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ABSTRACT. A generalization of quasi-ordinary power series is studied. This
class, called v-quasi-ordinary, was introduced by H. Hironaka and iy is defined
by a very mild condition on its (projected) Newton polygon. I. Luengo used v-
quasiordinary power series to give a proof of the Jung-Abhyankar theorem for
quasiordinary power series. In this paper, a factorization theorem for v-quasi-
ordinary power series is given. Using the factorizacion theorem we codify
v-quasiordinary power series by its Newton tree, and we use it to compute
the generalized intersection multiplicity of two v-quasiordinary power series,
resultant and discriminant.

1. INTRODUCTION

Let K be an algebraically closed field of characteristic zero. Let h € K[[x]][#],
x := (x1,...,%4) be an analytic germ vanishing at zero. If d = 1, we are consid-
ering singularities of germs of plane curves. Their factorisation is known via the
well-known Puiseux theorem. There are several ways to codify this process (and
other invariants), for instance via Enriques diagrams, embedded resolution tree or
Eisenbud-Neumann diagrams. If one starts with the equation h of the germ of the
plane curve, the initial tool to start with is the Newton polygon of h, and proceed
by doing the Newton algorithm. This procedure can be codified in a tree called
Newton tree. On the Newton trees we can compute other invariants of the singular-
ity, in particular, the so called topological Zeta-function and prove the monodromy
conjecture, see e.g [2]. Using bi-coloured Newton trees the intersection multiplicity
of two germs of plane curves can be computed.

For d > 1 there is a class of functions which generalizes the case of curves, it is the
class of quasi-ordinary singularities. In that class, one has a factorisation theorem
given by Jung-Abhyankar, see [I]. Moreover if we take two quasi-ordinary functions
without common factor, so that their product is a quasi-ordinary function then one
can compute a d-uple which plays the same role as the intersection multiplicity in
the case of curves. One feature of quasi-ordinary singularities is that their Newton
polyhedron is a polygonal path, see e.g. [7], [8], that means that all compact
faces have dimension one. This is why we could apply the Newton process as
in the case of curves. Moreover, after Newton maps, the condition to be quasi-
ordinary is preserved. In [2], using the Newton process it was possible to compute
a set of candidate poles of the topological Zeta-function and prove the monodromy
conjecture.

In this paper, we will study a generalization of quasi-ordinary singularities, called
v-quasi-ordinary by H. Hironaka [I0]. A proof of the Jung-Abhyankar theorem
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using v-quasiordinary power series was given in [II]. Roughly speaking, for a v-
quasi-ordinary singularity we only ask for the upper part of the Newton polyhedron
to be a polygonal path, and we will extract all properties we can from this fact.
First of all, we will show that this gives us a factorisation of our function. We
show that we can factorize our function in functions whose Newton polyhedron has
only one compact face, of dimension one, and eventually a non v-quasi-ordinary
function. We will apply the Newton process associated to theses faces of dimension
1 and we can iterate this process whenever the upper part of the corresponding
Newton polyhedron is a polygonal path. As in the case of curves we will encode the
Newton process in a tree, but the tree will bear leaves (arrows) and fruits (black
boxes). In the case of curves and quasi-ordinary singularities, this tree only bears
arrows. Using this tree, we can describe the condition for two v-quasi-ordinary
series to have an ”intersection multiplicity” and compute it.

Now we come to the definitions.
We use the following notation. Let E be a set of points in fol.

e We denote by A(F) the smallest convex set containing the set E + R‘fl.

e The smallest set Fy such that A := A(Ey) is called the set of vertices of A.

e The Newton polyhedron N (A) of A is the union of the compact faces of
A.

Let f(x,2) := Y capx®2? € K[x]][z], @« € N¥, 3 € N, x := (z1,...,24), K
being an algebraically closed field of characteristic zero.

e The support of f is Supp(f) := {(e, B) € N¢ x N|cq g # 0}.

e Let A(f) := A(Supp(f)), N(f) := N(A(Supp(f))) is called the Newton
polyhedron of f.

e IfI'is a compact face of A(f) then we define fr(x, 2) := 3=, g)er Con pX22P.

It is a weighted-homogeneous polynomial, called the polynomial associated
toI.

Notation 1.1. We assume that f(x,z) = 7' -... - 2}?g(x, z) where g is regular
of order n, that is ¢(0,2) = apz™ + a12"*t + ..., ap # 0. We denote A :=
(n1,...,nq,n). Let 7 be the projection into Q¢ N {z = 0} with centre A. We
denote by A, (f) the set of points in A(f) whose z-coordinate is smaller than n.
A face T' of N(f) is called proper if A€ T but A # T and I'\ {A} C A,(f). Let
No(f) be the set of compact faces of T(A(f)).

Remark 1.2. Note that for any proper face I of N'(f), w(I') is a face of N (f) having
dimension one less that I'. In particular, Ny(f) consists of exactly one vertex if and
only if M(f) has only one proper face and this face is 1-dimensional. This edge will
be denoted by T'.

Let I be a 1-dimensional proper face of the Newton polyhedron N(f) such that
frp =" .-z (2—h(x))". Then the change of variables defined by z — z+h(x)

eliminates this face. We say in this case that T can be eliminated.

Definition 1.3. Let f(x,2) := Y cax®z? € K[x]][z] be a power series and
assume we are as in Notation We say that f is a v-quasi-ordinary power series
if No(f) has exactly one vertex and T’ cannot be eliminated. The polynomial fr is
called the initial form of f.

For example f(x,vy,2) = 2°(2% + xy?)? + 2227y° + 22 + y°! is a v-quasi-ordinary

power series which is not quasi-ordinary (with respect the z-variable) and neither
non-degenerated with respect to its Newton polyhedron (see e.g. [12]). Our aim
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is to deal with this kind of singularity that was introduced by H. Hironaka [10,
Definition 6.1]. In comparison with quasi-ordinary, v-quasi-ordinary is a very mild
condition. However, v-quasi-ordinary have interesting properties.

