INNER AND OUTER SMOOTH APPROXIMATION OF CONVEX
HYPERSURFACES. WHEN IS IT POSSIBLE?

DANIEL AZAGRA AND DMITRIY STOLYAROV

ABSTRACT. Let S be a convex hypersurface (the boundary of a closed convex set V' with
nonempty interior) in R™. We prove that S contains no lines if and only if for every
open set U D S there exists a real-analytic convex hypersurface Sy C U Nint(V). We
also show that S contains no rays if and only if for every open set U D S there exists a
real-analytic convex hypersurface Sy C U \ V. Moreover, in both cases, Sy can be taken
strongly convex. We also establish similar results for convex functions defined on open
convex subsets of R™, completely characterizing the class of convex functions that can be
approximated in the C°-fine topology by smooth convex functions from above or from
below. We also provide similar results for C''-fine approximations.

1. MAIN RESULTS

The main purpose of this paper is to establish the following two results.

Theorem 1. Let S = 0V, where V. C R" is a closed convex set with nonempty interior.
The following statements are equivalent.

(1) S contains no rays.

(2) For every open set U D S there exists a real-analytic convex hypersurface Sy C
U\V.

(8) For every open set U D S there exists a real-analytic strongly convex hypersurface
Sy cU \ V.

Theorem 2. Let S = OV, where V' is a closed convexr set with nonempty interior in R™.
The following statements are equivalent.

(1) S contains no lines.

(2) For every open set U D S there exists a real-analytic conver hypersurface Sy C
U Nnint(V).

(8) For every open set U D S there exists a real-analytic strongly convex hypersurface
Sy cUn int(V).

Corollary 3. If S is a strictly convex hypersurface in R™, then for every open set U D S
there exist real-analytic strongly convex hypersurfaces Sy and So such that S; C UNint(V)
and So CU\ V.
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Results of this kind are important for extending locally concave functions, which are
commonly used as Bellman functions of certain extremal problems in harmonic analysis.
Results similar to Corollary |3 may be found along the lines of Section 4 in [5]. Our initial
motivation comes from the need of Corollary [3|in higher dimensional generalizations of the
work of that paper.

The preceding theorems are relatively easy consequences of the following results, which,
as we believe, are of independent interest in themselves.

Theorem 4. Let U C R™ be a non-empty open convex set, let f: U — R be convex. The
following statements are equivalent.

(1) The graph of f does not contain any ray.

(2) For every continuous function e: U — (0,00) there exists a real-analytic strongly
convex function g: U — R such that f —e < g < f.

(8) For every continuous functione: U — (0, 00) there exists a convex function g: U —
R such that f —e < g < [.

Theorem 5. Let U C R™ be a non-empty open convex set, let f: U — R be convex. The
following statements are equivalent.

(1) The graph of f does not contain any line.

(2) For every continuous function e: U — (0,00) there exists a real-analytic strongly
convex function g: U — R such that f < g < f +¢.

(8) For every continuous function e: U — (0,00) there exists a convez function g: U —
R such that f < g < f+e.

In order to avoid any possible ambiguity in the preceding statements, let us fix some
definitions. A convex hypersurface S is the boundary of a convex set with nonempty
interior. Such a set S will be called strictly conver provided that S contains no line
segments. Similarly, a convex function is strictly convex if its graph does not contain
any line segment. If U is a nonempty convex subset of R", we say that a C? function
f: U — R is strongly convex whenever D?f(z) is strictly positive definite for every z € U.
A (not necessarily C?) function ¢: U — R will be said to be strongly convex if for every
x € U there exist r, > 0 and a C? strongly convex function v, : B(z,r,) — R such that
@ — 1), is convex on B(z,r;). A convex hypersurface S C R™ will be called real-analytic
(resp. a strongly convex real-analytic surface) provided that there exists a real-analytic
convex (resp. strongly convex) function g: U C R™ — R such that S = g~*(r) for some
r > inf,ern g(x) (which implies that Dg(x) # 0 for all x € S).

Let us now explain what we mean by a ray in the case that U # R"™. The phrase the
graph of f contains a ray will mean, in this paper, that there exists + € U and e € R
such that the restriction of the function f to the set {x +te: t € [0,00)}NU is affine. Line
segments of the form [z, z) := {(1 —t)x +tz: t € [0,1)}, where z € U and z € 90U, are
rays for us. Similarly, in the above results and what follows, in the case U # R", a line in
U will be a nonempty intersection of U with a line in R”. It is worth noting that, when
U = R", saying that the graph of a convex function f: R"™ — R does not contain any line
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is equivalent to asserting that f is essentially coercive (which means coercive up to a linear
perturbation). This is a consequence of [I, Lemma 4.2] or [3, Theorem 1.11].

For background about this kind of problems, see [I] and the references therein. In [I]
it was proved that every convex function f: U C R" — R and every ¢ € (0,00) there
exists a real-analytic convex function g: U — R such that |f — g| < e. This result is no
longer valid in general when the number ¢ is replaced with a strictly positive continuous
function, although in [I] it was also shown that if f is properly convex, then the result
is still trueﬂ However, unless U = R", proper convexity is not a necessary condition for
this kind of approximation. The following result enlarges the class of functions known to
admit such approximations, providing a simple geometrical characterization of the class
of convex functions (defined on an arbitrary convex and open subset of R™) that can be
approximated in the C%-fine topology by real-analytic strictly convex functions.

Corollary 6. Let U C R" be a non-empty open convex set, let f: U — R be convex. The
following statements are equivalent.

(1) The graph of f does not contain any line.

(2) For every continuous function e: U — (0,00) there exists a real-analytic strongly
convex function g: U — R such that |f — g| < e.

(3) For every continuous function e: U — (0, 00) there exists a strictly convex function
g: U — R such that |f — g| < e.

Our methods can be tuned to obtain C'-fine approximation of C! convex functions by
real-analytic convex functions. The following result improves [I, Theorem 1.10].

Theorem 7. Let U C R" be a non-empty open convez set and let f: U — R be convex and
of class C'. The following statements are equivalent.

