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Abstract. We prove, under Continuum Hypothesis, that in ℓ∞ there exists a sub-

space X with uncountable basis but without a copy of ℓ1(c)

0. Notations and preliminaries. If X is a Banach space, BX and SX will be

the closed unit ball and the unit sphere of X, respectively, and X∗ its topological

dual. We denote by w∗-Dens X∗ the first cardinal m such that there exists a set

A ⊆ X∗ with Card A = m and X∗ = [A]
w∗

, i. e. X∗ is the w∗-closure of the span

of A. Also w∗-Dens BX∗ will be the first cardinal n such that there exists a set

A ⊆ BX∗ with Card A = n and BX∗ = cow
∗
(A). Let ω0 be the first infinite ordinal,

ω1 the first uncountable ordinal, c the cardinal of R and ℵ1 the cardinal of ω1. If θ

is an ordinal (see [S, pg 589]), a θ-basic sequence in a Banach spaces X is a sequence

{ei}i<θ ⊂ X such that ∃K ≥ 0 satisfying that if i1 < i2 < · · · < ir < · · · < in < θ

and {λk}nk=1 ⊂ K, then ∥
∑r

k=1 λkeik∥ ≤ K ∥
∑n

k=1 λkeik∥. An uncountable basic

sequence will be a θ-basic sequence, for some uncountable ordinal θ. If {ei}i<θ is a

θ-basic sequence in some Banach space X, denote by [{ei}i<θ] the closed subspace

generated by {ei}i<θ.

1. The problem. It is known that ℓ1(c) embeds isometrically into ℓ∞. To see

this fact, take the quotient Q : ℓ1 → C([0, 1]), whose adjoint Q∗ : C([0, 1])∗ → ℓ∞ is

an isometric embedding. As ℓ1([0, 1]) embeds isometrically into C([0, 1])∗, we have

an isometric copy of ℓ1([0, 1]) in ℓ∞.

As ℓ∞ is very large, one tends to conjecture that in ℓ∞ there exists uncountable

basic sequence completely different from ℓ1(ω1), i.e. that there exists a Banach

space X with uncountable basis such that w∗-Dens BX∗ = ℵ0 but ℓ1(ω1) * X. If

we try to find a such X, we get that the job is very dificult. In fact, the natural

candidates to be the example we search -i.e. the Banach spaces X such that X =

Y ∗, with Y separable- do not work. The following (and known) Proposition shows

how hard is our task.
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Proposition 1. Let X be a Banach space such that w∗-Dens BX∗ = ℵ0, i.e.

X ⊆ ℓ∞.

(I) Assume that X = Y ∗ with Y separable. Then the following are equivalent:

(a) ℓ1(ω1) ⊆ X; (b) X has an uncountable basic sequence.

(II) Assume that X has an unconditional uncountable basis. Then ℓ1(ω1) ⊆ X.

(III) Assume that X has a shrinking basis. Then this basis is countable.

Proof.(I) That (a) ⇒ (b) is clear. Suppose that (b) holds and that ℓ1(ω1) * X.

By [N, 1.19. Th.] (see also [R, Section 1]) we have that ℓ1 * Y . Hence by [Go,

PROP. 4] X has the (C) property (see [P] for details about the (C) property). As

w∗-Dens X∗ = ℵ0, we conclude, by [Gr] (see also [FG]), that X has not uncountable

basic sequences. In consequence, (a) holds.

(II) Assume that {ei}i∈I is an unconditional uncountable basis of X. As w∗-

Dens X∗ = ℵ0, there exists a countable and total set {x∗n}n≥1 ⊂ X∗. Hence

∃J ⊂ I, with card(J)=card(I), ∃x∗r and ∃ϵ > 0 such that, ∀i ∈ J, x∗r(ei) ≥ ϵ (

or ∀i ∈ J, x∗r(ei) ≤ −ϵ ). Thus, by the unconditionallity, we get that {ei}i∈J is

equivalent to the canonical basis of ℓ1(J). In particular, if {ei}i∈I is an uncountable

symmetric basis of X and w∗- Dens X∗ = ℵ0, then {ei}i∈I is equivalent to the

canonical basis of ℓ1(I).

(III) If X has a shrinking basis, then X is WCG. Hence Dens X = w∗-Dens

X∗ = ℵ0.�
After this disappointing Prop. 1, we look for an example in the mathematical

literature, but we do not find such example. Only we locate some approximations.

Here it is two samples.

In [N, pg.1092] Negrepontis constructs the Haydon-Kunen-Talagrand compact.