The initial form of f may be decomposed into irreducible factors in K[[x]][z] as
follows

k
fr=at x| (P = et el
j=1

where ged(p, g1, .. .,94) = 1 and p; € K with p; # p;. One of the goals of this work
is to show that each irreducible factor of fr is the initial form of a v-quasi-ordinary
factor of f (not necessarily irreducible).

Definition 1.4. A power series f(x,z) € K[[x]][z] is called elementary (see [4])
if there is only one compact face of its Newton polyhedron which consists of
the segment [(0,---,0,n),(r1,...,74,0)]. More generally, if T" is a compact one-
dimensional face of a Newton diagram, we say that a power series [ is I'-elementary
if it is elementary and its Newton diagram T is parallel to the face I'. We denote

In(f) := f5.
The first part of the article is devoted to prove the following theorem.

Theorem 1.5. Factorisation Theorem. Let [ € K[[x]][z] be a v-quasi-ordinary
power series. Then there exist k different I'-elementary power series gr ; € K[[x]][2],
for 1 < j <k, which divide f and such that In(gr ;) = (2P — iz - ... - x*)™.

The proof of this theorem uses Newton maps associated to the face I'.

In the second part of the paper we will define trees to encode the Newton process
for any hypersurface singularity defined by a germ f € K[[x]][z] as in (I.I)). These
trees are called Newton trees asociated to f. They end with arrows or black boxes
decorated with non negative numbers, except one arrow decorated with a d-uple
of non negative numbers. The numbers decorating the ends can be zero, in which
case the end will be called a dead end. If our singularity is not v-quasi-ordinary
the tree has no vertex, only an edge and arrows or black box. In the case of curves
and quasi-ordinary singularities there are no black boxes. For the case of curves,
Newton trees are the algebraic version of splice diagrams defined by Eisenbud and
Neumann, see [5].

It is a natural question to try to compute the Newton polyhedron of the resultant
of f and g with respect to z knowing their Newton polyhedra. In our case we solve
the case when the Newton polyhedron of the resultant consists in one point.

In the case of a product of two power series fg, to keep track of both functions,
we will consider a bi-coloured tree (say blue and red). We will say that f and g
are separated if the ends of the bi-coloured tree of fg which are not dead ends are
either blue ends or red ends. In the case d = 1, two power series are always either
separated or have a common component.

The main result of the §4]is the following theorem.

Theorem 1.6. If two power series f and g in K[[x]][z] are separated then they
are comparable (i.e., their resultant with respect to z is a monomial times a unit in

K{[[x]][z], see Definition [L.1]).
Remark 1.7. The converse is not true. Let
F=+2"+2%), g=@" +2"+2")" +2%7(" + )%

they are not separated but they are comparable. Their resultant is 28'y°!.
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In we will decorate the Newton trees in such a way that if f and g are
separated then one can compute the resultant from the decorations of the tree, see
Proposition [5.11] This is a generalisation of the computation of the intersection
multiplicity in the case of curves using splice diagrams of Eisenbud and Neumann

(see e.g. [@]).
In a forthcoming paper [3] we will use the results of this paper to prove that a

power series f € K[[x]][#] is a quasi-ordinary power series if and only if its Newton
tree ends with arrows.

2. FACTORISATION

Let f be a v-quasi-ordinary power series such that Ay(f) has exactly one vertex
and the corresponding 1-dimensional face I' cannot be eliminated.
In order to prove Theorem 1.5 we need to state and prove some auxiliary lemmas.
The initial form fr of f is written as
k
(2.1) fr=at x| (P = et 2l
j=1
the factors being irreducible in K[[x]][2], i.e. ged(p,q1,...,¢4) =1 and p; € K with
1 # i, see [2, pp. 23-24].
To introduce the Newton maps we need to fix some notations. Let
p di
(22) C; = ng(p7 Q7)7 Di = —, q; = i
C; C;
We will consider three maps. The first one depends both on the face I' and on the
root puj. Let (u,u1,...,uq) € N¥*1 such that 1 +wuiqr + -+ + ugqa = up. Let
or;: K[x][z] — K[X]][2] .
h’(X7Z) = h(:u;‘“xlv'-wﬂjdxdaz)'
Then
orj(2F — pyaft - ooalt) = 2P — pgPatt ol
The second map er depends only on the face I':

er: Klx]][z] — Kly]][z]

h(x,z) — Ry i ).
It is easily seen that
(er o 0 ;) (2" — pgaf’ . aq) =™ oy (2 — ).

Now the third map 7; will depend on the root p;:

7 Klylllal — Kllyl][z]
h(y,z1) = h(y,z2+pj).
Note that:

(rjoerodry) (2 — pyaf - adt) =y oyt (2 4 )T — )
and the last factor is of order one in z2. Note that p;q; = pg; for 1 < i < d.
Definition 2.1. The Newton map associated to I' and p; is the composition

or,j = Tj O €r 0 0 5.
We have proved the following statement.

Lemma 2.2. After a Newton map, fr; = op ;(f) can be written as

+ +nq
fF,j(yaZQ) = yflqlm e "'ysdqdm ndpdfl,F,j(vaQ),
Kk

where fi1r;(0,2) is a reqular polynomial of order m;, and m := ijl m;.
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Remark 2.3. If fir; is again v-quasi-ordinary we can iterate the process, we call
this process the Newton process; note that m; < n since we cannot eliminate the
face I.

We keep the notations of (2.1)) and (2.2)) and, for simplicity, we write

k
fr=24P =2 . Sxdhm H(zp — pjt L xdt)m

and we fix the root 1 = 1. Note that n = £+ p(m + Z _om;). The Newton map
o we are considering is
cimora: K — Kyl
h(x,z) = A uhh eyt (2 1)

Notation 2.4. We denote P(z1) := ((21 + 1)» — 1)™; note that P is of order m
in z;. The ideal generated by yi, ..., yq will be denoted by (y).