(1) The graph of f does not contain any line.
(2) For every continuous function €: U — (0,00) there exists a real-analytic strongly
convex function g: U — R such that |f — g| < e and ||[Df — Dg|| < e.

Section 2| contains results on approximation of convex functions by other convex functions
from below and above; here we do not care about the smoothness of functions. Section [3]
derives Theorems , , and Corollary |§| from the results of Section [2| and techniques of [1].
Section [4] contains the proofs Theorems [I]and 2l The last Section []is devoted to the proof
of Theorem [Tl

2. APPROXIMATION BY ROUGH FUNCTIONS

In the proofs of Theorems |4f and |5| we will use the following two theorems (Theorems
and [10| below), which we believe to be novel and of independent interest.

TA function f: U — R is properly convex provided that f = @ + ¢, with ¢ linear and ¢: U — [a,b)
convex and proper (meaning that ¢~![a, c] is compact for every ¢ € [a,b)); here b € RU {cc}.
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Theorem 8. Let U C R™ be a non-empty open convex set, let f: U — R be convex. The
graph of f does not contain any ray if and only if for every compact subset K of U there
exists a compact subset C' of U such that K C int(C') and, for

p(x) =sup{f(y) +&{(r —y): y e U\ C,£ € 0f(y)}, w €U,
we have that

inf{f(x) — p(x): x € K} > 0.

Here Of(z) stands for the the subdifferential of f at the point x:
(1) Of(zx) = {L is a linear function: Vy € U f(y) > f(z) + L(y — a:)}, rel.
Recall that the set df(x) is non-empty and

2) f(x):sup{f(y)+L(x—y):y€U,LEE)f(x)}, zeU.

Proof of Theorem[§ The ’only if’ implication is evident, let us prove the ’'if’ part. If
the statement is not true, then there exist o € U and a sequence (yx) C U such that
limy o0 ||yk || = 00 or limy_o d(yx, 0U) = 0 (if U # R™), and

(3) Fwo) = lim (o) + mizo — )

for some 1y, € 0f(yx). Denoting
Yk — %o

lyx — 2ol|”
up to passing to some subsequence, we may assume that (v;) converges to some vy € St
Here and in what follows we use the standard Euclidean norm on R™ and denote the unit
sphere by S*~!. Since the graph of f does not contain any ray and f is convex, there exist
two points zg, wy € U N {xg + tvg: t > 0} such that ||wy — zo|| > ||20 — zo|| and

f(Zo) - f(l‘o) < f(wo) - f(Zo)

|20 — o] |wo — 20|

Vi -

< L(vp)

for every L € 0f(wy).

Let us define
Wy = T + ‘wo — .T0|Uk, 2k 1= Xg + |Z() - (L’O|Uk.
The points wy and z, may fall out of U for some k, but for all k£ large enough we have that

wg, zr € U. Up to extracting a subsequence, we may, thus, assume that wy, 2, € U for all
k € N. Let us also set

o Jw) — @) fa) — f)
CT T wk — 2] 2% — zol|

and choose & € df(wy) for each k£ € N. Note that

e — 2] < &k (vr)-
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Since limy_o Wi = wo, limy_, 21 = 20, and f is continuous, we have that

lim = o= 2000 = f20)  flz0) = Flwo)
k00 [wo — 2ol 120 = ol

For sufficiently large k € N, we have |lyx — xo|| > |Jwr — x0]|, and by convexity,
Ee(ve) < me(vr),

and

5) n(on) > Flye) = fwr)

1y — we]
Therefore we have
fe) +me(zo —yr) = flur) — llye — wol|ne(vr) =

)
) — Nl — wellme(oe) — g — zollm(v5) S
)

Ye) — f(ye) + f(wr) — [[wr — wol[mw(vr) <

(
(
(
(wy) — |lwg — xol[§x(vr) =
(
(

f _
f _
/
F(wr) = Ilwe — 2ellEx(vr) — 12 — mollén(or) S
flz) — flwe)
lwe =zl

f@w—f@d):

fQwr) + f(zr) — flwe) + [|2e — @0

ﬂw+WrwﬂCﬂ—

f(xo) — rillzr — ol

which implies

lim sup (f(yk) + N (xo — yk)> < f(wo) — [[20 — @ollr < f(w0),

k—oo

in contradiction to (3). O

Corollary 9. Let U C R"™ be a non-empty open convexr set, let f: U — R be convex.
Lete: U — Ry be a strictly positive continuous function. Assume that the graph of f does
not contain rays. There exists a convex function g: U — R such that

(6) flz) —e(x) <g(z) < f(z)
forallz e U.

The strict sign in the second inequality is important.

Proof. Let us construct g with the formula

(7) g(y) = sup {f(x) + Ly —z) — %5(3:): relU, L,E¢€ 8f(:v)}.

The function ¢ is clearly convex. Plugging = := y into this formula, we get g(y) >
fy) — 3e(y) > f(y) — e(y). The inequality g(y) < f(y) follows from Theorem |8 and the
continuity of €. 0J
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Theorem 10. The graph of f does not contain lines if and only if for any x € U there
exists a compact set C, C U and an affine function A, such that f(z) < A.(z), however,
f(y) > A.(y) provided y € U \ C,.

The proof of the theorem will take some time.
Let L be a function in the subdifferential of f at x. Consider the set
(8) V={yeU: fly) = f(x) + Lly — =)}

Then V is a relatively closed convex subset of U (of course, V' is not necessarily closed as
a subset of R™). Let V., be another set,

9) Voo:{yGU:Elaray [x,z)CVsuchthatyE[x,z)}.

As usual, by a ray we understand either a classical ray (then z is an infinite point) or the
segment [z,z) with z € QU. The set V, is relatively closed in U. However, in general
situation, it might be non-convex.

Lemma 11. Assume V does not contain lines. Then V., is conver.

Proof. Let y; and 1 be two
points in V,, lying on the rays [z, z1)
and [z, z3) correspondingly. The rea-
soning depends on whether z; and 25
y are finite or infinite. Let us consider
Z1 the case where z; is a finite point
and 2, is infinite (this case is the most
‘representative’), see Fig. (1| for a vi-
sualization. Consider the ray (z1, z2)
(which means a ray with the ver-
tex z; and collinear with [z, 22)).

