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ABSTRACT. In this work we study the topologies of the fibres of some families of
complex polynomial functions with isolated critical points. We consider polyno-
mials with some transversality conditions at infinity and compute explicitly its global
Milnor number u(f), the invariant A(f) and therefore the Euler characteristic of its
generic fibre. We show that under some mild transversality condition (transversal at
infinity) the behavior of f at infinity is good and the topology of the generic fibre
is determined by the two homogeneous parts of higher degree of f. Finally we study
families of polynomials, called two-term polynomials. This polynomials may have
atypical values at infinity. Given such a two-term polynomial f we characterize its
atypical values by some invariants of f. These polynomials are a source of interesting
examples.

This paper deals with the fibres of some families of complex polynomial functions
which only have isolated critical points. Let f : C* — C be a polynomial function
and By C C its bifurcation set, i.e. the smallest subset such that the restriction
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of f induces a C* trivial fibration C* \ f=}(By) — C\ By, [Ph), [HL], [V]. The
bifurcation set By contains the critical values of f and the so-called atypical values
at infinity. In general there is not a precise definition of what is an atypical value
at infinity. We have considered in [ALM] an invariant A(f) that helps to detect the
atypical fibres at infinity.

Let f : C* — C be a polynomial function with isolated critical points. Let us
denote by V; the compactification of the fibre F; := f~1(t) in P" and D = V; N H,,
where H, is the hyperplane at infinity which may be identified with P*~1; D is
the hypersurface in P"~! defined by the homogeneous form of highest degree of f.
By means of the generalized Milnor number of Parusifiski we define a generically
constant function u$(t) := u(Vi, D) on C and we set

A(t) i= pP(t) — u2n(f) Mf) =32 (0).

teC

The main property of those invariants is that with the help of the global Milnor
number p(f) determine the Euler characteristics of the fibres of f:

Theorem. [ALM] Let f € Clzi,...,z,] be a polynomial with isolated critical
points. Lett € C\ By.

(i) The Euler characteristic of the fibre F; is equal to

X(F) =14 (=)™ (u(f) + A(f)).

(#1) For any value b € C the Euler characteristic of the fibre F, is equal to
x(Fo) = x(Fe) + (=1)" (s} (b) + As (b))

where p$ (b) is the sum of the Milnor numbers of the affine variety Fy, at its singular
points.

The main result of this work is to compute the Euler characteristic of the fibres
for some families of polynomials. We obtain explicit analytic formule for the global
Milnor number of f and for the invariant A(f).

Let f = fo+ ...+ fi—k + fa be the homogeneous decomposition of f, where k
is the least positive integer such that fi_; is not identically zero. We will denote
by D (resp. T) the divisor in P*~! defined by f; = 0 (resp. fi—x = 0). For any
hypersurface C C P*~! we will denote by C,.q4 the reduced hypersurface associated
to C. Let us consider the decomposition D = 3", g;D;, where g; > 1 and D; is
an irreducible hypersurface of degree dj, j =1,...,m. Then Dyeq = Z?=1 Dj; we

will denote by p= Z;":l d; the degree of Dyeq.
Theorem 2.1. If Sing(D)NT = @, then D has isolated singularities, the set C(f)
of critical points of f is finite and

p(fy=d-1)"-k Y wuD,P)

PgSing(D)
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polynomials considered in Theorem 2.1 are called Yomdine-at-infinity polync-
mials. They have isolated singularities at infinity. By results of Dimca, [D1, Theo-
rem 2}, any fibre of f has the homotopy type of a wedge of spheres of real dimension
» — 1. In [P3] Parusifiski proved that the number of spheres is equal to u(f) and
that these polynomials are good, i.e., the topology at infinity of the fibres does not
change. In particular the invariant A(f) is zero for these polynomials.

The other results correspond to n = 3; we will usually take z, y, z as coordinates.
We will say that f is transversal at infinity if Sing(Dpeq) N T = @ and for any
7 € {1,...,m} such that ¢g; > 1, D; meets T at d;(d + k) points. We remark that
this condition implies that if D is not reduced then T is reduced .

Theorem 3.1. Let f be transversal at infinity. Then C(f) is finite and
w(f) = (d=1)° - k(x(D) + d(2d - p - 3)) + k*(d - p).

In this case we remark that D may be not reduced and f has non-isolated
singularities at infinity. Nevertheless, we prove that f has W-isolated singularities
at infinity, in the sense of Siersma-Tibir, [ST]. Therefore the generic fibre of f has
the homotopy type of a wedge of u(f) 2-spheres, f is good and then A(f) = 0.

Notice that in Theorems 2.1 and 3.1, the terms of f of degree less than d — k
affect neither the Milnor number nor the topology of the generic fibre; this is not
the situation in Theorem 4.4. We need some more notation in order to state it.

Let us consider now two germs g, h € C{x,y} which are in the maximal ideal;
and let us suppose that for any ¢ € C*, the germ g + ¢h is square-free. Then there
exists a finite set S(g, h) C C* such that the Milnor number p{g + th) of the germ
g + th at the origin is constant if t € C* \ S(f, g}; let us call u(g, h) this constant.
Then we will denote '

a*(g,h) = Y (ulg+th) - u(g, h))-
teS(g,h)
Theorem 4.4 and Proposition 4.12. Let us suppose that f = f4 -+ fa—x. The
critical locus C(f) is finite if and only if the following conditions hold:
(i) Sing(D) N 8Bing(T) =0 and T and D have no common components.