Remark 2.5. The line supporting I" has equations ¢,Z + p;X; = ¢n, i = 1,...,d.
The fact that T' is an edge of the Newton polyhedron implies that ¢, + p;c; 2 qin
i=1,...,d,if (o, B) € Supp(f).

p—1
Definition 2.6. The monomial set associated to I'is G(p 4. q0) = U Ggp Qo)
j=0
where

G(Pq1 ----- .4d) :{(Bla"'aBd)eNd ‘ (Bla"'de)Ej(q17'~'aqd)m0dp}'

Notation 2.7. If B € G(;,4,,...,q.)» We denote
5 By By
ye ::yll ""'yddv Bq::(QIV'wqd)'

The d-uple c is called the gcd-uple.

Definition 2.8. The ring associated to T is the subring B of K][y]] generated by

the monomials y% where B € Gp.q,.....q0)

Remark 2.9. Note that G, 4,.....q,) 15 a semigroup, in fact an affine semigroup in
the sense of toric geometry. It is easily seen that the image of o is contained in

B[Zl]
Lemma 2.10. There exist u € K][y, z1]] and r € (y)K[[y]][z1] such that

(a) u is unit,
(b) deg,, r<m —1 and

B

(c) o(f) =y""c ~uly,z1) - (P(z1) +r(y, 21))-
Moreover, the coefficients of the polynomial r(z1) belong to B.

Proof. We can write o(f) = "BTq fi1(y, z1) where

k
m; pat(B—n)B7
(2'3) fl(Yazl H Zl+ —/,Lj) J —I—anﬁ-yp c (21—1)6.

The last term is in the ideal (y) because of the Newton polyhedron structure of
f. The first term is the product of P(z1) and a unit; combining these facts we can

write as
(2.4) fily.z1) = P(z1)fi + fi
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where f1 € K[[y]][z1] is a unit in K[y, z1]] and fi € Y)K][y]][z1]; note that
deg. fi <m —1 and the coefficients of f; and f; are in B (since P(z) € K[z]).
Finally we can write

(2.5) P(zi)=afi+a

1)

where ¢ := ]% is a unit and g; = —% € (y1,---,ya)K][y, z1]]. It is easily seen that
1 1
the coefficients of q; and g; are in B.

Claim. For i > 0 there exist q;,9;,7; € K[y, 21]] such that P(z1) = q;f1 + g; + 74
and:

(1) git1—a; € (¥) K[y, z1]], (in particular q;11 is a unit);

(2) gi € (v)'K]ly, z1]];

(3) riv1—ri € (v)'K[[y, 21]], and r; is a polynomial of degree less than or equal
tom — 1.

Moreover, the coefficients of q;, g; and r; are in B.

Let us assume the claim. Then, there exist q(y, z1) € K][[y, z1]] and r(y,z1) €

K[[y]][z1] such that
° deghrgm—L
* q—q; € (y)'K[[y, z]] and
o r—r; € (y)'K[[y]][z]-

Then P(z1) — qf1 — r is congruent with P(z1) —q;f1 —r; = ¢; mod (y)’. Since
bygl- =0 mod (y)! then P(z1)—qfi —r € (y)'K[[y, 21]], for every i > 0. Since
g1 is a unit then q is a unit and we have proved the first statement of the Lemma.
In order to prove the second statement, note that any monomial in r(y, z) is also a
monomial in some ;. O

Proof of the Claim. We show it by induction. The properties are true for ¢ = 1
taking 71 = 0. We continue with the general case.
We decompose g; = P(z1)g; + gi, §i € K[y, z1]] and g; € K[[y]][z1] where
deg, i <m—1.
Since g; € (y)'K[[y, 21]] then i, g € (y)'K[[y, z1]]. Also, the coefficients of g;
and g; are in B. Let
Qi1 =G — &7 Git1 = —f1~gZ, Tig1 = T + Gi-

f1 1

Then we have

g~i i
® di 8= 5 € () Ky, z1]];
1 .
rivr — 1 = i € (y)'Klly, z1];
gi1 € (¥)" K]y, z1]);
r;4+1 1S a polynomial of degree less than or equal to m — 1.
The coefficients of q;11, gi+1,7i+1 are in B.

We have the equality:
P(z1)=aifi +gi + 70 = Qi1 fr — f}gz + P(21)gi + i + i1 — Gi
1
(P(z0)f1 + F1)di

7 + P(21)Gi +Tig1 = Qit1f1 + git1 +1ig1. O
1

=qit1/1 —
Remark 2.11. In particular we have proved that for a v-quasi-ordinary series power

f of degree n in z, such that f(0,z) is of order n, then y# is the maximal
monomial dividing o(f), where o is the Newton map.
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We will give conditions for an element of B to be in the image of o.

Lemma 2.12. For 1 < j < p-—1, let B € G{p drrna) and let s € K[z1] be a

polynomial of degree less than or equal to m — 1. Then there exists g € K[x, z] and
u(z1) € K][[z1]] such that

B4+pmB49

o(g9(x,2)) =y (s(z1) +u(z1)P(z1)).
Bita:

The order of g with respect to x is at least Zle and its degree with respect

to z is at most mp.
Proof. We have:

B, y By .,
— =a1p1 +](I17-~-,a = Qgqpd + 144

C1
Let
m—1
g(x,2) =27 Z L L O L
k=0
for some dy,...,dy,_1 € K. The order of g is as in the statement. Then
B+pmB4Y
o(g(x,2) =y« R(x1)
with

m—1
R(Zl Z1+1jde 21+1 )k
k=0

Let us write
R(z1)=co+cizi+ -+ Cm—l?«{n_1 +27"Q(21).