U ov It (z1,20) NU # @, then this inter-
section is contained in V' (by convex-
ity and closedness of V'); this cannot

FIGURE 1. Illustration to the proof of Lemma . happen since in such a case (21, z3) N

U is a line.

Y2

n

Let y € (y1,y2), we wish to show that y € V.. Let Y = (21, z2) N {x +t(y — x): t > 0}.
By the above, Y € OU and [z,Y) C V. Thus, y € V.

The case where z; and z, are finite points is similar. The only difference is that
now (z1,22) is a classical segment. The case where z; and 2z, are both infinite is a lit-
tle bit different (in fact, it simplifies). In this case, we do not need the assumption that V'
does not contain lines. We consider the ray {z + t(y — x): t > 0} and prove directly that
it belongs to Vi (this follows from the closedness and convexity of V). O

We will also need a version of the hyperplane separation theorem. We provide the proof
since the construction will be used in Section 4 below.
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Theorem 12. Let K be a convex closed cone in R™ with the vertex at the origin. Assume K
does not contain lines. There exists a linear hyperplane H such that H N K = {0}.

Proof. First, we note that the origin is an extreme point of K. Second, consider the
set K = conv(K N S™1). This is a compact convex set that does not contain the origin
(since K NS"™ ' c K\ {0}, KNS"!is compact, and 0 is an extreme point of K). Thus,
by the classical hyperplane separation theorem, there exists a hyperplane H that strongly
separates K and 0. For example, one may consider the point ( € K that has the smallest
possible Euclidean norm and set H to be the midperpendicular of ¢ and the origin. Let H
be the translate of H passing through 0. Then H N K = @. Therefore, HN K = {0}. O

Proof of Theorem[10 If C, and A, as in the second condition of the theorem exist for
any x, then the graph of f does not contain lines. The reverse implication is less trivial.

Set x = 0 for convenience. Pick some L € 0f(0), consider the set V' defined in (§]) and
note that it does not contain lines (since the graph of f does not). Then, by Lemma, Ve
given by @ is a closed convex set that does not contain lines. Consider the minimal convex
cone with the vertex 0 that contains V, and call it V* (note that V* is not necessarily a
subset of U). This cone is also convex, closed, and does not contain lines. By Theorem
there exists a hyperplane H that intersects V* (and therefore, V.,) at the origin only.
Without loss of generality, we may assume H = {y € R": y,, = 0} and that V, lies in the
hyperspace where y,, > 0. We also assume f(0) = 0 and L = 0 (we may subtract an affine
function from f and A,).

We set A(y) = —ey,, where € is a sufficiently small parameter to be specified later.
Since V* meets H only at the origin, there exists ¢ > 0 such that
(10) Vi \ {0} € {y e R g > 3yl }.

Let us call the latter set Ks. Note that W = conv(V '\ Kj) is a compact set lying inside U.
Let S be a star-shaped (not necessarily convex) closed bounded set such that V'\ K5 C intS
and (SNKs) C U. We may construct the set S in the following way. Assume U contains the
closed Euclidean ball of radius v centered at the origin. Let p be the distance between W
and OU. Define the function s: S*~! — R, by the formula

(11) s(z) = max (v, (uw(2)) "' +p/2), ze€S"

here py denotes the Minkowski functional of W. We set S = U, cgn-1[0, s(2)z].

Let

12 M = oll; m=inf ( >;
(12) Igggllz I, m onf f(z) €

om
S 2M

Note that m > 0 since 05 \ K is a compact set, which does not intersect V. We will
shortly prove that with this choice of €, A(y) > f(y) when y € KsU (U \ 5); in such a case,

we may set Cp (the compact set we are looking for) equal to S and Ay(y) := A(y) +&; for
sufficiently small €;. If y € K and ||y|| > v, then

(13) Aly) < —edv < 0 < f(y).
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In the case y ¢ Ks, we also have y ¢ S. Let y* be the point on the intersection of the
segment [0, y] with the boundary of S. Then,

[yl m |yl _ llyll
(14) Aly) = —eyn = —e7—rtn < 57— < 7o f(17) < (),
1y 2 fly=l vl
the last inequality in the chain follows from the convexity of f (since y* € [0,v)). O

Corollary 13. Let ¢: U — R, be a positive continuous function. Assume the graph of f
does not contain lines. There exists a convex function g: U — R such that

(15) flz) <g(x) < flx) +e(x), zel

Proof. Let the graph of g coincide with the convex hull of the graph of f+ . The inequal-
ity g < f +¢ is evident. To prove the inequality f < g, we need to modify the function A,
provided by Theorem . Given any = € U, we will construct an affine function A, such
that f(z) < Ay(z) and A,(y) < f(y) + e(y) for all y € U. This will prove the desired
inequality f < g.

Let C, be the compact set delivered by Theorem [10] together with A,. We pick some
number 6 € (0, 1) such that

inf{e(y): y € C,}

(16) V< SpA) - f@) y € O}
and define
(17) Au(y) = 0A,(y) + (1= 0)(f(z) + L(y — x)),

here L € 0f(x) is an arbitrary function. Then,
(18) Auly) = fly) =
0(Aaly) = f(¥)) + A=) (f(x) + Lly —2) = f(y)) <ely),  yeCa

In the case y ¢ C, we simply have A,(y) < f(y); the inequality f(z) < A,(x) is also
true. O

3. PROOFS OF THEOREMS [4 AND [5, AND OF COROLLARY [6]

We need to gather some facts and techniques from [I]. For instance we will be using
smooth maxima: for any number 6 > 0, denote

r+y+0(x—

where 6: R — (0,00) is a C*° function such that:

) (a:?y) 6 RZ?

(1) 6(t) = |t| if and only if |¢t| > §;
(2) 6 is convex and symmetric;

(3) Lip(6) = 1.