(ii) The set of the poinis in P? \ (Sing(D) U Sing{T)) such that the gradients of fq
and fq.i are linearly dependent is finite.
Moreover in this case

p(f) =(@d-1* —k(x(D)+d(d~3)+ Y (Ip(D,T)+ap-1)),
PeSing(D)NT

M= Y (ke +5(UIp(D,TI(d ~ k1) - D(d - 1) - up)),
PeSing(D)NT

where

- ap =t ((fi0)p, (F75)p) ((=)p is the germ at P );
— Ip 1is the intersection number at P;
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- dy =94, k1 = ¥ where § := ged(d, k) and
— pp is the Milnor number at P of the generic element of a projective pencil
associated to f.

polynomials verifying conditions (z) and (#i) of Theorem 4.4 are called two-term
polynomials. We prove again that they have also W-isolated singularities at infinity.
The sum " p o} gives essentially the contribution to A(f) by the fibres different
from Fo.

The way for proving the theorems is related with the results that Melle have
obtained in the local case, [M]. Namely, in the local case when one considers germs
of hypersurfaces defined by f = fq+ fi4x + ... with similar hypothesis as in our
theorems one obtains similar formule replacing —k by +k. As in the proof of [M],
we will use Parusinski’s generalized Milnor number in the proof of theorems 2.1
and 3.1. Notice that polynomials under the hypothesis of these two theorems are
tame, [B, Prop. 3.1}, and they have not atypical values at infinity. By a theorem
in [ALM], in these cases u(f) is up to 1 the Euler characteristic of a generic fibre
of f; it will not be the case in general for polynomials of Theorem 4.4, and we will
need some comparison results to obtain a proof.

Finally we note that (x)-polynomials in {GN] are a particular case of Yomdine-
at-infinity polynomials (when k = 1); in their paper, Garcia and Némethi compute
the monodromy at infinity and not only the Milnor number. The computation of
the monodromy in the local case was performed in [A] for superisolated singularities
(which is the local analog to (¥)-polynomials in [GN]).

§1.- POLYNOMIALS WITH ISOLATED CRITICAL POINTS
We denote by x(A) the Euler characteristic of the topological space A.

Definition 1.1. [P2] Let £ be a holomorphic vector bundle of rank r over a smooth
compact complez manifold M of dimension n. Let s € P(H(M;£)) and let X be
the zero set of a representative of s. Then we define the Milnor number of X in
M, denoted by p(M; X) or u(X), as

#(M; X) = (~1)" " (x(X) - x(M; £)),
where x(M; £) is the Euler characteristic of the zero set of a section of £ transversal
to the zero section.

In [P1], Parusifiski defined the generalized Milnor number in the hypersurface
case; when r = 1, both definitions agree. Let us recall some properties of this
invariant from [P1] and [PP):

Property 1.2. [P1] Let M be a compact complez manifold of dimension n and let
X and Z two hypersurfaces which are linearly equivalent as divisors. Then:

wX) = p(Z) = (-1)"(x(X) ~ x(2)).

Property 1.3. [PP] Let M be a compact compler manifold of dimension n and
let X be a hypersurface. Givenz € X and f, = 0 a local equation of X at z, we
define the topological Milnor number of X ai z as
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teop(X, T) 1= (-1)*"(x(F;) - 1),

where F; is the Milnor fibre of f,; it is just the classical Milnor number if z is
an isolated singular point of X. Then there erists a Whitney stratification S of X
such that pop(X, x) is constant along each stratum; let us denote pug this constant
number for each S € S. Let us take a smooth hypersurface Z which is linearly
equivalent to X and which is transversal to S. Then:

wX) =" x(S\ Z)us.

S€sS

Remark. In [P1], it is defined more generally u(X,Y), where Y is a compact sub-
variety of X which admits a neighbourhood U in X such that U\ 'Y is nonsingular.
If Z and S are as in (1.3) and S induces a stratification Sy on Y, then we get:

WXY)= 3 x(S\ Z)ps.
SeSy

Let f € Clzy,...,2,] be a polynomial and let f = fo+ fi + -+ + fa be its
decomposition in homogeneous forms. We take the natural inclusion C* < P"*; we
will denote by P*~! the hyperplane at infinity and by z¢ the new variable. Let D
be the divisor of P*~! defined by f4. We will denote by V; the compactification
of Fy := f~Y(t) in P"; the equation of V; is f(zo,Z1,...,2n) — tx§ = 0, where
fi=fa+zofamr + + + 257 fr + 3 fo.

We will denote C(f) the set of critical points of f and when C(f) is a finite set we
set u(f) the sum of the local Milnor numbers of the germs of the level hypersurfaces
of f at the points of C(f).

Definition 1.4. [ALM)] Let f € C[zy,...,Z,) be a polynomial with isolated critical
points. We define the Milnor function of f at infinity as a function u: C — Z
such that y‘}°(t) := u(V;, D). If it is constant we will denote its constant value by
By

We recall a construction of [AML]. Let us take a polynomial f of degree d with
isolated singularities. This fact allows us to separate the affine singularities of each
V; from the singularities at infinity. For each ¢t € C,

Let us denote u(V;, Sing(F:)) by u$(2); recall that u(V¢, D) = pu°(2).

Since C(f) is finite we take any stratification S, of C such that p$°(t) is constant
along each stratum § of S,. Let u¥ be this constant value over the stratum
S € Soo- Let Sgen :=C\ {t1,... ,tm} be the big stratum of S, and let u33,(f) be
the constant value of 4P on Sgen.