Then
Co do
C1 d1
=M
Cm—1 dm—l

where M is an invertible triangular matrix. For 0 < k < m—1, let di be determined
so that co +c121 + -+ + em—127" L= = $(z1). Then

B4+pmBY

o(g(x,2)) =y < (s(z1) +u(z1)P(z1))
with u(z1) = Q(21) P(lzl) and we recall that the order of P(z1) is m. d

Lemma 2.13. There exist g € K[[x]][z] which is T-elementary and a unit U €
K[y, z1]] such that

o(g) = yP™ U - (P(z1) +7(21))

where r is defined in Lemma[2.10, Moreover, In(g) = (2¥ — z{* - ... z4)™
Proof. Let go(x,z) := (2P —z{" - ...-2%")™. Then o(gy) = ymeTP(zl).
Write

7”(2:1) = Rl(Zl) =+ RQ(Zl) —+ -4+ RZ(Zl) +

where R;(#1) is the homogeneous part of r(z1) of degree ¢ in the variables y; recall
that it has degree in z; less than or equal to m — 1. Let us denote ug := 1.
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Claim. For i > 1, there exist g;(x,2) € K[x, z], of order at least BJ n x, and
u; € (y)'K[[z1]], such that

o(g:) = Zuz _jR;(z1) + uiPi(z1)

Let us assume the claim. We obtain:

Zgy o ZR 21 Zuh+P1 21 Z
7=0

The series g := Zi:O gi is well-defined and elementary. The series U := 1+> >, u;
is also well-defined and a unit. The statement follows. O

Proof of the Clazm We will prove it by induction. We start with ¢ = 1. We write
Ri(z1) = y =P z)+-+ y =" P§(z1), where

. ) BI
P{(z1) € K[z1], deg, (P])<m—1, deg, yo =1.
Applying Lemma there exist gi,...,g{ and ui,...,u$ such that

BY +meq

olg) =y~ (PH(z))+ulP(z)), j=1,...,s.

1

Let us define g1(x,2) :=gf + -+ ¢f and uy = ugy e +--- + u‘{y%. Then
o) = "™ (Ri(21) +ur P(21)).

Let us assume the Claim for ¢ — 1. We apply the algorithm of division in z; to
Ri+ui1Ri_1+ - +u;_1Ry and P(Zl):

Ri+uwiRi—y+---+ui—1R = Rj+v;P(z1), deg, R;<m—1
Using again Lemma there exist ¢g; and u} such that
o(gi(x,2) = R + ujP(z1) = Ry + w1 Ri_1 + - - + ui—1R1 + P(21)(u; — v;).
If w; := u} — v;, we have
0(9i(x,2)) = Rj + ujP(z1) = Ri +u1Ri—1 + ... + ui—1 Ry + P(z1)u;. O
We have the ingredients to prove Theorem [I.5]
Proof of Theorem[1.5. By Lemma we have
o(f) =y"" culy, 1) - (P(21) + 7y, 21)).

By Lemma [2.13] “ 3| there exists an elementary series g(x,z) € K[[x]][z] with In(g) =
(2P — 2 - ... 2d")™ such that

BY
a(g) =y" < -U-(P(z1) +r(y,21))-
There is a unit V such that
k B2
o(f) =y 2= )T V(y, z1) - 0(g).

We apply the division algorithm to f and g in K][[x]][z] with respect to z and we
obtain f = gg 4+t where deg, t < pm. The equality o(f) = o(q)o(g) + o(t) implies

Koy BL

y =25V (y, z1) - o(g) = alg)alg) + o (t).
Then, o(t) is divisible by o(¢) and by degree reasons, the only possibility is o(t) = 0
which implies ¢ = 0. O

Theorem have the following consequences.
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Corollary 2.14. Let [ be an irreducible power series which is v-quasi-ordinary.
Then it is elementary and In(f) = f¥, where fo € K[z, 2] is irreducible.

Corollary 2.15. Let f be an elementary power series such that In(f) =y -...- 1,
is a factorisation of In(f) where the factors are pairwise coprime. Then we can
decompose f = f1-...- f where, for alli =1,...,r, the series f; is an elementary
power series such that In(f;) = ;.

Corollary 2.16. Let f be a v-quasi-ordinary power series. Then
f=x"fTy
where fU is T-elementary, and In(f*) = fr.

Consider a v-quasi-ordinary power series f(x,z) such that after a Newton map
we obtain as above a v-quasi-ordinary power series f1(y, z1). If f; factorises along
its face I" does it means that f factorises? In general, the answer is no. The
following example has been constructed by M. Gonzalez Villa.

Example 2.17. Let

[=(% =) — 22228 — 122223230 — 20 2d® + xfad?

This is an irreducible quasi-ordinary singularity. The Newton map o is given by
o(h(x1,w3,2)) = h(yi, 43, (21 + Dy1y3).
We get o(f) = ySy2* f1(y1,y2, 21) where
filyr,yzsz) = (y2 — 4 — 4z = 2)(y2 — 20) (y2 + 27) (g2 + 4 + 421 + 20).

But the factorisation of f; does not imply a factorisation of f. It is easily seen that
B = K][[y?,vy3,y1y2]]- Note that the coefficients of the factors of f; are not in B.

3. NEWTON TREES

Let f(x,2) := Y ca,px*2? € K[[x]][2] be a power series and assume we are as
in Notation In this section we associte to f(x,z) a tree called Newton tree
because the tree is built using Newton polyhedra.

We assume that f(x,z) = 27" -...-2%g(x, z) where g is regular of order n, that
is g(0,2) = apz™ + a1z" + ..., ap # 0. We denote A := (ny,...,ng,n). Let 7w
be the projection into Q¢ N {z = 0} with centre A. We denote by A, (f) the set
of points in A(f) whose z-coordinate is smaller than n. Let Ny(f) be the set of
compact faces of T(A(f)).