INNER AND OUTER SMOOTH APPROXIMATION OF CONVEX HYPERSURFACES 9
If f,g: U CR™ — R, define the function Ms(f,g): U — R by

M;s(f, 9)(x) = Ms(f(x), g(z)).
By Lip(f) we mean the Lipschitz constant of f.

Proposition 14. Let f,g: U CR™ — R be convex functions. For every é > 0, the function
M;s(f,9): U — R has the following properties:

(1) Ms(f,g) is conver.

(2) If f is C* on {z: f(z) > g(z) — 6} and g is C* on {x: g(x) > f(x) — 0} then
M;s(f,q) is C* on U. In particular, if f,g are C*, then so is Ms(f,g).

(3) Ms(f,9)(x) = f(z) if f(z) = g(z )+5

(1) My(F.9)(x) = glz) if 9(x) > F(z) +

(5) max{f,g} < Ms(f,g) < max{f,g} +5/2

(6) Ms(f,g) = Ms(g, f).

(7) Lip(Ms(f,9)|5) < max{Lip(f|), Lip(g|p)} for every ball B C U.

(8) If f, g are strictly convex on a set B C U, then so is Ms(f,g).

(9) If f,g € C*(U) are strongly convex on a set B C U, then so is Ms(f,g).

(10) If f1 < fo and g1 < go then Ms(f1, 1) < Ms(f2, g2).
Proof. See [1I, Section 2]. O

The result below follows from the proof of [I, Theorem 1.1], although it was not explicitly
mentioned there.

Theorem 15. Let U be a nonempty convex open subset of R™, and f: U — R be convex.
Assume that f cannot be written as f = co P + £, where P: R* — R* is linear and
surjective, k < n, ¢: P(U) — R, and ¢ is linear. Then f can be uniformly approximated
on U by real-analytic strongly convex functions.

For the sake of completeness, let us review the main points of the proof of [I, Theorem
1.1] and make some remarks as to why the approximations can be taken strongly convex
if f is not of the form f = co P + ¢. We will use some terminology from [I].

Definition 16. We will say that a function C: R™ — R is a k-dimensional corner function
on R™ if it is of the form

C(x) = max{ ly + by, lo + ba, ..., £y + by },
where the £;: R™ — R are linear functions such that the functions L;: R"™ — R defined
by Lj(z,2p41) = Tpi1 — 4i(2), 1 < j <k, are linearly independent, and the b; € R.
We will also say that a convex function f: U C R™ — R is supported by C at a point
x € U provided we have C' < f on U and C(z) = f(x).

The following lemma is a refinement of [I, Lemma 4.2].
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Lemma 17. Let U C R" be open and convex, let f: U — R be a convexr function and
xo € U. Assume that f is not supported at xo by any (n+ 1)-dimensional corner function.
Then there exist k < n, a linear projection P: R™ — R¥, a C? convex function c: P(U) C
RF — R, and a linear function £: R® — R such that f = co P + (.

In the statement of [I, Lemma 4.2], f was assumed to be C', but this was just for
convenience; the same proof can be used to show the result for an arbitrary convex function
(using the fact that if the range of the subdifferential of a convex function is contained
in {0} then the function is constant, and applying this to the function (ti,...,t, %) —

(f = 0)(y + X0y tywy)).

Proof of Theorem[15 In order to show Theorem one can argue as follows. Let us
consider a compact convex subset K of U. Given € > 0, since f is convex and Lipschitz on
K we can find finitely many points x4, ...., x,, € K and affine functions Ay, ..., h,: R" - R
such that f is differentiable at each x;, each h; supports f —¢e at z;, and f — 2 <
max{hy, ..., h,, } on K. By convexity we also have max{hy, ..., h,,} < f—e on all of U. By
the preceding lemma, for each z; we may find a (n + 1)-dimensional corner function C;
that supports f — ¢ at x;. Note that these corner functions are always defined on all of
R™ (even when f is not). Since f is convex and differentiable at x;, we have h; = C; on a
neighborhood of x; and, by convexity, also h; < C; < f — ¢ and max{C,...,C,} < f —¢
on U. We also have f—2¢ < max{hy, ..., h,,} <max{Ci,...,C,,} < f—eon K. Now apply
[1, Lemma 4.1] to the functions C; + ¢’/2 in order to find C'*° strongly convex functions
915 - m: R™ = R such that C; < g; < C; + €', where €' := ¢/2m, and define g: R” - R
by
9= M. (g1, Mer(g2, Mer(g3, s Mer(Gim—1, Gm))---))
(for instance, if m = 3, then g = M.(g1, M (g2, g3))). By Proposition [14] we have that
g € C(RY) is strongly convex,
max{C1,...,Cp} < g <max{Cy,...,Cp} +me < f — % on U,
and
f—2¢ <max{C},...,C,} <g on K.
Therefore, f: U C R — R can be approximated from below by C* strongly convex
functions, uniformly on each compact convex subset of U. By [I, Theorem 1.2] and Remark

1 in Section 2 of the same paper, we conclude that, given £ > 0 we may find a C'*° strongly
convex function h such that f —2¢e < h< f—conU.

Finally, set
1
n(x) = Emin{s, min{Dzh(x)(v)Q: veR" v =1}}, z€U.

The function n: U — (0, 00) is continuous, so we can apply Whitney’s theorem (Lemma 6
in [6]) on C*-fine approximation of C? functions by real-analytic functions to find a real
analytic function ¢g: U — R such that

max{|h — g|, | Dh — Dgl, || D*h — D*g[} <.
This implies that f —3¢ < g < f and D?¢ > %DZh > 0, so g is strongly convex as well. [
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We will also make use of the following simple fact.

Lemma 18. Let I = (a,b), where —oo < a < b < 400, let ¢: I — R be convex and
let ¥: R — [0, 1] be differentiable and such that limy .10 (t) = 0. If I # R, also assume
that =1(0) =R\ I. If |o(t)] < (t) for allt € I, then ¢(t) =0 for allt € I.