This compact is Hausdorff, non separable (hence in C(K) there exists an uncount-

able basic sequence) and ℓ1(ω1) * C(K). Although w∗-Dens C(K)∗ = ℵ0, BC(K)∗

is not w∗-separable. Thus C(K) doesn’t embed into ℓ∞.

Also Talagrand constructs in [T, pg.174] a compact Hausdorff space K such that

K is non separable, C(K) does not contain a copy of ℓ1(ω1). w
∗-Dens C(K)∗ = ℵ0

but w∗-Dens BC(K)∗ > ℵ0. Thus C(K) doesn’t embed into ℓ∞.

2. The solution. In the light of this facts, we undertake the task of find an

example for the above problem. Our construction is contained in the following

Theorem:

Theorem 2. Under continuum hypothesis, there exists a subspace X ⊂ ℓ∞ with

uncountable basis and without a copy of ℓ1(ω1).

Proof. If Q is a Boolean algebra, there exists, by the Stone Theorem, a unique

totally disconnected Hausdorff compact space K such that Q is isomorphic to the

algebra of the clopen (=closed and open) subsets of K. Recall (see [L, pg. 118])

that all Boolean algebra is a Z2-algebra, over Z2 = {0, 1}, and that the Stone

compact K associated is the set of the ring homomorphisms h : Q → Z2 with the

initial topology for the maps K ∋ h → h(A), A ∈ Q. Note that we get the same
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topology if we consider only the maps h→ h(A), with A ∈ G ⊂ Q and G a system

of generators of Q. Hence we can see K as a part of the compact {0, 1}G .
By induction, we construct a transfinite sequence {Qα}α≤ω1 of algebras of sub-

sets of N satisfying the following conditions:

(I) If α < ω1,Qα is countable. If α ≤ β ≤ ω1,Qα ⊂ Qβ and, ∀B ∈ Qα\{∅},
card(B) = ℵ0.

(II) If β ≤ ω1 is a limit ordinal, then Qβ =
∪

α<β Qα. If β = α + 1,Qβ will

be the algebra generated adding some suitable Aα ⊂ N to the algebra Qα. Hence

Qβ , β ≤ ω1, will be the algebra generated by {Aα}α<β .

(III) Let Kα be the Stone compact associated to the algebra Qα, α ≤ ω1. We

consider Kα embedded into {0, 1}α by mean of the map Kα ∋ h → {h(Aγ)}γ<α.

Let pα,β : {0, 1}β → {0, 1}α, α ≤ β, be the canonical projection, φα,β = pα,β �Kβ

and ψα : N → Kα such that ψα(n) is the homomorphism evaluation at n ∈ N.
Observe that ψα(N) is dense in Kα (hence all Kα are separable), that all the above

maps are continuous and that ψα = φα,β ◦ ψβ , α ≤ β ≤ ω1. If A ∈ Qα, then A is

a subset of N, whereas Âβ will be the associated clopen of Qβ , α ≤ β. Notice that

Âβ = {h ∈ Kβ : h(A) = 1} and that φα,β(Â
β) = Âα, for α ≤ β ≤ ω1. If α < ω1,

let {Lγ
α}γ<ω1 be the family of compact subsets of Kα disjoint from ψα(N). For this

enumeration we use the continuum hypothesis and that Kα is metric compact, if

α < ω1. Of course, if Kα is finite, i.e. Qα is a finite algebra, then Lγ
α = ∅, γ < ω1,

because now Kα = ψα(Kα). We will impose that the set Aα ⊂ N satisfies: (a) Aα

is infinite; (b) φα,α+1(Â
α+1
α ) ∩ φ−1

γ,α(L
η
γ) = ∅, η, γ ≤ α ; (c) if B ∈ Qα\{∅}, then

B ∩Ac
α ̸= ∅, where Ac

α = N\Aα.

We begin the construction with Q0 = {∅,N}, whose Stone compact K0 has

only one element. Pick β ≤ ω1 and assume that we have constructed Qα, α < β,

satisfying the above (I), (II) and (III) conditions.

If β is an ordinal limit, put Qβ =
∪

α<β Qα.