The Newton tree when Ny(f) is void is in Figure

(n1,...,nq)

(n)

FIiGURE 1.

The Newton tree when Ny(f) has more than one vertex is as in Figure

Now we assume that Ny(f) has exactly one vertex and the face I' cannot be
eliminated, (i.e. f is a v-quasiordinary power series). In such a case the corre-
sponding face I' is a 1-dimensional face of the Newton polyhedron of f which is the
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(n1,...,nq)

(n)

FIGURE 2.

intersection of two non-compact faces of its Newton diagram. Let us assume that
the face I' equals the segment [A, A;]. If the z-coordinate of A4; is > 0, let m be
the projection into Q% with centre at A; and let N 1(f) be the convex hull of the
image by m; of the set of points in N'(f) whose last coordinate is less than n!, if
n! is the z-coordinate of A;. If N0,1( f) has only one vertex then there is another
face I'; of the Newton polyhedron of f which is of dimension 1 and the intersec-
tion of two non compact faces of the Newton diagram. We go on this construction
with T' = [A, 4],y = [A1, Ao, -+ ,T; = [Aj, Aj41] until either the z-coordinate
n?th of Aj4q is zero, or Ny j11(f) is void or has more than one vertex. In fact
ruryJ---uUly is a polygonal path. To this polygonal path we associate a graph.
To each face of the polygonal path, we associate a vertex. These vertices are drawn
on a vertical line, from above to below in order. On the top of the line we put an
arrow decorated with (nq,---,n4). On the bottom of the line, we put an arrow
decorated with (n?*1) if /™! = 0 or if Ny j4+1(f) is void or a black box decorated
with (n/*1) if Ao j41(f) has more than one vertex.

Assume the equation of the line which bears one of the edges I',I'y,--- ,T'; is
(31) Qzﬁ + pa; = val = 17 e 7d7 ng(pa qi,- - 7qd) =1
We decorate the corresponding vertex with ((Ny,---,Ny)), the extremity of the
edge under the vertex near the vertex with p and the extremity of the edge above
the vertex near the vertex with (¢1,---,¢q). Then, we can recover the polygonal
path from the graph.

Then now for each edge I',I'y,--- ,I'; and for each root of the face polynomial

we apply the corresponding Newton map. We get a new function and we do the
same process as before (including eliminating a face if necessary). At each step,
we encode the information given by the Newton polyhedron. The process stops
because the z-degree decreases. We build the Newton trees by induction on the
number of steps. For STEP 0, Newton tree is already defined. Now assume we
consider a function with £ steps. On one hand we constructed a graph associated
to its Newton polyhedron. For each vertex and each root of the face polynomial,
the transforms by the Newton map need a number of steps less than or equals to
k—1. Then by assumption we can construct their Newton trees. Now we delete the
top arrow of these Newton trees and we glue the edge to the corresponding vertex
of the graph of the Newton polyhedron. We keep the decorations of the vertices,
arrows and black boxes. By construction Newton trees are connected trees.

An end of the Newton tree is either an arrow or a black box. We will say that
the arrows or black boxes decorated with 0 will be called dead ends. We will change
the decorations of the edges, but we will explain how later.
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Example 3.1. Consider the germ f € K[[z1,22]][z] defined by f(z1,22,2) =

(23 —2t23) (2% — 2729) + 217217, In this case the corresponding point A has coordi-

nantes A = (0,0, 7). There are two one-dimensional faces I'y and I's of the Newton
polyhedron. On each face there is only one irreducible factor.
The equations of the edges of the Newton polyhedron are:

I = 48 4+ 31 = 28, 50+ 3 = 35;

Iy = 760+ 4oy =44, 98 + 4oy = 56;
then, the decoration of the first vertex is given by ((28,35)) and 3 is the decoration
of the extremity of the edge under the vertex near the vertex and (4,5) is the
decorations of the extremity of the edge above the vertex near the vertex.. For the
second vertex, we have ((44,56)) and 4 and (7,9) respectively.

The first Newton map associated to I'y is
o1 Klx]llz] — Kly]][z]
h(z,22,2) = h(y?, 93, yiv3(z + 1))
And we get after local automorphisms
a1(f) =3y s 2o

The second Newton map associated to I's is

o2:  K[x]llz] — K[y]][z]
h(‘Tl?xQ? Z) = h(yilry§7yzyg(zl + 1))

And we get after local automorphisms

oa(f) = 4yt*ystzo.

(0,0)
4,5)
((28,35)) (g
(7,9)
((44,56))\ /4

FIGURE 3.

Example 3.2. This example can be found in [9]. Consider the germ f € K[[z1, z2]][#]
defined by

flzy, @0, 2) = (2% — 23)? — 2272y — 22tay22.
One has A = (0,0,4). There is only one compact one dimensional face I" of the
Newton polyhedron with one irreducible factor. The equations of the edge of the

Newton polyhedron are
= 36+ 2a1 =12, 08+ 2as = 0;

Then the first vertex of the Newton tree is decorated with ((12,0)) and the edge
under the vertex with 2.
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The Newton map associated to I' is

o K[xlz] — Kyll[z]
h(zy,x0,2) = h(yi,ye, v (21 + 1))

The pullback of f is given by the equation
a(f) = —yi* (=21 — 4z — 428 + dyiye + 2yiyezt + dyiyen).

For the new Newton polyhedron of o(f), the corresponding point A has coordinates
A =(0,12,2) and it has only one compact one dimensional face with one irreducible
polynomial —4(z% — y2ys).
After the Newton map, the equations of the edge of the new Newton polyhedron
are
25—1—2@1:28, ﬂ+2a2:2,

Then the second vertex is decorated with ((28,2)) and the edge under the vertex
with 2, see Figure [4]
(0,0)

((28,2))
((12,0)) (1)

(0) (0)

FIGURE 4.

