,x]T n

be the generating series of classes of the nested Hilbert schemes Z
n
X of depth r (respectively, of

those supported at the point x).
A series

A(T ) = 1 +
∑

n∈Zr
≥0\{0}

an T n, T n := T n1
1 · . . . · T nr

r , an ∈ K0(VC),

has a unique representation of the form

A(T ) =
∏

k∈Zr
≥0\{0}

(
1 − T k

)−sk , sk ∈ K0(VC).

Then, for m ∈ K0(VC),

A(T )m :=
∏

k∈Zr
≥0\{0}

(
1 − T k

)−msk

(see [7]).
For a smooth quasi-projective variety X of dimension d, the following equation holds [7]:

Z(r)
X (T ) =

(
Z(r)

Ad,0
(T )

)[X]
.

Using the same arguments as in the proof of Theorem 1, one can obtain the following statement:

Theorem 2. For an orbifold X, the following equation holds:

Z(r)
X (T ) =

∫
X

(
Z(r)

X,x(T )
)dχg .
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