Assume that β = α + 1. The compact subsets φ−1
γ,α(L

η
γ), η, γ ≤ α, are disjoint

from ψα(N). Hence there exists an increasing family of compact sets {Mm}m≥1 in

Kα such thatMm∩ψα(N) = ∅, ∀m ∈ N, and, for each pair η, γ ≤ α,∃m = m(η, γ) ∈
N satisfying φ−1

γ,α(L
η
γ) ⊂ Mm. Obviously, if Kα is finite then Mm = ∅,m ≥ 1. For

each m ∈ N, ∃{Gm,p}p≥1 ⊂ Qα such that {1, 2, . . . , p} ⊂ Gm,p and Ĝ ∩Mm = ∅.
As Qα is countable, assume that Qα = {Bj}0≤j<τ , with B0 = ∅ and τ ∈ N or

τ = ω0. We choose pi, nij ∈ N, i ≥ 1, 1 ≤ j ≤ 2i, j < τ , fulfilling the following

requirements:

(a) pi < ni1 < ni2 < . . . < ni,2i∧2(τ−1) < pi+1, i ≥ 1, with 2i ∧ 2(τ − 1) =

inf{2i, , 2(τ − 1)} and 2(ω0 − 1) = ω0.

(b) Define Eij = Bj ∩G1,p1 ∩ . . . ∩Gi,pi , 1 ≤ i, 1 ≤ j < τ . Then we require that

E11 ̸= ∅ and, if Ei−1,j ̸= ∅, j ≤ i, j < τ , also that Eij ̸= ∅.
(c) If 1 ≤ j ≤ i, j < τ , then ni,2j−1 ∈ Bj and, if Eij ̸= ∅, also that ni,2j ∈ Eij .

Here it is a plan for this choice:

(1) Pick p1 ∈ N so that E11 ̸= ∅.
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(2) Assume that we have chosen pi ∈ N, i = 1, 2, . . . , r, and nij ∈ N, i =

1, 2, . . . , r − 1, 1 ≤ j ≤ 2i, j < τ , satisfying (1), (2) and (3). Then:

(a) If 1 ≤ j ≤ r, j < τ , take nr,2j−1, nr,2j satisfying (1), that nr,2j−1 ∈ Bj

and, if Erj ̸= ∅, that nr,2j ∈ Erj .

(b) Finally pick pr+1 > nr,2r∧2(τ−1) so that Er+1,j ̸= ∅, if Erj ̸= ∅ and

1 ≤ j ≤ r + 1, j < τ .

The set Aα will be Aα = {ni,2j : 1 ≤ i, 1 ≤ j ≤ i, j < τ,Eij ̸= ∅} and Qα+1 the

algebra generated by Qα and Aα. We have:

(α) As Ei1 ̸= ∅, then ni,2 ∈ Aα, i ≥ 1, and card Aα = ℵ0. Also Aα /∈ Qα.

Indeed, if τ > j ≥ 1, Aα ̸= Bj because ni,2j−1 ∈ Bj but ni,2j−1 /∈ Aα, i ≥ j. Hence

Qα ⊂ Qα+1 but Qα ̸= Qα+1.

(β) Aα ⊂ Gn,pn , ∀n ≥ 1. Indeed, if 1 ≤ j ≤ i < n, j < τ , and ni,2j ∈ Aα, then

ni,2j ∈ Gn,pn because ni,2j < pn. If 1 ≤ j ≤ i ≥ n, j < τ , and ni,2j ∈ Aα then

Eij ̸= ∅, so that ni,2j ∈ Eij ⊂ G1,p1 ∩ . . . ∩Gi,pi ⊂ Gn,pn .

(γ) Card Bj ∩ Ac
α = ℵ0, 1 ≤ j < τ , because ni,2j−1 ∈ Bj ∩ Ac

α, i ≥ j. Also

card Bj ∩ Aα = ℵ0, 1 ≤ j < τ , if Bj ∩ Aα ̸= ∅. Indeed, if Bj ∩ Aα ̸= ∅, as

Aα ⊂ Gn,pn , ∀n ≥ 1, we have that Eij ̸= ∅,∀i ≥ 1. Hence ni,2j ∈ Bj ∩ Aα, ∀i ≥ j.

As the sets of Qα+1 are finite unions of sets of the form Bj ∩ Aα or Bj ∩ Ac
α, we

get that, ∀B ∈ Qα+1\{∅}, card B = ℵ0.

(δ) Clearly φα,α+1(Â
α+1
α ) ⊂ Ĝα

n,pn
, because Aα ⊂ Gn,pn ,∀n ≥ 1. But Mn ∩

Ĝα
n,pn

= ∅, n ≥ 1. Hence φα,α+1(Â
α+1
α ) ∩ φ−1

γ,α(L
η
γ) = ∅, γ, η ≤ α.