4. COMPARABLE POWER SERIES

Definition 4.1. We say that two power series f and g in K[[x]][z] are comparable
if the resultant R,(f,¢)(x) of f and g with respect to z is a monomial multiplied
by a unit of K[[x]].

First we need to define coloured Newton trees associated to a product of two
power series f and g. We will associate the colour blue to f, the colour red to g.
The coloured Newton tree can have blue parts, red parts and blue-red parts.

Let fg(x,2) = 3 capx*2? € K[[x]][z] be a product of two power series and
assume we are as in Notation [[Il We assume that

f9(0,2) = apz" + - -

with ag # 0. Let A = (0,---,0,n). Let 7 be the projection into Q% with centre A
as before and we consider Ny(fg) as in Three possible cases may arise:

We consider the Newton polyhedron, i.e. it corresponds to the first vertical part
of the Newton tree, of fg. The part of the Newton tree corresponding to this
Newton polyhedron will be blue if degg(0,z) = 0, red if deg, f(0,z) = 0 and bi-
coloured blue-red otherwise. We apply the same rule for all the steps of the Newton
process. In particular it has the same (bi)color for every vertical line in the Newton
tree.

Example 4.2. The bi-coloured Newton tree of fg where f = 23 —y? and g = y3—22
is as in Figure 5 where all vertical lines are bi-coloured, the above horizontal line
is red and the below one is blue.
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(0,0)
A

(0)

FIGURE 5.

Definition 4.3. We say that two power series f and ¢ in K[[x]][z] are separated
if all the ends of the bi-coloured Newton tree of fg which are not dead ends are
either red or blue.

Remark 4.4. If d = 1 then f and g are separated if they do not have a common
component.

Remark 4.5. If two power series f and g in K[[x]][z] are separated then there is, at
least one, vertical line in the the bi-coloured Newton tree, which corresponds to a
Newton polyhedra of an step of the Newton proccess, from which the Newton tree
is not bicoloured.

Example 4.6. We illustrate the two kinds of separation: in Figure [f] there is a
Newton polyhedron such that the face corresponding to f is different from the one
corresponding to g. In Figure [7] they have different polynomials on the same face.

((0,...,0))

—~
(=}
~
—~
=}
Ny
—~
o
~

(blue)

~—~
(e
=

(0) (0)

FIGURE 6.
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(red)
Yooz oso(O—— 0) 0)
(0) o 7
(0) (blue)
(0) (0)
FIGURE 7.

To prove Theorem [I.6] we need the following lemma. Consider the morphism
e:K)=z]  — Kyl L
(@1, rzay ) o @t [T ).
Lemma 4.7. Let f and g be two Weierstraf$ polynomials in K][[x]][z] of degree m

and n respectively. Let R,(x) (respec. R, (y)) be the resultant with respect to z
(respec. to z1) of f (respec. f1) and g (respec. g1). Assume that

N N
N =p" oy A 2) =y A ), e9) =y aily, )
such that fi1 and g1 are not divisible by any y;, for 1 < j < d. Then, see Notation
and , the following identity holds
€(Rz) _ yanerNgfmnBTQ}%Z1 (y)
Proof. The resultant R,(x) is the determinant of a matrix which expresses the
polynomials f,zf,...,2" 1 f, g,2g,...,2" g in the basis {1,z,22,..., 2" ™71}
Denote this matrix by M (x).
Consider the matrix (M) - P(y) where P(y) is the diagonal matrix with entries

(1, yBTq, cee (yBTq)”JFm*l). This product is also the matrix of
B9 B9
e(f)e(Hzy =, .. e(g),e(g)zy e ...
in the basis {1, 2y,---, 27" }. Then

ntm—1y)Be n m nol m—14)Be
y(zizl )) c E(Rz) — y ]\,f+ N9+(Zz:1 +Zz:1 ) c Rzl (y) |:|
Lemma 4.8. Let f and g be two Weierstraff polynomials in K[[x]][z] such that
F := fg is a v-quasi-ordinary power series with first face I'. If f and g separate
on the face I, then they are comparable.

Proof. There is a one-dimensional face which hits the z-axis. This face is the face
T" of the Newton polyhedron of at least one of the two power series. Assume I' is a
face of the Newton polyhedron of f. Either g has another face or the face of g is
T but the polynomials fr and gr are coprime. We consider the map e (associated
to f) and in both cases the resultant of f1(0,z21) and g1(0, z1) is non zero. Then
R..(f1,91) is a unit and, using the Lemma R.(f,g) is a monomial multiplied
by a unit. O
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Proof of Theorem[1.6] We have shown in Lemma [4.8| that if f and ¢ are separated
on the first Newton polyhedron then they are comparable.

Now we follow a blue-red path on the Newton tree of fg until some blue or red
path separates at a vertex v. Assume that this blue path starts at v with first
edge ~; consider the Newton transform associated to . Let f; be the Newton
transform of f; then f; factorises as fi; = fi,1f1,2, where f1 1 corresponds to the
blue edge v and f; 2 corresponds to the factors associated to the other blue or blue-
red edges starting at v (if any). Then R, (f1,91) = R, (f11,91)Rz, (f1,2,91), and
for f1.1, g1 the separation occurs on the first Newton polyhedron. Then R, (f1.1,91)
is a monomial times a unit. Our hypothesis is that along every path not ending
with dead ends we have a separation in blue and red paths. Then finally every
resultant is a monomial times a unit. U

5. COMPUTATION OF RESULTANTS

Let f(x,2), g(x,2) € K[[x]][z] be power series and assume we are as in Notation
[LIl We asume that we are as in Section

Now we want to compute the resultant from the Newton tree when f and g are
comparable. To this aim we have to explain decorations on the Newton trees.