Proof. If ¢(s) > 0 for some s € I, then ¢ attains a maximum in /, and since ¢ is convex
and limy_,,+ ¢(t) = 0, ¢ it must be constantly 0. Hence ¢ < 0. Let us see that ¢(t) =0
for all t € I. Take tg € I. If a € R, by convexity we have

) _ elt) _ elto)

t—a  t—a  th—a

for all ¢ € [a, ty],

but
. _1/}(t> ’
1 = — =0
ot t—a ¥(a) ’
so 0 < (tg). If b € R, similarly we get ¢(ty) > 0. Finally, if I = R, since ¢ < 0 is convex,
¢ must be constant, and the assumptions that limy; . ¢(t) = 0 and |p| <+ imply that

this constant must be 0. O

Proof of Theorem[J. (2) = (3) is trivial.

(3) = (1) is a consequence of Lemma if the restriction of f to U N{z + tv: t € R}
is affine, we may consider a function e: R — [0,1] of class C"* such that lim; o e(z) =0
and R"\ U = ¢71(0) (if U # R"). By assumption there exists a convex function g: U — R
such that f < g < f+e¢. Then we may apply Lemma 18 with p(t) := g(z +tv) — f(z +tv)
and ¥(t) = e(x + tv) to find that g(z + tv) = f(z + tv) for all ¢, contradicting that f < g.

(1) = (2): We may assume that limy|, €(x) = 0, and if U # R"™, we may also assume
that € has C'! extension to all of R™, denoted still by &, such that e71(0) = R" \ U. Let us
fix a sequence of compact sets (K;) such that

U= UKj and K; C int(K,4q) for every j € N.

j=1
By Corollary [13| there exists a convex function h;: U — R such that
f<h < f+e

Since the graph of f contains no lines, using the preceding lemma it is easy to see that
the graph of hy contains no lines either (if the restriction of f to U N {x + te: t € R}
is affine, we may apply the lemma with the functions p(t) := hy(z + te) — f(x + te) and
Y(t) :==e(x+te)). In particular h; is not of the form hy = co P+ ¢ for any linear projection
P:R" — R* with & < n and ¢ linear. Then, according to Theorem we may find a
strongly convex C'*° function ¢;: U — R such that

hl—%<gl<h1—%onU,
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where

g1 := inf {hi(z) — f(2)}.

reKq
For future notational consistency, we also write ¢; = g;. By continuity of € and compact-
ness of K there exists m; € N such that

2
f—}—i <h1——€1 OHKl,
mq 3
and applying again Corollary [13| we can take a convex function hy: U — R such that

€
f<he<f+4+—onU.
my
Observe that the graph of hs cannot contain any line. Now let us set
€9 1= Ctlenlé{hQ(:c) — f(x)} >0,
and use Theorem [L5| to obtain a strongly convex C'* function ps: U — R such that
€ €
h2—§2<@2<h2—€OHU.

Let us define
92 := Ms, (g1, ¥2),

where 0 = £5/12. By using Proposition |14| we see that gs is a strongly convex C'*° function
satisfying

max{gi, p2} < go < max{gy, Y2} + d2/2.
Also, since pg < hg —e5/6 < hy —2¢1/3 < g1 —€1/3 on K, and €1/3 > §5, we obtain

g2 = g1 on Kj.
Moreover, we have
f<ga< f+4+eon Ky,

because

G > @2 > hy —e3/3 > hy —ey > f on Ky

and

g2 S maX{gl,QOQ} —|—(52/2 S max{h1 — 81/6, h2 — 82/6} —|—(52/2 S
max{hy, ho} —e2/12 < f+¢

on U.

We continue this process by induction: suppose that, for NV > 2, we have defined convex
functions hq, ..., hx: U — R, strongly convex functions gy, ..., gn, and ¢1, ..., on € C°(U)
(with 1 = ¢1), numbers 1 = mg < m; < mg < ... < my_1 € N such that, for every
j=1,...,N,

€ 2
f‘|‘ﬁ] <hj—§6j on Kj,
and

hj—%<g0j<hj—%OHU,
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where
= inf {hy(a) = (@),
95 = Ms,(gj-1, ;)
with e
0; = I
3. 9]
and also

g; = gj—1 on Kj_q,
g; <max{hy,...,hj} —6; < f+eonU,
9; = hj —¢&j = fon K.
Then we can find my € N such that my > my_; and
f—f‘i <hN—26N OIIKN,
my 3
and using Corollary we obtain a convex function hy,1: U — R such that
F<hyn<f+—onl.
my

According to Lemma [18| the graph of hy cannot contain any line, so by Theorem for

enyt = inf {hyyi(z) — f(z)} >0,
€K N1

there exists a strongly convex function ¢y, 1 € C*°(U) such that

EN+1 EN+1
hN+1 — 3 < ON+1 < hN+1 — on U.
We define
5 &Nt
N+1 — 3 . 2N+17
and

gn1 = Msy,, (9N, N 11),
which is a strongly convex C'* function satisfying
max{gn, on+1} < gn+1 < max{gn, en+1} + Oni1/2.

Since ON+1 < hN+1 — 6]\/_;,.1/6 < hN+1 — 2€N/3 < gn — 5N/3 on KN, and SN/?) > 5N+17
Proposition [14] implies

gn+1 = gn on Ky.
On the other hand,

GN+1 > PN+1 > hygr —eng1/3 > hvpr —engr > f on Ky

and
4] €
gN+1 < max{gN, 90N+1} + % < max{max{hl, ey hN} - (SN, hN+1 - J\g—l} + 5N+1
< max{hl, ...,hN+1} — 5N+1 < f +e
on U.

Therefore, by induction there exist sequences of functions (g;), (¢;), (h;) satisfying the
properties listed above for every 7 € N.
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Let us finally define
g(z) = lim g;(x), z € U.

]—>OO
Since the g; € C*°(U) are strongly convex and satisfy ¢g;11 = ¢; on K;, K; C int K1, for
every j, and U = jen I8, 1t is clear that g is well defined, strongly convex, and of class
C>(U). We also have g; > f on Kj for every j, and g; < f +¢ on U for every j, which
imply f<g< f4+eonU.