Definition 1.5. [ALM] With the previous notations, we define for anyt € C

Ar(t) = uP(t) — pgen(f)

al
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and ™
Mf) = 3"24() = D M(2y).
teC j=1

It is easily seen that Ag(t) and A(f) do not depend on the choice of the stratifica-
tion Soo of C that verifies u$°(t) is constant along each stratum S of Seo. Moreover

Y XS = Mf) + uZalh),

S€Se

and it is clear that if the function p$° is constant then A(f) is equal to zero.

Let Sp the set of regular values of f and let S := Sy N Sgen; it is a non-empty
open set in C and § = C\ {s1,...,8c}. Let S be the stratification S, {s:}5_;. It
is easily seen that for all ¢ € S the integer u(V}) is the same.

Corollary 1.6. [ALM] Let f € Clzy,...,z,)] be a polynomial with isolated critical
points of degree d. Let S, be as above. Then the number

y(d,n) == p(f) + A(f) + pen(f) + (~1)""'x(D)

depends only on d and n.
We state two easy and useful consequences of the theorem in the introduction:

Corollary 1.7. [ALM] Let f € Clz1,...,z,] be a polynomial with isolated critical
points such that u¥ is constant. Then

x(F) =1+ (=1)""u(f)

if t is a generic value of f.

Theorem 1.8. [ALM] Let f = fa+ fo_1 +--- € Clzy,...,
of degree d with isolated critical points. Let S, be as abouv

......

generalized Milnor number of D in PP, Then

zy] be a polynomial
e. Let pu(D) be the

p(f) = @d-1)" - pu(D)- Y x(S)uF

S€Sa

or
B+ M(f) = (d = 1)" - u(D) — pgen (/)

Therefore if > is constant then

u(f)=(d-1)" — w(D) - .

§2.- YOMDINE-AT-INFINITY POLYNOMIALS

Let f be a polynomial in Cfz,,...,z,] of degree d > 0. Let us denote fj,
j =0,1,...,d the homogeneous form of degree j of f. Let k be the least positive
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integer such that f4_x is not identically zero. We have denoted D (resp. T) the
divisor in P™ defined by f4 =0 (resp. fs_r =0).

Definition. A polynomial f € Clzy,...,z,] is ¢ Yomdine-at-infinity polynomial
if Sing(D)NT = 0.

Theorem 2.1. Let f € Clz,,...,2,] be a Yomdine-at-infinity polynomial. Then
D has isolated singularities, C(f) is finite and

pH=@d-1"-k 3 (D P)

PeSing(D)

It is easily seen that Yomdine-at-infinity polynomials have isolated singularities
at infinity. By results of Dimca, [D1), or Parusifiski,[P3, Theorem 1.4}, the generic
fibre of f has the homotopy type of a wedge of u(f) spheres of real dimension
n — 1. These polynomials are good, i.e., the topology at infinity of the fibres does
not change. In fact, these polynomials are tame by [B, Prop. 3.1].

Proof. The hypersurface D is irreducible with isolated singularities if n > 2 and it
is reduced if n = 2.

Pirstly we will show that f has isolated critical points; in fact, V; has isolated
singular points, V¢ € C. It is enough to verify that there exists a regular neigh-
borhood T(D) of D in P" such that V¢ € C there is no singular point of V; in
T(D)\ D.

Let P be a point of D; if D is smooth at P, then V; is smooth at P (and also in
a neighborhood of P).

If P € Sing(D) we can choose a local system of coordinates (uy,...,%n_1,w)
such that the local equation of V; at P is f(w,...,%n-1) — w* = 0, where w = 0
is the local equation of P*~! and f(ui,...,un.1) = 0 is the local equation of D.
Then V; has an isolated singularity at P and we get that C(f) is finite.

Secondly we will prove that u%° is constant and its value is

(k=1) Y wD,P)=(k-1)u(D).

PeSing(D)

We have seen that the pencil (V;, P) is analytically trivial, and the Milnor num-
bers are constant. In this case the generalized and classical Milnor numbers are the
same. Then,

W= Y. uP).

PeSing(D)

is a constant function. As we have separated variables, it is easily seen that
#(Vs, P) = (k — 1)u(D, P), VP € Sing(D).

Then after (1.8) the proof of the theorem is finished 0O
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§3.- TRANSVERSAL-AT-INFINITY POLYNOMIALS

From now on n = 3. Let f = fq4+ fyq_x +... € Clz,y, 2] be a polynomial of
degree d > 0 and let D = 37, ¢;D; and T be as in the introduction. We recall
that p denotes the degree of D,q4.

Definition. A polynomial f € C[z,y, 2] is a transversal-at-infinity polynomial if
Sing(Dyrea) N T = @ and for any j € {1,...,m} such that g¢; > 1, D; meets T at
d;j(d + k) points.

We note that either D or 7T is reduced.

Theorem 3.1. Let f be a transversal-at-infinity polynomial. Then, C(f) is finite
and

w(f) = (d~1)° - k(x(D) + d(2d - p - 3)) + k*(d - p).

Notice that D may be not reduced and f may have non-isolated singularities at
infinity. Nevertheless, we will prove in this section that f has W-isolated singu-
larities at infinity, in the sense of Siersma and Tibar, [ST]. So by their results the
generic fibre of f has the homotopy type of a wedge of u(f) 2-spheres and we will
prove that f is good. We divide the proof of this theorem in a sequence of lemmas.