5.1. Decorations on Newton trees.

Definition 5.1. The numerical data (((N1,- -+, Ng)),p) associated to each vertex v
are called the global numerical data of the vertex v of the Newton tree of f, see

BD).

Remark 5.2. The global numerical data (((Ny,- -, Ng)), p) of the first vertex satisfy
the following property. If € is a Newton map associated to this vertex, then
Ny Ng

c o N
ef) =y oyt Ay, z) =y e filys z),
where no y; divides f1, ¢; := ged(p, ¢;), see Notation and (2.2)).

Now instead of decorating the vertex and the edge under the vertex, we will
decorate the edge above the vertex and the edge under the vertex.

We define these decorations inductively. Consider the first Newton polyhedron.
Each 1-dimensional compact face has equations . We decorate the end of the

edge above the corresponding vertex with the weight (g1, qo, - - , qq) and the end of
the edge under the vertex is decorated, as before with p.
Now assume that v is a vertex whose edge above is decorated with (Q1,- -+, Qq4)

and edge under is decorated with p. Consider the Newton map associated to this
vertex, and assume that the new Newton polyhedron has r 1-dimensional compact
faces with equations

Q;ﬂ'i_p]aZ:N;aZ:lvada]:laaT

Define
i PQi j j
5.1 Q= ————p +4q..
( ) / ng(p7 QZ) /
Now we decorate the end of the edge above the j-th vertex with ( }, e ,Q‘}) and

the end of the edge under the vertex with p/. The ends are those near the vertex.
Definition 5.3. The numerical data (( ;, e Q?),pj) associated to each vertex v;
are called the local numerical data of the vertex v;. For a black box, its decoration
is the z-degree of the associated (non v-quasi-ordinary power series).
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Remark 5.4. We notice that the local numerical data verify:
i pQ;

Q) > b=

ng(pa QL)

We call this condition the growth condition on the local numerical data.

pjvl:]-v advj:]-v"' , T

FIGURE 8. Local numerical data of Example

Remark 5.5. The local numerical data only use the slopes of the 1-dimensional
compact faces of the Newton polyhedra. Hence if we consider the Newton tree of a
factor of f decorated with the local numerical data then the decorations will be the
same if we look at the part of the Newton tree of f corresponding to the factor. On
the contrary the global numerical data use the position of each face in the Newton
polyhedron of f, hence they change if we isolate a factor of f.

5.2. Irreducible-like v-quasi-ordinary power series.

The Newton tree of an irreducible-like v-quasi-ordinary power series f has only
one end which is not a dead end. The Newton polyhedron of f has only one
compact 1-dimensional face I" and moreover, one can assume that fr = (2 — z{* -

Lok )pl""'pg'”f. In particular the shape of its Newton tree is given in Figure
Let us fix its global decorations as in the Figure.

((0,...,0))

(N1, N)) O Y

ng

FIGURE 9.

Lemma 5.6. Let f have only one end which is not a dead end. With the previous
notations, then

(1) N; is divisible byp-pt-...-p?, forl1 <i<d,

(2) N/ is divisible by p’ - ...-p?, for 1 <i <d and for 1 < j <g.
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Proof. The face of the first Newton polyhedron of f is supported by a line whose

equation is: Bq; + a;p = N;, for i = 1,...,d. Moreover, it has as vertex the point
(0,...,0,p-p"-...-p% -ny). Since for all i = 1,...,d,
(5.2) gi-p-pt-...p?ng =N

then the first statement is proved.
Following the notations of (2.2)), the corresponding Newton map o is

cmora: Kl — Kyl
hix,z) +— h(yfl,...,ysd,y(fl~...~ygd~(zl+1)).

Ny Ng
Then o(f) =y, -...-y,;* - g, g is divided by no x;. Now the compact face of
the Newton polyhedron of g is supported by a line whose equation will be of the
form B¢} +a;pt = N}, fori=1,...,d, and goes through the point (%1, o Jj—;,pl .

...-p?-ny). Then
(5.3) ptp? ng(gipipt +¢f) = N}
and N} is divisible by p! -...-p? for all i. The proof goes by induction. t

Lemma 5.7. Let f have only one end which is not a dead end. With the previous
notations, then the two numerical data associated to each given vertex v’

(V] N P), (@1 Q1))

satisfy
(1) Ni=p-pt-...-p?- Qi
(2) N/ =p7-...-p?-Q), 1 <i<d,
(3) N; is divisible by p-p*-...-p9, for 1 <i<d and for 1 <j<g.

Proof. Let us consider the first vertex; in this case ; = ¢; and the result follows
from (5.2)). After the first Newton map, we deduce from (5.1)) that Q} = p;qip' +q..
We deduce the formula from (5.3). The general proof follows by induction. d

5.3. Computation of resultants. Let f and g be two Weierstrafl polynomials
which are comparable power series and such that their Newton trees have only one
end which is not a dead end. The main result in this section is to show that the
resultant R, (f,g) can be read from the coloured Newton tree of fg decorated with
its local numerical data. This result can be seen as a generalization of Corollaire
5 in [6] where P. Gonzélez-Pérez gave information about the Newton polyhedron
of the resultant of two quasi-ordinary hypersurfaces satisfying an appropriate non-
degeneracy condition.

We consider the coloured Newton tree of fg decorated with its local numerical
data. As we have seen, to compute the resultant we can use the factorisation of the
Newton transforms even if they do not come from factorisations of f. For the sake
of simplicity, after the separation of f and g we summarise the Newton tree with a
coloured box.

Proposition 5.8. Let f and g be two Weierstrafl polynomials whose Newton trees
have only one end which is not a dead end. If they separate on the first Newton
polyhedron then

R.(f,g) = " -...-xfiw'i ‘U

where u is a unit and (My,--- , My) is obtained by multiplication of the numbers
adjacent (i.e. only neighbours) to the path going from the blue end (representing f)
to the red end (representing g) including the decoration of the ends.