In order to obtain a real-analytic function v with these properties, let

() ==
Smin{g(e) — £(2), f(x) + () — glo), min {Dg(x)(0)? : v € B, o] =1}},
rxeU,

which defines a strictly positive continuous function on U. We can apply Whitney’s theorem
(Lemma 6 in [6]) on C?-fine approximation of C? functions to find a real-analytic function
¥: U — R such that

max{[y) — g|, | Dy — Dg|. || D> — D?g|} <.
This implies that f < ¢ < f +¢ and D*) > 1D?g > 0, so g is strongly convex too. O

Proof of Theorem [ (1) = (2): Since the graph of f does not contain any ray, it does
not contain any line either. Then, according to Theorem 8| there exists a convex function
h: U — R such that f —e < h < f. Setting d(z) = f(z) — h(z), x € U, we may
apply Theorem |5/ to A to find a real-analytic strongly convex function g: U — R such that
h < g < h+ 46, which implies f —e < g < f.

(2) = (3) is trivial.

(3) = (1) can be proved by using the following variant of Lemma [18| with the function
o(t) =gz +tv) — f(x+tv), t € (a,ty], assuming that the graph of f is affine on some ray
{z+tv:te(aty}ofU.

Lemma 19. Let I = (a,b), where —o00 < a < b < 400, let ¢: I — R be convex and let
Y: R — [0, 1] be differentiable and such that limy_o 1(t) = 0. If I # R, also assume that
v H0) =R\ 1. Letty € 1. If —(t) < @(t) for all t € TN (a,to], then p(t) > 0 for all
t € I sufficiently close to a.

The proof of this lemma is similar to that of Lemma |18 and is left to the reader. O

Proof of Corollary[d. (1) = (2) is an obvious consequence of Theorem , and (2) =
(3) is trivial. Let us see that (3) = (1): assume (1) is false; then there exists a line
{z+tv:teR}NU ={z+tv:t € (a,b)}, on which f is affine. Let e: R™ — [0, 1] be of
class C' and such that lim, o e(z) = 0 and (if U # R") also R" \ U = ¢7'(0). By the
assumption there exists a strictly convex function g: U — R such that |f — g| < €. Then,
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by applying Lemma [18 with ¢(t) := g(x + tv) — f(z +tv) and (t) = e(x + tv), we deduce
that g(x + tv) = f(z + tv) for all t. This contradicts that g is strictly convex. O

4. PROOFS OF THEOREMS [1] AND 2.

Besides Theorems [d] and [5], in the proofs of Theorems [I] and [2] we will use the following
lemmas.

Lemma 20 (See [2], Lemma 3.2). Let W C R™ be a closed convex set such that 0 € int(W),
and let = pw denote the Minkowski functional of W. The following assertions are
equivalent:

(a) W does not contain any line.
(b) OW does not contain any line.
(c¢) p=(0) does not contain any line
(d) p is essentially coercive.

Lemma 21. Let S = 0V, where V is a closed convez set V' with nonempty interior in R™.
If S does not contain any rays and is unbounded, then S can be regarded (up to a suitable
rotation and translation) as the graph of a convex function f : U C R"™! — R such that
limyep jy|»oo f(y) = 00 (if U is unbounded) and lim,_,, f(y) = oo for every x € OU (if
U # R"1). In particular f is properly convex and its graph contains no ray.

Proof. Since S does not contain any line, nor does V' (according to the preceding lemma).
And since S is unbounded, so is V', hence V' contains a ray. Consider the maximal inscribed
cone of V:

(19) Kz{eER”:EIxGUsuchthat {x+te:t>O}CV}.

The cone K is non-empty, closed, convex, and does not contain lines. Consider the hyper-
plane H constructed in the proof of Theorem (we need the explicit construction with
the closest point ¢ presented in the proof). Let us introduce the orthogonal coordinates
such that H = {z € R": z,, =0} and x, > 0 on K. Note that in such a case ( lies on
the Ox,, axis, which yields the ray (0,0,...,0,t), where t € R, , belongs to K. We will call
this ray the positive half of the Oz 4-axis.

Let Py be the orthogonal projection of R™ onto H. Set U = Py(V) and f(y) =
inf{t e R: (y,t) € V}, here y € U. Let us prove that this choice indeed fulfills the
requirements. First, since the positive half of the Oz, axis lies in K, any ray of the
form {z + (0,0,...,0,¢): ¢t > 0} lies in V, provided x € V. Thus, V is indeed the epigraph
of f.

Second, let us check two limit assertions. Similar to (10]),
(20) Kc{yeRr y > oy}

for a sufficiently small number § > 0. This, in particular, leads to the bound f(y) >
d||y|| — C for a sufficiently large constant C'. Therefore, f(z) tends to infinity as = tends to
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infinity inside U, supporting the first limit assertion. On the other hand, if U # R"~! and
x € OU, the limit § := lim,,, f(y) exists in (0, +-00]. If § were finite then S would contain
the ray {(z,t): t > S}, contradicting the assumption that S contain no rays. Therefore
is infinite, and the second limit assertion is also verified. This also shows S is the graph
of f. O

Proof of Theorem[1. (1) = (3): If S is unbounded then this implication is an immediate
consequence of Theorem [4] and Lemma [2I} On the other hand, if S is compact, the result
is well known. Nevertheless, for completeness, let us provide a short proof of this case
based on the preceding results. We may assume that 0 € int(V) and U is of the form
@ (1 — 2,1 + 2¢), where ¢ = p?, u denoting the Minkowski functional of V', and ¢ is a
positive constant. The function ¢ is convex and coercive, and its graph does not contain
any ray. By Theorem [4] there exists a real-analytic strongly convex function g: R* — R
such that ¢ — e < g < ¢. Let us define W = g~!(—o00,1]. Then Sy := W = g~1(1) is a
real-analytic strongly convex hypersurface with Sy C U\ V.

(3) = (2) is obvious.

(2) = (1): this can be proved similarly to (3) == (1) of Theorem i} The details are
left to the reader. O

Proof of Theorem[3 (1) = (3): By Lemma [20| the Minkowski functional of V', which
we will denote pu, is essentially coercive (and in particular its graph does not contain any
line). Given an open set U D S, by using partitions of unity for instance, it is not difficult
to construct a continuous function e: R* — (0, 1] such that

p(r)+e(x) <1foralzeV\U.

