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Abstract

We analyze the limit of the solutions of an elliptic problem when some reac-
tion and potential terms are concentrated in a neighborhood of a portion I' of the
boundary and this neighborhood shrinks to I' as a parameter goes to zero.

We prove that this family of solutions converges in certain Sobolev spaces and
also in the sup norm, to the solution of an elliptic problem where the reaction term
and the concentrating potential are transformed into a flux condition and a potential
at I'.

1 Introduction

Let Q be an open bounded smooth set in IRY with a C? boundary 9. Let I' C 09
be a smooth subset of the boundary, isolated from the rest of the boundary, that is,
dist(I', 022\ I') > 0. Define the strip of width ¢ and base I" as

w. ={x—oni(x), z €T, c€0,¢)} (1.1)

for sufficiently small €, say 0 < € < €y, where 7i(z) denotes the outward normal vector.
We note that for small ¢, the set w, is a neighborhood of I' in €, that collapses to the
boundary when the parameter € goes to zero.

We are interested in the behavior, for small €, of the solutions of an elliptic problem
when either some reaction terms and some potentials are “concentrated” in w..

Hence, we consider two family of functions f. and V. with the property that
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Figure 1: The set w.
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for some 1 < r, p < 0o, where we understand that r or p = oo means that || f-|| Lo (. [| Va]| Loo (w2
are bounded uniformly in e. Moreover, we assume that there exist functions fy € L"(I)
and Vy € LP(T") (or bounded Radon measures on I, fy, Vo € M(T') if r = 1 = p) such that

for any smooth function ¢, we have

1 1
lim—/ fsgpz/fogp, lim—/ ngz):/Vogp. (1.3)
We I We T

e—0 ¢ e—0 ¢

For instance, if f. = f € W?(Q) where W!?(Q) has a well defined trace in L"(T),
then (1.2) and (1.3) hold for f and the function fj is given by the trace of f in I

Notice also that from condition (1.2) we get that the functions %st fes gstvg are
uniformly bounded in L'(€2), where X, denote the characteristic function of the set w..
We refer to %Xwa fes %Xwgva as the concentrating functions in w..

Hence,we will consider general elliptic problems in divergence form of the type,

—div(a(x)Vu©) + c(z)u® + M + 21X, Vi(a)u® = 1X, f.+9.  inQ,
a(z)ZE + b(z)u® = j. on T, (1.4)
ut =0 on I'p,

where I'p = 0Q \ ' and A € IR. We will show that, for sufficiently large A, independent
of €, under appropriate values of r, p and assuming that the terms g. and j. converge
in certain weak sense to functions gy and jo, then the solutions of (1.4) converge to the
unique solution of

—div(a(z)Vu) + c(z)u+ A u =gy  in €,
a(x)g—z + (b(x) + Vo(x))u = fo+jo onT, (1.5)
u=0 onI'p.



We will consider two different cases, according to the smoothness properties of the
coefficients of the underlying elliptic operator. If a, b and ¢ are C! functions, we can
use the scale of interpolation-extrapolation spaces associated to the elliptic operator,
[2]. This scale is given basically by the scale of Bessel potentials H*?(), incorporating
the boundary conditions accordingly. This scale provides us with a powerful tool to treat
perturbations, like the one given by the potentials %/\?%V8 and to consider the concentrated
reactions %st f as convergent sequences in H~P(2) for some appropriate s, p. This will
allow us to prove that the solutions of (1.4) converge to the unique solution of (1.5) in
some Bessel potential spaces H*?({)) and even in spaces of Holder functions in .

In case the coefficients are not smooth enough, we will rely in the Hilbert space the-
ory and will be able to prove the convergence in H'(Q) and, via the De Giorgi-Moser
procedure, we will also show the convergence of the solutions in L>°(2).

Observe that earlier versions of this work, containing weaker results can be found in
[5, 6]. Also, [7], contains some related results for some nonlinear eigenvalue problems.

We describe now the contents of the paper. In Section 2 we will prove several technical
results on the behavior of concentrating reactions and potentials as ¢ — 0. In Section 3
we deal with the case where the coefficients a, b and ¢ are C'. In Section 4 we deal with
the case where the coefficients a, b and ¢ are non-smooth. Finally in Section 5 we present
several extensions and important applications of the results of this paper.

2 Concentrating integrals

In this section we prove several results that describe how different concentrated integrals
converge to surface integrals.

Consider a bounded smooth domain @ C IRY with smooth boundary 9. Let I' C 0
be a subset of the boundary isolated from the rest of the boundary, that is, dist(I", 0Q\I") >
0. Then for sufficiently small ¢ > 0 we can define the “parallel” interior boundary

I, ={z —ofi(x), z €T}

where 7i(x) denotes the outward normal unit at € I". Note that I'y = I'. Define also the
strip of width € and base I" as

we ={x—ori(z), z €D, 0 €[0,6)} = Up<oeel's

for sufficiently small ¢, say 0 < € < ¢.
Note that if we take a continuous function, v, in a neighborhood of I'; then it is clear
that we have
lim sup |v| = lim sup |v| = sup |v]. (2.1)
e—0 w, e—0 T r

In what follows we will be interested in such type of convergence but when certain weighted
integral norms are considered.