Lemma 3.2. If f € Clz,y,z] is transversal at infinity, then f has isolated critical
points.

Proof. We are going to show that there exists a regular neighborhood T(D) of D

in P3 such that V; is smooth in 7(D) \ D, ¥t € C. It is enough to study V; around

any P€ D:

— P is a smooth point of D. In this case, V, is smooth at P and therefore in a
neighborhood of P. We have psop(V3, P) = 0.

— P is a smooth point of D,.q which is singular at D and is not in T'. In this case,
P lies in an irreducible component D; of D such that its multiplicity ¢; > 1; we
can choose local coordinates (u, v, w) at P such that the local equation of V; is
u% — wk = 0, where w = 0 is the local equation of P? and u = w = 0 is the
local equation of Dj; the singular part is contained in D. We have p0p(Vs, P) =
—(k=1)(g; - 1)

— P is a singular point of Dyeg (and then, it is not in 7). We can choose local
coordinates (u,v,w) at P such that the local equation of V; is h{u,v) — w* =0,
where w = 0 is the local equation of P? and w = h(u,v) = 0 is the local
equation of D; the singular part is again contained in D. We have pi;0p(Vi, P) =
(k = V) pitop(D, P).

- P is a smooth point of D,y which is singular at D and is in T. As before
P lies an irreducible component D; of D such that its multiplicity ¢; > 1; we
can choose local coordinates (u,v,w) at P such that the local equation of V}
is u% — w*vy = 0, where w = 0 is the local equation of P?, u = 0 is the local
equation of D; and v = w = 0 is tangent to T at P; the singular part is again
contained in D. We have pyop(V3, P) = ¢; — 1.

We have proved that f has isolated critical points. [
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Lemma 3.3. If f € Clz, y, 2] is a transversal-at-infinity polynomial, then Ky isa
constant function, that imples A(f) = 0.

Proof. We are going to compute the function u%°. We will apply the property (1.3)
(and the subsequent remark) of the generalized Milnor number.
Let t € C.- We are going to consider a stratification S of V; where the strata are:

(a) The smooth part of the affine part F, (2-dimensional stratum).
(b) The connected components of Sing(F;) (0-dimensional strata, if any).
{(c) The connected components of the smooth part of D (1-dimensional strata).

(d) The connected components of the set of points which lie in the smooth part of
Drea \ T and which are not smooth in D (1-dimensional strata).

(e) The connected components of Sing(D,.q4) (0-dimensional strata).
(f) The connected components of Sing(D) N 7T {0-dimensional strata).
We prove in the same way as in [M], that S is a Whitney stratification of V; and
by the computations in the proof of (3.2), the topological Milnor numbers of V; are

constant along each stratum. By Bertini’s theorem, there exists a smooth surface
W, of degree d in P3 such that:

— W; intersects Sing(V;) only at D;
— the curve W3 N P? intersects D,.q at exactly dp points;

- the curve W NP2 does not intersect DN T.
It means that Wy is transversal to S; let us denote Sp the set of strata which
are contained in D. We can use it to compute uP(t) = p(V4, D):

#(Ve, D)= 3 X(S\Wa)ps.
SeSp

We have seen that for any stratum S € Sp the number ug does not depend on
t € C, and we have proved that the function u$° is constant. a

Lemma 3.4. The constant value of pp is

uP =k(d-k)(d-p)+ (k- 1)(d(d -3+ X(D))

Proof. We are:going to compute the terms of the formula above. The strata in Sp
are those from (c) to (f). We fix some notation; we denote D = Dy + -+ + D, +
@o41Dsy1 + -+ ¢ D,, where 0 < s < rand g; > 1if j =s+1,...,7. Let us
denote

D; :=D,-\(Sing(Dj)UDlU---UEU---UD,UWd).

(c) This term vanishes.
(d) We get in this term
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= Y (g5 =)k =1)(x(D;) - x(D; N T)).

j=s+1

The transversality condition implies that x(D; N T) = d;(d — k). We note that
we can consider j = 1,...,r, because we are adding vanishing terms. Then, we
get:

(k—1)(d~k)(d-p) - (k—1) Y _(gj — V)x(D;).

=1
(e) We get in this term

Y (k-DuopD,P)=(k=1) Y. mop(D,P).

PeSing(Dred) PeSing(Dred)

(f) By the transversality condition we get

> (g5 — 1)@~ k)dj.

j=s+1
As before, we can take again j = 1,...,r, and we obtain (d — k)(d — p).

Putting all these computations together, we have:

b =kd-Rd-n+E-1( T malDP) -3~ DxiDy))-
PeSing(Drea) i=1

We can use the stratification Sp of D for computing p(D) in P2, Notice that the

curve T does not play any role now. Moreover we can take the curve Wy N P? and

apply (1.3) to the (non-reduced) divisor D. So we obtain:
By = k(d - k)(d - p) + (k - )u(D)

By (1.2) we get the result. O

Proof of Theorem (3.1). The proof is a consequence of the above three lemmas and
(1.8). O

Proposition 3.5. Let f be a transversal polynomial at infinity. Then, f has W-
isolated singularities at infinily.

Proof. We will apply the criterium of Remark 2.5(c) in [ST}, with a slight modifi-
cation. We take the Whitney stratification Sp of D which appears in the proof of
(3.3). We construct a stratification W' of the space

X={(z:y:2:w),t) e P xC| f(z,y,2,w) = tw®},



Downloaded by [University of Hong Kong Libraries] at 21:40 06 August 2013

TOPOLOGY OF GENERIC FIBER OF POLYNOMIAL FUNCTION 1777

where f is the homogenization of degree d of f; we identify C® with

{(z:y:2:1], f(z,9,2) | (z,9,2) € C}.