Then we may apply Theorem || to find a real-analytic strongly convex function g: R* — R
such that u < g < p+e. Define Sy = g~ 1(1). It is clear that Sy is a real-analytic strongly
convex hypersurface (the boundary of the convex body ¢~'(—o0,1]). If z € V' \ U, then
we have g(z) < p(x) +e(x) < 1, and if 2 € R™ \ int(V), then g(x) > u(xz) > 1. Therefore,
Sy =g 1) c Unint(V).

(3) (2
(2) (1

= (2) is trivial.
e )

is similar to (3) = (1) of Theorem [5] The details are left to the reader. [

5. PROOF OF THEOREM [T

Let us gather some preliminary results that we will be using in the proof. The following
theorem is well known; see, for instance, [4, Theorem 25.7]).

Theorem 22. Let U be a nonempty open convexr subset of R", let f : U — R be a differen-
tiable convex function, and (fy) be a sequence of differentiable convex functions such that
f(z) = limg_yoo fr(x) for every x € U. Then Dfy converges to Df, uniformly on each
compact subset of U.
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The following fact about smooth maxima is shown in [I, Lemma 7.1].

Lemma 23. Let My the smooth mazimum of Proposition L], and let V' C R™ be an open
set. If o, € CH(V), then

Dy + Dy

IDM; (o, ) — =2

1
| < 51D% = Dyl.

We will also use the following consequence of Theorems [10} [] and 22

Lemma 24. Let U be a nonempty open convex subset of R™, and f : U — R be convex and
Cl. Assume that the graph of f contains no lines. Then, for every continuous function
e:U — (0,1) and every compact set K C U there exist a compact set C' and a conver C!
function ¢ : U — R such that:

(1) f<v<f4+eonlU;

(2) f<v on K;

(3) K C int(C)Cc C CU;

() f=1 onU\C;

(5) 1 is strongly convex on int(C), and
(6) |DY — Df]| <e onU.

Proof. For every x € K, by Theorem (10| there exist an affine function A, : R — R and a
compact set C,, C U such that f(x) — A.(z) <0 and f(y) — Az(y) >0 forally € U\ C,.
In particular D, := {y € U : f(y) — A.(y) < 0} is a compact convex neighborhood of z.
Since K is compact, we may find finitely many points x4, ..., z,, € K such that

KcC 6 int(D,,).

J=1

Observe that the graph of the restriction of f to int(D,,) cannot contain any line for
any j = 1,...,m. For every j = 1,...,m, let ¢; : U — [0,1] be a C' function such that

5;1(0) = U \ int(D,;) and ¢; < e. According to Theorem , for each j there exists a

strongly convex C* function ; : int(D,;) — R such that f < ¢; < ¢; on int(D,,). For
each j, we can extend ; to all of U by setting ¢; = f on U \ int(D,,), and since ¢; is of
class C'! and satisfies e; = 0 on U \ int(D,,), we have that ¢; is differentiable on U, which
(because ¢; is convex) amounts to saying that ¢; € C*(U).

Let us call C' = | Ij:L1 D, and
¥ 1 Z ¥
m .

It is easy to check that C' and ¢ satisfy properties (1) — (5) of the statement (with ¢ in
place of v).

Now, for each k € N, we may apply what we have just proved with ¢/k replacing e, and
we obtain a sequence () of C! convex functions satisfying properties (1) — (5) (with the
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same (') and also
f<ve<f+ponU

for every k. Then, by Theorem [22] D)) converges to D f uniformly on C, and therefore
we can find k large enough so that

| D (x) — D f(x)] < Iréiéls(y) for all = € C.

Since ¢, = f on U \ C, we also have DYy, = Df on U \ C, so by setting ) = ¢y, we get a
C' convex function satisfying properties (1) — (6). O

We are ready to establish a C''-fine version of Corollary

Proposition 25. Let U be an nonempty open convex subset of R", f : U — R a conver
function, and e: U — (0,1) a continuous function. Assume that the graph of f contains
no lines. Then there exists a C* strongly convex function g : U — R such that

f<g<f+eand||Dg— Df| <e onU.
Proof. Let us fix a sequence of compact sets (K;) such that

U= UK]- and K; C int(K,4q) for every j € N.
j=1
For every j € N, by Lemma [24] there exist a compact set C; and a convex C' function
g; : U — R such that:

(1) f<g;<f+¢e/20nU;

(2) f <g;on Kj;

(3) K, C mt(C'j) cC,cU;

(4) f=g;onU\Cj;

(5) g, is strongly convex on int(C}), and
(6) | Dg; — DfIl < ¢/2 on U.

Let us define
S
= 27
It is routine to check that g : U — R is of class C?, strongly convex, and satisfies f < g <
f+eand ||Dg—Df| <eonU. O

Now let us proceed with the proof of Theorem [/} We only need to show that (1) = (2)
(the converse is easily shown as in the proof of Corollary @

As in the proof of Theorem , we may assume that limp, . e(z) = 0 and, if U # R4,
that € has C! extension to all of R?, denoted still by €, such that e7*(0) = R\ U. Let us



INNER AND OUTER SMOOTH APPROXIMATION OF CONVEX HYPERSURFACES 19

fix a sequence of compact sets (K;) such that

U= UK]- and K; C int(K4,) for every j € N.

J=1

By the preceding proposition there exist a compact set C; and a strongly convex C*
function h; : U — R such that h; : U — R such that

f<h < f+eand |Dhy —Df| <eonU.
Let us set

g1 = a:iEnIgl{hl(x) — f(z)}.

By continuity of € and compactness of K; there exists m; € N such that
€ 2
f+— <h1——€1 OIlI(l7
mq 3

and applying again Proposition [25| we can take a C! strongly convex function hy: U — R
such that

f<hs<f+-—— and ||Df — Dhy|| < ~ on U
mq 4
Using the limiting properties of €, the inequalities f < hy < f+e and f < hy < f+¢/my,
and the fact that U = (J;Z, Kj, we may find a number ny € N such that
€1
12
We set ny = 1, g = infycr,, {h2(y) — f(y)}, and find nz > n, so that

he > hy — on U\ K,,.

g
h3>h2—£0nU.