This end the construction of the transfinite sequence {Qα}α≤ω1 . Let see the

properties of this construction:

(A) Pick x ∈ Kα, α < ω1, and consider x as an element of {0, 1}α, i.e. x =

(xi)i<α, xi = 0 or 1. Observe that:

{x ∈ Kα : (x, 1) ∈ Kα+1} = φα,α+1(Â
α+1
α )

As φα,α+1(Â
α+1
α ) ∩ φ−1

γ,α(L
η
γ) = ∅, γ, η ≤ α, we get that, if x ∈

∪
γ,η≤α φ

−1
γ,α(L

η
γ)

and y ∈ Kβ , α ≤ β, with φα,β(y) = x, then yi = 0, α ≤ i < β.

(B) If C ⊂ Kω1\ψω1(N) is compact, then ∃α < ω1 such that xi = 0, for all x ∈ C

and α ≤ i < ω1. Indeed, as C is compact and ψω1(m) /∈ C, ∀m ≥ 1, ∃{Dn}n≥1 ⊂
Qω1 such that, for each m ∈ N, we can choose a finite subset Σ(m) ⊂ N so that C ⊂∪

n∈Σ(m)Dn and m /∈
∪

n∈Σ(m)Dn. Let δ < ω1 be such that {Dn}n≥1 ⊂ Qδ. Then

φδ,ω1(C) ∩ ψδ(N) = ∅ and φδ,ω1(C) = Lγ
δ , for some γ < ω1. Take α = max{γ, δ}.

Then, by (A), if x ∈ φ−1
δ,α(L

γ
δ ) and y ∈ Kβ , α ≤ β ≤ ω1, with φα,β(y) = x, we

have that yi = 0, α ≤ i < β. As φα,ω1
(C) ⊂ φ−1

δ,α(L
γ
δ ), we get the above result. In

particular, observe that φβ,ω1 is an homeomorphism for α ≤ β ≤ ω1.

(C) Card C(Kω1)
∗ = c. Indeed, pick a Radon measure λ on Kω1 and decompose

λ = λ0 +
∑

n≥1 λn, where λn is the mass of λ on ψω1(n), n ∈ N. From this we get

that Card
{∑

n≥1 λn : λ ∈ C(Kω1)
∗
}

≤ c. Consider λ0. There exists a sequence



UNCOUNTABLE BASIC SEQUENCES IN ℓ∞ 5

of compact sets Hn ⊂ Kω1\ψω1(N) such that λ0 is supported by H =
∪

n≥1Hn.

By (B), ∃α < ω1 such that φα,ω1 |H is injective. Hence we can see λ0 as a member

of C(Kα)
∗. But Card C(Kα)

∗ = c, because Kα is a metric compact space. Thus

Card {λ0 : λ ∈ C(Kω1
)∗} ≤ c. Finally we obtain that Card C(Kω1

)∗ = c.

(D) ℓ1(ω1) * C(Kω1). Indeed, if ℓ1(ω1) ⊂ C(Kω1), then we have a quotient

Q : C(Kω1)
∗ → ℓ∞(ω1). As ℓ1(2

ω1) embeds into ℓ∞(ω1), we get that ℓ1(2
ω1)

embeds into C(Kω1)
∗. But Card {ℓ1(2ω1)} = 2ω1 > c, a contradiction.

(E) Consider in ℓ∞ the ω1-sequence {χAα}α<ω1 . We claim that {χAα}α<ω1 is

a ω1-basic sequence. Indeed, take α1 < α2 < · · · < αn < αn+1 < ω1, ti ∈ R, i =
1, 2, . . . , n+1, and let be g =

∑n
i=1 ti.χAαi

. Denote by Ãα the set Aα or Ac
α. Then

g reach the norm ∥ g ∥ in the points of some intersection of the form B =
∩n

i=1 Ãαi .

Obviously B ∈ Qαn and, therefore, B ∩Ac
αn+1

̸= ∅. Pick y ∈ B ∩Ac
αn+1

. Then:

∥ g ∥= ∥g(y)∥ =
∥∥∥g(y) + tn+1.χAαn+1

(y)
∥∥∥ ≤

∥∥∥∥∥
n+1∑
i=1

ti.χAαi

∥∥∥∥∥
As ψ∗

ω1
: C(Kω1) → ℓ∞, such that ψ∗

ω1
(u)(n) = u ◦ ψω1(n), n ∈ N, u ∈ C(Kω1),

is an isometric isomorphism satisfying that ψ∗
ω1
(χÂ

ω1
α
) = χAα , α < ω1, we conclude

that [{χAα}α<ω1 ] ⊆ ψ∗
ω1
(C(Kω1)). Hence ℓ1(ω1) * [{χAα}α<ω1 ].
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