The strata of W' are: C2 and Sp x C for all Sp € Sp. In general, this stratification
is not a Whitney one; let W the least fine Whitney stratification of X obtained by
refining W’. Then, in order to check if f has W-isolated singularities at infinity it
is enough to show that the restriction to X of the second projection has isolated
singularities when restricted to any stratum of W.

We notice that we may have only problems on strata S € W which are contained
in Sp x C where Sp € Sp is a 1-dimensional stratum. We fix a stratum Sp of
this type; there exists an irreducible component D; of D such that the stratum
Sp = D; \ (T U Sing(Dyed).

In order to check if W is Whitney in a neighborhood N of Sp in X we must
study if Whitney conditions are satisfied for (C?,Sp x C). It is the case if D; is a
reduced component of D as in this case X is smooth around Sp x C.

Let us suppose that D; is not reduced and its multiplicity is m. Let us fix a
point P € Sp. In a neighborhood of P, we may choose local coordinates (u, v, w)
in P? at P, such that w = 0 is the local equation of the hyperplane at infinity,
fa(z,y,2) = u™ and fy_r{z,y,2) does not vanish at the origin. Then we have that
NN (Sp x C) = {(u,v,w,t) | w=u=0} and

NNC = {(u,v,w,t) | v™ + w*h(u, v, w) = tw?, w # 0},

where h(0,0,0) # 0. This last stratum is dense in N and we may identify N with
a family of germs of plane curves based on N N {Sp x C); Whitney conditions
are equivalent to the equisingularity of this family of plane curves, by standard
arguments. In our case this family is equisingular. It means that Sp x C is also a
stratum in W; the projection on ¢ has no singularity at all. 0

§4.- TWO-TERM POLYNOMIALS

Definition 4.1. A two-term polynomial of type (d,d — k) is a polynomial of
Clz,y, z] which is a linear combination of monomials of degree d and d — k.

Notation. Given d,k we denote § := ged(d, k) and dy = 4, kv = &.

Definition 4.2, Let f = fy+ fa_s be a two-term polynomial. The projective pencil
associated to f is the pencil of curves in P? generated by fg"k‘ and fgik. We will
denote C, the element of the pencil determined by f,‘fl,n - tf,‘,f""“1 =0.

Lemma 4.3. Let f = f4+ f41 be a two-term polynomial. Then, the critical locus
C(f) 1s finite if only if the following conditions hold:

(i) Sing(D) N Sing(T) =9 and there is no common component of D and T.

(i) The set of the points in P? \ (Sing(D) U Sing(T)) such that the gradients of fa
and fq_r are linearly dependeni is finite.
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Proof. For the “only if” part we take into account the following fact: If {z,y,2) # 0
is a critical point of f, then grad f; and grad f4_ are linearly dependent at
[z : ¥ : 2]. The condition Sing(D)NSing(T) = @ implies that grad f; and grad fy_;
do not vanish simultaneously. If [z : y : 2] is a a point such that grad f; and
grad fq_j are linearly dependent and non-zero, one can adjust the proportionality
factor in order to get a finite number of critical points of f in the line [z :y: z]. It
is exactly the case when [z :y: 2] € P2\ (DUT) and it is a singular point of the
projective pencil associated to f.

For the “if* part we argue as follows. If there exists a point P in the intersection
Sing(D) N Sing(T') then the complex line in C* defined by P is contained in C(f).
On the other hand suppose that the set U Sing(Ct) is not finite. For each of these

tecr
points P = (zg : yo : 7o) there exists A € C* such that
grad f4(P) + Agrad f4_i(P) = 0.

Let 8 be a non zero complex number such that 3~* = ) and let @ be the point
in C* whose coordinates are (8~ *zq, B~ *yo, 8% 2;). It is easy to see that Q is a
critical value of f, so C(f) is not finite. O

In order to compute the Milnor number of two-term polynomials with finite
critical set we introduce some notation.

Let us consider two germs g, h € C{z,y} which are in the maximal ideal; let us
suppose that for any t € C*, the germ g + th is square-free. Let (C;, 0) be the germ
of plane curve defined by g + th. Then there exists a finite set S(g,h) C C* such
that p(C:,0) is constant if ¢ € C* \ S(f, ¢); let us call x(g, h) this constant. Then

we will denote
a*(g,h) = Y (u(C:,0) - p(g, h))-
tES(gyh)

Theorem 4.4, Let f = fq+ f4—r be a two-term polynomial with finite critical set.
Then

p(f)=@-1)*-k(x(D)+dd-3)+ Y. (Ip(D,T)+ap-1)),
PeSing(D)NT

where
- ap =a*((f@)r, (FF7)p) ((<)p is the germ at P );
— Ip is the intersection number at P.

Proof. Let f = f4+ fa—r be a two-term polynomial with isolated critical points.