By continuing this process by induction, we obtain sequences my =1 < m; < mg < ... and
np =1 < ny < ng < ... of positive integers, and C" strongly convex functions h; : U — R,
7 € N, satisfying
€ 2
f_’_E < hj—géj on Knj,

1
f<hy<f+ and ||Dhj—Df]\<zl€onU,

m;—1
and

5.
hj+1>hj_23j_—]1_30nU\Kn

J+19

where

Next, for every j € N, we may combine Theorems |5| and [22| in order to find a C* strongly
convex function ¢; : U — R such that
&j

6]' _S
252 3

j—m<%‘<hj_

n U,

and

j+1°

1.
|Dg; — Dhj|| < me{e(y) cy € Knjﬂ} on K,
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Now let us call p; = g1, and for every j > 2, define

g; = Ms, (gj-1,¢;5) ,

where
- €
Jo93i-2.3"

Claim 26. For every j € N, g; is a C* strongly convex function satisfying:

(1) gj+1 = g; on Knj

(2) gji+1 = @i on U \ Knj+1

(3) g <max{hy,...h;} —6;/2< f+econU
(4) g > hj—e; > f on K,,.

Proof. By using Proposition [14] we see that g;,; is a strongly convex C* function satisfying

max{g;, pj+1} < g5 < max{g;, i1} + 0j41/2.

Since
€ 2 €
92952 oy g 7 hn T RS T gwa g
€511 2 €j
> it G g T35 T e g o oo

Proposition [14] also implies that

gj+1 = M6j+1(9ja 90j+1) = g; on Knj,
which shows (1). As for (4), we have

gj2g0j>hj— >hj—€jZfODKnj.

J
237-3.3
We show the rest of these properties by induction on j. On U \ K,,,, we have

©p9 > hg — 52/24 > hl — 51/12 —52/24 > g1 —|—€1/6 — 61/12 —82/24 > g1 +52,

so we obtain that go = @9 outside K,,. Assuming that (2) is true for 1 < j < ¢ —1, let us

see that goy1 = @1 on U\ Ky,,,. On U\ K,,,,, we have
€41 €j €41
Per1 > hepr = 23(t+1)-3 . 3 > hy — 930-1.3  93((+1)-3 .3
Ep €¢ Ee+1
> et 930—2 .3 93(-1.3  93((+1)-3 .3

€¢ _ Eo+1 > gp 4 41 Ee+1
930—1.3  93((+1)-3.3 = e 930-1.3  93((+1)-3 . 3

= ge+ > go + 0pq1,
hence go11 = Ms,,, (9o, Pe+1) = pes1 outside K,,, . This proves (2).
Finally, for (3), we have

g2 < max{gy, pa}+02/2 < max{hy —e1/6, ho —e3/48} + /2 < max{hy, ho} —02/2 < f+¢
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Assume now that property (3) is true for j, and let us see that it is also true for
Indeed we have

0; 0; 0;
gj+1 S max{gj, (ijrl} + JTH S max{max{hl, ceny h]} — EJ, hj+1 — (Sj+1} + ]TH
< max{hl, ceey hj+1} — 6j+1 < f +e
This shows (3). O

Claim 27. For every j € N we have |Dg; — Df|| <€ on K, ,.

Proof.

J

On K., \ Ky, we know by the preceding claim that g; = ¢;, so we also have

1. 1
1Dg; — Df| = |Dp; — DfI| < [|1Dp; — Dhyll + [ Dhj — Df| < 7 min e(y) + 7 <e.

On K, \ K,

Knj iy 4

we have, using Lemma [23| and the above claim,

Jj—1

1 1
|Dg; — Df| < §|]ng_1 — Dyj|| + §HDQJ + Dyp; —2Df||

<

<

<

1 1 1
§||ng_1 — Doy + §||ng_1 — Df|| + §||Df — Dy

1 1 1 1 1
< §HD%>1 — Dhj_1|| + §\|Dhjf1 —Df]| + §||Df — Dy, + §\|ng,1 — Df| + §||Df — Dyl

[Dpj1 = Dhjs| + |Df — Dhj|| + [|Dp; — Dhy|| + ||Df — Dhy||
S nin £(y) + 2e 4= min =(y) + -
1 yern SW e e fWITgE

On K,, = K1, we have go = g1 = (1, hence

1 1
|Dgz ~ DY|| < |Dg = Dhu]| + |Dhs = Df|| < § min e(y) + 4= <.

yEKn,

By combining this with the above properties and an obvious induction argument (using

property (1) of the preceding claim), we deduce that |[Dg; — Df|| < e on K, for every

yE

OJ

Let us finally define

g(z) = lim g;(x), =€ U.
j—o0

Since the g; € C*°(U) are strongly convex and satisfy g;;1 = g; on Ky, K, Cint(K,,,,)

for every j, and U = |

ien Bn;, 1t 1s clear that g is well defined, strongly convex, and of

class C*(U). From Claim [26| we see that

f<g<f4+eonU,

and from Claim we deduce that

|Dg— Df|| <eonU.

In order to obtain a real-analytic function 1 with these properties, we consider

n(z) :

— Jmin{g(z) — £ (2). |Dg(a) = DF (@), F(z) +2(x) ~ g(o), main Dg(a)(v)*}, z € U.
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which defines a strictly positive continuous function on U, and we apply Whitney’s ap-
proximation theorem to find a real-analytic function 1 : U — R such that

max{[¢) — g|, || Dv — Dgl, | D*) — D*g[} <.
This implies that f < ¢ < f+e¢, |Df — Dg|| < e and D*) > 1D?g > 0, so g is strongly
convex too. O

Let us make one final remark. One can wonder if there are analogues of Theorem [7]
for C* fine approximation with & > 2. Our methods cannot be employed to answer this
question, due to the following fact: if f,g are C? convex functions, then in general the
second derivative of Ms(f, g) blows up as d goes to 0.
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