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On a conjecture of W. Veys
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Abstract. In this work we show a singulde 3 surfacesS of P3 such thaty (P3\ S) = 0 producing
a counter-example to a conjecture of Veys.
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In this journal W. Veys [V, p. 547] stated the following

Conjecture. LetC;,1 <i < r, beirreducible hypersurfaces i (C). If

D" x®\[Jecy =0

i=1
then allC; have Kodaira dimension-oco.

This conjecture was proven far= 2 by A.J. de Jong and J. Steenbrink in
[JS]. Also, R. Gurjar and A. Parameswaran [GP] gave an independent proof. In
this note we give a counterexample to this conjecture:fer 3.

As W. Veys has pointed out to us, this problem is related with the monodromy
conjecture of the topological and Igusa zeta—functions of singularities of hyper-
surface, see [V].

Counterexample to the conjecture of VeysLet D C P? be areduced projective
plane curve of degre#, with singularities SingD) = {P1, ..., P}. The Euler
characteristic oD is given by the well-known formula

X(D)=3d—d*+) (D, P),
i=1
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wherew (D, P;) is the Milnor number of the curv® at P;. Recall that ssimple
singularity of typed,, means a singularity locally defined by+ »"** = 0, and
so it has Milnor number equal o

Let C; andC; be the projective plane curves of degree Pgiven as the
zero locus of the homogeneous polynomigléx, y, z) := x3+ y?z — 3x%z and
folx, v, 2) := x3 4 y?z — 3x?z + 4z3. Both cubics have only one singular point,
which is of typeA 1 ; choosing as above homogeneous coordinates : z) in P2
the curveCy is singular atP; = (0: 0: 1) andC; is singularatP, = (2: 0: 1).
Theny (C1) = x(C2) = 1.

Let C = C; U C, be the corresponding sextic which has three singular
points, namely?;, P, andP; = C1NC, = (0: 1: 0); alsoC has atP; a simple
singularity of typeA ;7. It means again that the Euler characterigti€) = 1.

Let X be the normal compact complex surface obtained as a double covering
of P? branched along'. The surfacex has only afinite (three) number of rational
singularities. Let : X — X be the canonical resolution of these singularities.
ThenX is the minimal resolution of the double covering of the projective plane
ramified on a sextic curve having only simple singulariti¥ss a K 3 surface,
see [BPV, pp. 182-183]. Then the Kodaira dimensgiok) of X is 0. Since the
Kodaira dimension is a birational invariart,.X) = O (e.g. see [H, p. 421]).

The idea is to find a surfacg c P? birationally equivalent toX such that
x (P3\ S) = 0, or, equivalentlyy (S) = 4. This last equivalence is a consequence
of:

Additivity Principle. LetY be an analytic variety. LetS;};c; be a finite pre-
stratification ofY, i.e., I is a finite setY = [[,_; S; and S; are locally closed
analytic subvarieties of fori € I. Then

X(Y) =" x(S).

iel

iel

Let S c P be the irreducible surface given by the zero locus of the homo-
geneous polynomial of degree 6

folx, v, 2) = filx, y,2) falx, y, 2) + w?z?
= (x3 + yzz — 3xzz)(x3 + y2Z — 3%z + 413) + 24w

It can be easily seen th&tand X are birationally equivalent: Take the affine
chart (x, y) of P?; the affine partd of C is the disjoint union of two nodal
cubics with only one (common) place at infinity each one; the equatiohisf
filx, ¥, D fox, y,1) = O; therefore,x (A) = 0. Take the double coverin@
of C2 ramified onA. If we denote byf(x, y) = 0 the equation ofi, thens is
defined inC3 with coordinatesx, y, w) as fi(x, y, 1) fo(x, y, 1) + w? = 0. We
obtain thatX is birationally equivalent t§, because of the birational equivalence
of C? andP?; S is the hypersurface dP® defined by the homogeneisation of
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filx, v, 1) fo(x, y, 1) + w2 in z, and asS is birationally equivalent te then
k(8) =0.

Let us computey (S) with the help of the following partition of into two
disjoint parts:S; := SN {z =0} andS, := SN {z # 0}.

SinceS; = {x = z = 0} = P!, we havey ($;) = 2.

We can identifyS, with S. Let us consider the double covering: S —
C?, defined by(x, y, w) +— (x,y). Recall thatr,-14 7"1(A) — A is an
isomorphism andrz, .14, S\ 77*(4) — C2\ A is an unramified double
covering. Then by the standard properties of coverings, the Additivity Principle
and the fact thag (A) = 0:

x(S2) = x($) = xS\ 77Y(A)) + x (rL(A)) = 2% (C?\ A) + x(A)
=2-140=2.

In particular, (S) = 4.

We have found in this way several other examples of surfaces disproving
the conjecture of Veys, this one being the simplest. In all cases, the Kodaira
dimensionk (C;) of each irreducible component is zero. It will be interesting
to know which is the upper bound for this Kodaira dimensi@g’;) under the
topological hypothesis of the Euler characteristic of the complement verifying

—u"x®\[Jcy <o

i=1
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