First step. We compare the u(f) with u(g), where g is a suitable transversal
polynomial at infinity

Let us rewrite the formula of (4.4) in terms of the generalized Milnor number
pf)=@-1°~kwD)+ Y (p(D,T)+ab-1).
PeSing(D)NT
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Let g := fq + ga—» be a polynomial which is transversal at infinity. Let K be
the projective curve defined by g4_x = 0. We choose g in order to verify:

(a') Sing{D,.q) NSing(K)=0.
(v') For j=1,...,7, D; and K intersect at (d — k)d; distinct points.
This is a particular class of transversal-at-infinity polynomials. We deduce from
(3.1) and some computations that

W) =([@-1~k(x(D) +d@d-3+ ¥ (I(D,K)-1)).
PeSing(D)NK

We consider the invariant v(d, 3) defined in (1.6). This invariant does not depend
on the polynomial f or g and in our case the curve D is the same for both cases.

We construct stratifications S3° and S3° of C which match in the formula for
~(d, 3) and such that 0 is a stratum in both cases. It is clear that we can choose
5> = {{0},C*}. We may suppose that

?o = {{0}’ {tl}v cees {tmL U}’

where U := C* \ {t1,...,t;m}. We denote g4, the constant value of py inU. We
recall that x(U) = —m and x(C*) = 0; then, we deduce:

(4.5) 1)+ P ) + Y (7 (t5) = fgen) = 1) + u2(0)-
i=1

We are going to compare the fibres of f and ¢ at 0.
Proposition 4.6.

1(g) ~ (u7(0) — ug>(0)) =
@-1°-k(x(D)+dd-3)+ Y (I=(D,T)- 1)).
PeSing(D)NT
Proof. We distinguish two cases:
Case 1. D is reduced.

In this case, Vp has only finitely many singular points at infinity which are
concentrated in Sing(D). Let us denote Sing, (D) := Sing(D) \ T' and Sing,(D) :=
Sing(D)NT. Then,

O =Y uVe,P)+ Y u(e,P).
PgSing, (D) PgSing, (D)

As in the proof of {2.1), if P € Sing, (D), we have: u(Vy, P) = (k — 1)u(D, P).
It has been computed in [M, Lema 3.3.7] that if P € Sing,(D) then

#(Vo, P) = (k = )u(D, P) + k(Ip(D, T) - 1).

Warning. In the cited result of [M], it is important to remark that kis D is our T,
his T is our D and his d is our d — k.
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Then:
pPO)=(k~1) Y wD,P)+k > (Is(D,T)-1).
PeSing(D) PeSing, (D)
In this case, g is a Yomdine polynomial at infinity, and
pP©@) = (k-1 3 wD,P).
Pe¢Sing(D)
By the same reason,
wo)=@-1-k 3 uD,P)=(d-1)-kuD)
PeSing(D)
It is easily seen that u(D) = x(D) + d(d — 3) and this gives the formula.
Case 2. D is not reduced.

In this case T and K are reduced. We first compute the difference u%°(0)—3°(0).
Let us denote G := g~1(0). By (1.2), we have:

(BF(0) = g2 (0)) + (13(0) — u3(0)) = —(x(Vo) — x(Go)) = ~(x(Fo) — x(Go));
last equality follows from the fact that D is the common intersection of the com-
pactified fibres with P2,

Let us compute the singular points of Fy. The best way is to consider Vy and
to take the singular points of Vo which are not at infinity. We get the points
[z:y:2z:1] such that:

- grad(fd)(za Y, Z) + gra'd(fd—k)($7 Y, Z) =0
- fd—k(zy Y, Z) = fd(zv Y, Z) =0.

We recall that the equation of Vp is: fy(z,y, 2) + w* fa—r(z, ¥, z) = 0. Then, we

have two kinds of singular points:

- e:={0:0:0:1]. We find in [M] that
w(Foe) = (d—k=1°+k(x(T)+(@d-R)d-k-3)+ T (p(D,T)-1)).
PeSing(T)ND

- Any point P € D NT which is smooth in both curves and such that Ip(D,T) >
1 (i.e., gradients are linearly dependent) induces k different singular points
Py,...,P.. We find again in [M] that u(Fy, P;) = Ip(D,T) -1, j=1,...,k.

Putting together all these Milnor numbers we find k(Ip(D,T) — 1) for any point
in D T which is smooth in D, and we can write down
§30) = (d—k—1+
B(xD+@-Bd-k-9+ 3 (2D, T)-1)-k ¥ U=(D,1)-1).
PeDNT PeSing(DINT
By Bezout theorem:
u3(0) = (d~ k—1)%+

E(x(T)+(d-k)d—k-3)+d(d-k)-#DND) -k Y  (p(D,T)-1),
PeSing(D)NT
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where # denotes cardinality.

We get the same results for Gy if we change T by K. Then

13(0) — u3(0) = K((X(T) - x(K)) - #(DNT) - #(D N K)))-
-x( ¥ @wdn-y- Y (D,K)-D).

PeSing(D)NT _ PeSing(D)NK

Let us compute now x(Fp) — x(Go). Let us denote

m—

DNnT:= {(:z:,y,z)e\C3 |[z:y:2le DNnT}u{(0,0,0)}

It is clear that DnT ¢ Fy; let us denote Fy := Fg \ DNT. 1tis easily seen that
x(Fo) = x(Fo) +x(DNT) =1+x(Fo). As the origin is not in Fy, we can consider
the projection Fy = P2, 1t is an unramified k-fold cyclic covering whose base is
P2\ (DUT). Then:

x(Fo) = 1+ k(x(P?) - x(D) - x(T) + (DN T).)
As before, we obtain x(Go) if we replace T by K. Then:
x(Fo) = x(Go) = k{ = (x(T) - x(K)) + (DN T) - #(DN K))).
We obtain:

u;°(0)-p;°(0)=k( S U -1)- Y Up(D,K) 1))

PeSing(D)NT PeSing(D)NK

‘We have seen that

W) = @-1P —k(x(D)+dd-H+ Y. (Ip(D.K)-1)).
PeSing(D)INK
These two formulee give the result. O
Second step. Now, we compare the fibres of f at ty,...,t, with generic fibres.
Proposition 4.7.

m

STPE) ~ pgen) =k Y ab.

i=1 PeSing(D)NT

Proof. We begin with a result which allows to compute p$° (tj) — Hgen in terms of
Euler characteristics.
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Lemma 4.8. Fiz j=1,...,m. Let T(D) be a small enough regular neighborhood
of D C P3. Let s € C close enough to t;. Then,

BF (85) = Bgen = x(Vs; N T(D)) - x(Vi; NT(D)).