Taking into account Remark we define the following concept.
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Definition 5.9. Let us assume that f is v-quasi-ordinary and let I' be the edge
associated to f. We say that a v-quasi-ordinary power series g(x, z) € K][[x]][#] is
I-compatible if its z-degree m coincides with the order of g(0, z) and for a Newton

mB4Y

map o associated to I" we have that y~ -

is the maximal monomial dividing o(g).
The following result is straightforward.

Lemma 5.10. If f and g are I'-compatible of degrees n and m, and o is a Newton
map associated to I", then

ng

(q1:---+4q) i) (q1,---.q4)

Ng

FIGURE 10. The right-hand case (resp. left-hand case) is denoted
by R-case (resp. L-case)

Proof. The two possibilities appear in Figure Let T" be the edge associated to
the first vertex and let € be a Newton map associated to it. In both cases, f, g are
I'-compatibles, i.e., e(f) = yd°& rE f1 and €(g) = yd°& gBqul. Moreover, R.,(f1,91)
is a unit since they separate at this edge.

In both cases deg f = pny. For the same reasons, in the right hand case (R-case),
deg g = pny. In the left hand case (L-case) we have deg g = n,.

Applying Lemma [5.10} we obtain that there exists a unit U(y, z) such that:

e eg gBL
e(R.(f,g)) = yleldesoy.

This equality implies that R.(f,g) = x™u(x, z), where u is a unit, as in the state-
ment. It remains to compute the value of M. Applying ¢ we deduce:

M de de B—,q
yPe =y g fdegg =

We obtain
M, = pngnggq; R-case,
ngngq;  L-case.
Since in the L-case p is in the path and in the R-case p is adjacent to the path, we
have proved the formula. O

Proposition 5.11. Let f,g € K[[x]][z] be two comparable power series such that
their Newton trees have only one end which is not a dead end. Then, R,(f,g) can
be read from the coloured Newton tree of fg decorated with its local numerical data.

More precisely, the multiplicity of x; in R, (f,g) is computed as follows. Consider
the path from the blue end representing f to the red end representing g. First, we
take the product of all the decorations adjacent to the path (the it" coordinate in the
case of d-uples), including the decorations of these ends. Finally, we multiply it by
the ged of the vertices before the vertex where they separate.



r-QUASI-ORDINARY POWER SERIES 19

Example 5.12. Let a,b,c € N, a odd. Let o, 3,7 € K. Let

f :((ZQa 2b 2c+1) + x4b+1y4c+3)2 4 1172b+2 20+2(2,2a o I2by20+1)3+

Ty
4 g+l

Y

y2(2¢+1)+2(2 2by20+1)

g :(ZQa _ anbyZC-&-l)Q + ZQa(.’L'Qb+2yQC+2 + $2b+1 20+3).

y
((0,0)) ((0,0))

(2b,2¢+1) (2b,2¢ + 1)

(0) (0) (0)

FIGURE 11. Tree of g on the left and tree of f on the right

((0,0)) ((0,0))

/. 2(red)
(2b,2¢+ 1) 2[) 2c+1) (4ab + a, 8ac + 6a)

||
2a 2 blue l 2(blue)
(0)

2(red)
FIGURE 12. Tree of fg for o # 1 (left) and o = 1 (right)

Figure [L1] shows the trees of f and g and Figure [12| shows the bi-coloured tree
of fg. In both cases f and g are comparable. If o # 1, R,(f, g) = x32eby16a(2c+1)
since the adjacent weights are the degrees of f and g at the black boxes and 2, 2, 2a
and (2b,2c +1). If a = 1, R.(f,g) = a8(4abta)yd(8actba)

Proof of Proposition[5.11] We proceed by induction on the number of Newton steps,
after which the two series separate. Assume that f and g separate on the first New-
ton polyhedron. Proposition [5.8| proves this case.

Now we assume that f and g separate after ¢ Newton maps. We will consider
the L-case or the R-case to distinguish how they separate, see Figure Let
p,p',...,p" ! be the common decorations of f and g. As in Proposition we
denote by ny and ng the degrees of the transforms of f and g after the ¢ common
Newton maps. If I' is the first segment, both f and g are I'-compatible and then
we consider a Newton map e associated to this segment.

For the sake of simplicity, when necessary equality means equality up to a unit.
From Lemma [5.10, we have

y*% = e(R(f,9)) = y™"C Ro, (f1, 1),
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where R, (f,9) =x~, m:=deg f = nprZ-:l p’ and

n:=degg = ngJ 1pj R-case,
’ &9 ngp[[i—;p’ L-case.
gP 11— 1p

Since they do not separate at the first vertex, we have

f1(0,21) = (27 =)™, 91(0,21) = (2f — )", peK"
We may suppose that g = 1. Let us denote fi(y,z1) := f1(y, z1 + 1); we construct
g1 in the same way. Since the translation by any other p-root of umty acts in the

same way, then R, (f1,q1) = (R zl(f1,91)) Let us assume that R, (fl,gl) yN.
We deduce that

, N2
nfngp(H;:IpJ) B? R-case,

N=""piyc. N=c N+ . /s
P nfigp (H;;lllﬂ) B?  L-case.

By induction hypothesis, since fl and §; separate after ¢ — 1 Newton steps, we
know that

. nngp’ (H; 1 cj) Q"' R-case,

ngng (H 1 cj) Q%,  L-case.
We denote by ¢/ the ged-tuple of the j** Newton step. The d-tuple Q' corresponds
to the local numerical data of the (i — 1)™ vertex for fi, 1, which is the i*" vertex

for f,g
It is easily seen that

Q' =Q" +p H
=1 10
Putting all these data together, we obtain
N = NP Q- c- H 1 L'ed R-case, 0

nngQ - c- [T- 1cJ L-case.
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