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On a conjecture of W. Veys
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Abstract. In this work we show a singularK3 surfaceS of P
3 such thatχ(P3\S) = 0 producing

a counter-example to a conjecture of Veys.
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In this journal W. Veys [V, p. 547] stated the following

Conjecture. LetCi , 1 ≤ i ≤ r, be irreducible hypersurfaces inPn(C). If

(−1)nχ(Pn \
r⋃

i=1

Ci) ≤ 0

then allCi have Kodaira dimension−∞.

This conjecture was proven forn = 2 by A.J. de Jong and J. Steenbrink in
[JS]. Also, R. Gurjar and A. Parameswaran [GP] gave an independent proof. In
this note we give a counterexample to this conjecture forn = 3.

As W. Veys has pointed out to us, this problem is related with the monodromy
conjecture of the topological and Igusa zeta–functions of singularities of hyper-
surface, see [V].

Counterexample to the conjecture ofVeys.LetD ⊂ P
2 be a reduced projective

plane curve of degreed, with singularities Sing(D) = {P1, . . . , Ps}. The Euler
characteristic ofD is given by the well-known formula

χ(D) = 3d − d2 +
s∑

i=1

µ(D, Pi),
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whereµ(D, Pi) is the Milnor number of the curveD atPi. Recall that asimple
singularity of typeAn means a singularity locally defined byv2 +un+1 = 0, and
so it has Milnor number equal ton.

Let C1 andC2 be the projective plane curves of degree 3 inP
2 given as the

zero locus of the homogeneous polynomialsf1(x, y, z) := x3 + y2z − 3x2z and
f2(x, y, z) := x3 + y2z − 3x2z + 4z3. Both cubics have only one singular point,
which is of typeA1; choosing as above homogeneous coordinates(x : y : z) in P

2

the curveC1 is singular atP1 = (0 : 0 : 1) andC2 is singular atP2 = (2 : 0 : 1).

Thenχ(C1) = χ(C2) = 1.

Let C = C1 ∪ C2 be the corresponding sextic which has three singular
points, namelyP1, P2 andP3 = C1 ∩C2 = (0 : 1 : 0); alsoC has atP3 a simple
singularity of typeA17. It means again that the Euler characteristicχ(C) = 1.

Let X be the normal compact complex surface obtained as a double covering
of P

2 branched alongC.The surfaceX has only a finite (three) number of rational
singularities. Letσ : X̃ → X be the canonical resolution of these singularities.
ThenX̃ is the minimal resolution of the double covering of the projective plane
ramified on a sextic curve having only simple singularities:X̃ is aK3 surface,
see [BPV, pp. 182–183]. Then the Kodaira dimensionκ(X̃) of X̃ is 0. Since the
Kodaira dimension is a birational invariant,κ(X) = 0 (e.g. see [H, p. 421]).

The idea is to find a surfaceS ⊂ P
3 birationally equivalent toX such that

χ(P3\S) = 0, or, equivalently,χ(S) = 4. This last equivalence is a consequence
of:

Additivity Principle. Let Y be an analytic variety. Let{Si}i∈I be a finite pre-
stratification ofY , i.e., I is a finite set,Y = ∐

i∈I Si andSi are locally closed
analytic subvarieties ofY for i ∈ I . Then

χ(Y ) =
∑
i∈I

χ(Si).

Let S ⊂ P
3 be the irreducible surface given by the zero locus of the homo-

geneous polynomial of degree 6

f6(x, y, z) = f1(x, y, z)f2(x, y, z) + w2z4

= (x3 + y2z − 3x2z)(x3 + y2z − 3x2z + 4z3) + z4w2.

It can be easily seen thatS andX are birationally equivalent: Take the affine
chart (x, y) of P

2; the affine partA of C is the disjoint union of two nodal
cubics with only one (common) place at infinity each one; the equation ofA is
f1(x, y, 1)f2(x, y, 1) = 0; therefore,χ(A) = 0. Take the double coverinǧS
of C

2 ramified onA. If we denote byf (x, y) = 0 the equation ofA, thenŠ is
defined inC3 with coordinates(x, y, w) asf1(x, y, 1)f2(x, y, 1)+w2 = 0. We
obtain thatX is birationally equivalent tǒS, because of the birational equivalence
of C

2 andP
2; S is the hypersurface ofP3 defined by the homogeneisation of
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f1(x, y, 1)f2(x, y, 1) + w2 in z, and asŠ is birationally equivalent toS then
κ(S) = 0.

Let us computeχ(S) with the help of the following partition ofS into two
disjoint parts:S1 := S ∩ {z = 0} andS2 := S ∩ {z 6= 0}.

SinceS1 = {x = z = 0} ∼= P
1, we haveχ(S1) = 2.

We can identifyS2 with Š. Let us consider the double coveringπ : Š →
C

2, defined by(x, y, w) 7→ (x, y). Recall thatπ|π−1(A) π−1(A) → A is an
isomorphism andπ|Š\π−1(A) Š \ π−1(A) → C

2 \ A is an unramified double
covering. Then by the standard properties of coverings, the Additivity Principle
and the fact thatχ(A) = 0:

χ(S2) = χ(Š) = χ(Š \ π−1(A)) + χ(π−1(A)) = 2χ(C2 \ A) + χ(A)

= 2 · 1 + 0 = 2.

In particular,χ(S) = 4.

We have found in this way several other examples of surfaces disproving
the conjecture of Veys, this one being the simplest. In all cases, the Kodaira
dimensionκ(Ci) of each irreducible component is zero. It will be interesting
to know which is the upper bound for this Kodaira dimensionκ(Ci) under the
topological hypothesis of the Euler characteristic of the complement verifying

(−1)nχ(Pn \
r⋃

i=1

Ci) ≤ 0.
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