Proof. We remark that pgen = p(s;) = u(V;;) and

p(Vy) = 0P+ D seop(Vey, P),
PeB(f.t;)
where Z(f,t;) := Z(f) N f~1(¢;). By (1.3), we get:
I‘(Vt,) - ”(VJJ) = X(‘,l,) - X(Vt,)‘
We choose Bp Milnor fibres for Vi, at P € £(f,t;). Let us consider:

Ve =V NT(D), Vip=V,nBp, V=V \( U W.ruve)
PEE(I»H)

We define V,‘;°, Va, Py f’,, in the same way. If s; is close enough to t;, we have that

V,, p is a Milnor fibre of V;, at P for every P € £(f,¢;) and the spaces V,,. and f’gi
are homeomorphic. We have the formule:

X(Vaj) = X(V;o) + Z X(Vaj.P) + X(VJJ)'
PEEUM)

x(Ve) =XV + 3 x(Viy,p) + x(Viy)-
PGE(!J:‘)

We recall that the intersections of these spaces have Euler characteristics equal to
zero. We know also that:

x(Vi;) = xVa,),  x(Viy.p) = 1+ p(Vi;, P).

We get the result putting together this equalities. O

Fix now P € Sing(D)NT and suppose that its coordinates are (z, y, w) = (0,0, 0).
For a given t;, fix a Milnor polydisk BY for the germ (Vi,, P). We denote:

Wg :=Vg nBY, Wy :=VHnBy.
Lemma 4.9. With the same notations as above:

WP —pen= Y (x(WE)-1).
PeSing(D)NT

Proof. It is easily seen that we can break T(D) in polydisks; outside Sing(D)NT
the families look in the same way and they differ only in the neighborhood of
Sing(D) N T. We deduce that
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X(VtJ n T(D)) - X(‘/aj N T(D)) = z (X(W;i) — X(W;D’ ))
PeSing(D)NT

The result follows from the contractibility of W5 and (4.8). O
Next lemma is very easy and important:

Lemma 4.10. The discriminant of the polynomial X% — aX* — b is equal to
cobF1(ah — eyptr—F1)é,

where ¢, ¢i are non-zero constants which do not depend on a,b.

Let us fix P € Sing(D) NT with coordinates (z,y,w) = (0,0,0). Let Ap be the
common base for the Milnor polydisks B;’,', j=1,...,m; Ap is a Milnor polydisk
at the hyperplane at infinity for the germs of fy and fi_x at P. Consider the
projections

ag:Wg—)AP op: Wp = Ap.
By (4.10), the map ag (resp. o) is a d-fold cyclic covering over Ap ramified along
(DUC, )N Ap (resp. (DUCC"A;)QAP), where C; is the curve of the projective
f] J

pencil associated to f corresponding to t € C*.
It is easily seen that Ap N DN C, g = {(0,0)}, t € {t;j,5;}, and ramification
behaves as follows:

— Over each point of (Ap N D)\ {0} we have exactly d — k+ 1 points for o (resp.
L
og).
— Over each point of (Cclt;., NAP)\{0} (resp. (C, ,» NAP)\{0}) we have exactly
3
d — & points for o3 (resp. o).

- Over 0 we have exactly 1 point for a;’; (resp. o).
Then, we have for ¢ € {t;,5;}:

x(Wp) = d(1 - x(DNAp) - x(Cppsn NAP) + 1)+
(d-k+1)(x(DNAp) - 1)+ (d = 8)(x(Coppms NAP) —1) +1.

The contractibility of W;’ and an easy computation give:
XWH)—1= 5(x(0c,t;x NAp) = x(C, N Ap)).
By hypothesis if ¢ # 0, the Milnor number of (Cy, P) is always finite; let us
denote up the Milnor number of the generic element of the pencil at P. We can

apply a local version of (4.8) which is a classical result for pencils of plane curves
and we get

X(Cc-lt;‘ NAp) - x(CcN;. NAp) = ”(Cc-,t;l’ P)— pp.
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Next result is also easy:
s
Lemma 4.11. Let s € C be such that u(Cp) > pp. Then the k;-roots of—c— belong
1
to {tl, .. .,tm}.

In the introduction, we have defined

ap =Y (4(C, P) - up)-
seC .
Then:

m
3 (/-"(Cclt','x P) - up) = kap.
=1 ’
Putting all these computations together, we get (4.7). O
Finally, (4.7) implies Theorem (4.4) by (4.5). O

Remark. It is easily seen that two-term polynomials with isolated critical points
have only W-isolated singularities at infinity in the sense of [ST); the proof is
similar to the case of transversal-at-infinity polynomials. Nevertheless, they are
not tame in general. The topology of the generic fibre can be deduce from this
remark, (4.4) and the result of the next proposition.