We will extensively use the scale of Bessel Potential spaces H*?(f2), which are obtained
via complex interpolation procedure of the usual Sobolev spaces W*?(Q) with k = 0,1, ...,
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see for instance [1, 14, 2]. This scale of spaces are suitable to study elliptic and parabolic
problems, see [2] for a nice survey on this topic.

Note that the regularity of Q and standard trace theory, see [1] implies that for any
function v € H*P(Q), with s > %, and for any o > 0 small enough, the trace of v is well

defined and in L%(T,), provided s — N/p > —(N — 1) /q, that is, with ¢ < p (V= 1) Also in

case s = 1 = p the trace is well defined in L'(T,).
The value g9 above will be chosen small enough so that, for all 0 < £ < g, the strip
w. can be parameterized in a C? way by I' x [0,¢), that is, the map

T.:T'x[0,e) — w:
(x,0) — x —o7i(x)

is a C? diffeomorphism. Notice that if we define Q5 = Q\ s, for 0 < § < g¢, then we can
construct the following C? diffeomorphism 75 :  — Qs defined by

x if dist(z,I') > e
7s(®) = { z—s(o)ni(z) ifx=z—o7i(2), 0 €]0,e)
where the function 5 : [0, 0] — [d, €0 is such that ¥s(eg) = €o, 1¥5(0) = 6, it is strictly
increasing and |¢5(0) — o| + |¢5(0)] + |5 (0)| — 0 uniformly in o € [0,0] as 6 — 0.

Observe that 75 is a C? diffeomorphism between 2 and s which satisfies |75 —
Il|c2(q) — 0 as 6 — 0. Note also that 75 is C* diffeomorphism between I' and T's

ThlS diffeomorphisms induce isomorphisms 73 : H*P(€5) — H*P(2) for all0 < s < 2
and 1 < p < +o0, which are defined by 75 (u) = vo7s5. The fact that ||75 — I||c2) — 0 as
§ — 0 implies that for u € H*?(Qs), we have ||75 (u) — u||gsr(o;) — 0. They also induce
the isomorphism 75 : L4(T's) — L4(T"), defined by 75(v) = vo7s. It is not difficult to prove
now that if we denote by ~s the trace operator from H*?({2) to L4(T's) and v the trace
operator from H*?(Q) to LY(T") then

T50% — v, asd—0

and this convergence is pointwise from H*P(Q) to LI(T") if s > 1/p, s — % > —8=1 and
1

in the operator norm if s > 1/p, s — ; > -0
We refer to [7] for more details in the case of s=1andp=2.

Having this in mind, the following lemma can be easily proved,

Lemma 2.1 Assume that v € H¥?(Q) with s > % and s — % > —@, orv e HY(Q),
1.e, s=1=pand g =1 below.
Then for sufficiently small €y, we have
i) The map
0,20] 3 0 H/ Mk (2.2)
s

18 continuous.



it) There exist a positive constant C' independent of € and v such that for any € < gy, we
have

suPseio.e) ||V Lary) < Cllvlmsw()- (2.3)

/% |v]* = /O (/F [0]7) do (2.4)

with the same equality, without the absolute value, if ¢ = 1.
In particular

iii)

1
= [ 1ol < Clleney (25)
and

1
I —/ qz/ a 2.6
g [ o = [ ol 26)

Using this result, we can now analyze how concentrating integrals converge for certain
families of functions which vary with € and have weak regularity properties. More precisely
we have the following.

Lemma 2.2 Assume that a given family f. defined on w. satisfy (1.2), that is, for some
1 <r < oo and a constant C' independent of ¢,

1
~ ‘fa‘r SC
€ Jwe

or
sup | fo(z)| < C

TEWe

for the case r = oco.
Then, for every sequence converging to zero (that we still denote € — 0) there exist
a subsequence (that we still denote the same) and a function fo € L'(T') (or a bounded

Radon measure on ', fo € M(L) if r =1) such that
i) For any smooth function @, defined in Q, we have

ti = [ o= [ og (2.7)

i) If u® — u® weakly in H*P(Q) with s > 1/p and

N S N -1 (2.8)
§—— > — .
p v
or strongly in case of equal sign in (2.8), then
: 1 5 0
lim— [ fou® = / fou". (2.9)
e=0¢ Ju. r



Proof Define, for sq > pio and sg — pﬂo > —N;l, the linear forms

£

L) == [ for

on H*"(Q). Note that Lemma 2.1 and the assumption on f. imply that L. are well
defined and indeed

L@l < G [ 107G [ ) < clel

(with obvious modifications for the case r = 00). Hence {L.} is bounded in the dual
space of H®0P0(Q)).