Proposition 4.12. Let f be a two-term polynomial with isolated critical points.
Then:

M= (kap+5(Ip(D 1) - k1)~ 1)(di ~ 1) - wp)),
PeSing(D)nT

where pp is the Milnor number at P of the generic element of the projective pencil
associated to f.

Proof. In (4.7) we proved that:

=k Y oab

teCr PeSing(D)NT

Let us take the stratification Sp which appears in the proof of (3.3). We compare
1 (¢), for generic value of ¢, and 4(0) in the same way we made in (3.3) and we
nd:

WO - i) = T (Hen(Vo, P) = bton(Vh, P))-
PeSing(D)NT

From now on, we fix P € Sing(D) N T. By a linear change of coordinates, we
suppose that P := [0:0:1: 0] in the coordinates [z : y : z : w) where w = 0 is
the equation of the plane at infinity P2. As P is a smooth point of T we choose an
analytic system of coordinates (u,v) centered at P such that

fa_p(z,0)=n, Jalz,y) = v® + uh(y,v), h(0,0) =0,s:=Ip(D,T).

=S
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The equation of the germ (Vp, P) is:
v* + uh(u, v) + uw® = 0.

Following [M],
Btop(Vo, P) = (k — D pstop(D, P) + k(s - 1).

Let us denote ®; p the Milnor fibre of (V;, P). It is the intersection of a small
polydisk centered at P with the surface whose equation is:

v* + uh(u,v) + uw® — tw? =1, 0<nj 1.

Let us consider the projection (u,v,w) = (u,v). By (4.10) the ramification locus
of this map restricted to ®; p is the union of the Milnor fibre of (D, P) (where we
have generically d — k + 1 preimages) and the intersection ©p of a small polydisk
with the curve:

udt + a(t) (v + uh(u,v) — n)dl -k _ 0,

where ¢;(t) is a non-constant polynomial function of . A generic point of ©p
has d — ¢ preimages. The non-generic points are the s points of the intersection
of 8p with the Milnor fibre of (D, P) (which has only one preimage). An easy
computation of Euler characteristic gives:

d(1~x(0p)~(1-p(D, P))+8)+(d=5)(x(Op)~8)+(d—k+1)(1=p(D, P)—s) +s.
Then:
btop(V2, P) = (k ~ 1)u(D, P) - (d — k)(s — 1) + &(s ~ x(6p))
and
ttop(Vas P) — ptop(Vi, P) = 8((dy — 1)(s — 1) = 1 + x(Bp))-

Now, we compute x(6p). Let us apply the map (u, v) = (u?*~*1,v); the preimage
of 8p by this map is the union of dy — k; curves, each one of them homeomorphic
to ©p. Let us denote G}, one of them, which is the intersection of a polydisk with
a curve whose equation is:

uh + by (£)(v* + uhr Ryt R y) —q) =0,
where b1(t) is a non-constant polynomial function of t. We have:

x(8p) = x(O%).

Let P, be the preimage of P by this covering and let (Dy, P1) be the germ of the
function u® + by (t)(v* + uh—F a(u$~* y)); then O} is its Milnor fibre and we
have:

teop(Vos P) — prtop(Viy P) = 8((dy —~ 1)(8 — 1) — ptop(D1, P1))-
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The final step of the proof is to compare the topological Milnor numbers of
the germ at P, of Dy and the generic member (C, P) of the projective pencil
associated to f, which is generated in local coordinates by fglk =y and fg“k‘ =
(v* + uh(u,v))h "k,

Let us consider the germ (C;, P) and its preimage by the (d; — k; )-fold cyclic cov-
ering ramified along T. The local coordinates of this map are (u, v) = (u% =5 ).
Its preimage (D, P;) is a germ given by the equation:

uhldi—k) 4 t(v* + yhr—k h(udl-kl,v))dl-kl =0.

it is the union of dy — k, germs pairwise isomorphic and such that the intersection
number between two of them is equal to sd;. Each germ is topologically equivalent
to (D1, Py). By applying formule from [M], one computes the Milnor number of
(ﬁt, P,) in two ways:

~ As a covering of (C;, P).

- As a decomposition into germs isomorphic to (Dy, P;) (with no common
branches).
This relationship allows to compare the Milnor numbers:

,ugo,,(Dl,Pl) = up+ S(dl -k - 1)(d1 - 1).

Finally:

ttop(Vo, P) — peop(Va, P) = 8((s(d1 — k1) = 1)(dr ~ 1) — pp.

We have proved the proposition. [
Next examples show some pathologies for two-term polynomials f3 + f4—.
1. The following two polynomials show that the conditions (i) and (i) in (4.3) are
not related.
fy, ) =22+ +ay,  glz,0,2) = P2+ %)z + 27 + 22
For f the condition (ii) holds and (i) does not. For g the condition () holds and
(i) does not.
2. The principal difference between the local and the global case are the invariants
ap. Let f be the polynomial
(Pz+2® +2%2)z+ 22 + 292 + 2zz.
There exist two points P, = (0:1:0) and P; = (0:0:1) in Sing(D)NT. For them
ap, =1 and ap, = 2. In general a} can be calculated using SINGULAR, [SIN].

3. Last example shows that (4.4) only works for polynomials with two homogeneous
parts. Let f be the polynomial 22z + y® + 2z + y? that verifies the conditions (f)
and (i1) of (4.3). Moreover if g is the polynomial f + }z then E(g) is not finite.
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