Hence, by the Banach—Alaouglu—Bourbaki theorem and taking subsequences if nece-
sary, we have that there exists Ly € (H SOVPO(Q))/ ;= H—*0%(Q) such that

H#$0:P0 (Q) (2.10)

L.(p) — Lo(p), for all ¢ € HP°(Q)

as € — 0 and the limit is uniform for ¢ in compact sets of H*P°((Q2).
In particular, from (2.10) and Lemma 2.1, we get

1/r'

Lo(e) < C( [ lol")

and since traces of H*07(()) are dense in L™ (I') we get that there exist f, € L"(I") such

that
Lo(e) = [ fog

which proves i). Note that if » = 1 then we obtain fo € M(T') = (C(I)) .

Now if u® is as in ii) note that, in the case of weak convergence, there exist sy and pg
as above such that H*?(2) «— H®*>P(Q)) with compact embedding, which proves ii). In
the case of strong convergence, the conclusion follows from the argument leading to Lg.g

Remark 2.3 Observe that the Lemma above implies that F, = %stfs 1s a bounded
family in H=5P(Q) = (Hs’p/(Q))/ for s > 1% and s + % > 14 8

In the following example we characterize the limiting boundary integral in two different
situations.

Example 2.4 Assume that f € C(Q).

i) Define f. = X,_f. Then Lemma 2.2 applies with 1 <7 < oo and fy = fir.

ii) Define f. = Xy f, where 6. C w. is defined as 0. = {z — o7i(z), z € T, eki(z) <0 <
eko(x)} for some continuous and nonnegative functions 0 < ky(z) < ka(x) < 1 defined on
I'. Then, Lemma 2.2 applies with 1 <r < oo and fyo(x) = (ka(z) — k1 (2)) f(2) .

We can also prove,



Lemma 2.5 Assume we have a family of functions V,, 0 < e < &q, verifying the hypothe-
ses of Lemma 2.2. Moreover, assume that (taking subsequences if necessary) there exits a
function Vo € L"(T') (or a bounded Radon measure on I', Vo € M(T") if r = 1) such that

for any smooth function ¢, we have

e—=0¢ Ju

1
lim = [ Vep= [ Vop.
- I

Then,fors>%,a>%ands+a_%_ﬂ

P.: HP(Q) — H™79(Q) for 0 < e <¢gq by

S _N-1

. ——, if we define the operators,

1
< P.(u),p >= —/ Voufpf
€ Jwe

< Py(u), p >= / Voue,
T

then P. — Py in L(H®P(Q2), H=7(12)).

Proof Note that for every u € H*P () and ¢ € H7%(Q)) using Lemma 2.1, we have

eoro @) |l o0 (0

1 ; 1 11 1
2 [ el <G [IEDFG [ WmFC [ e <Ol

where 1 + 1 + 1 = 1 and r,m,n are such that sy — pﬂo > —%, with s > pio, and
0——>—— w1th00>—
Then the operator P. from H®*°(Q) into H~70%(f) := (H”O’QO(Q))I is uniformly
bounded.
Hence, fixed u € H*"°(€2) we have by Lemma 2.2 that

1
< P(u)p >= [ Vo — [ Voup =< Pofu), 0 >
We I

uniformly for ¢ in compact sets of H7%(2). Hence if ¢ > gy with o > % and o > o( then
H?1(Q) C H7%(Q)) with compact embedding, and then, in particular

P.(u) = Py(u) in H™"7(Q).

Again this implies uniform convergence for u in compact sets of H*0*0((2). Hence if
p > po with s > X and s > sy then H*P(Q)) C H*#*°(Q) with compact embedding, and
then, in particular, we have

P. - Py in L(H**(Q), H "7 (Q)) (2.11)

which gives the result.



3 Elliptic problems with smooth coefficients

In this section we analyze the behavior, as € — 0, of the solutions of the elliptic problem
(1.4) with smooth coefficients a,c € C1(Q), b € CY(T"), with suitable nonhomogeneous
given terms ¢., j. and concentrating potentials V. and concentrating nonhomogeneous
terms f..

Throughout this section we will assume, as in (1.2) and (1.3), that

1 1
o Y e (31)

and that there exist functions fo € L"(T") and Vj € LP(T") (or bounded Radon measures
on I, fo,Vo € M(T) if r = 1 = p) such that for any smooth function ¢, we have

lim — /fsso /foso, hm Vsso /Vo% (3.2)

e—0 ¢
where w, is defined by (1.1), see Lemma 2.2 and Lemma 2.5. Also, we will assume that

g- — go weakly in L*(2)
(3.3)
Je — Jjo weakly in LY(T")

for some z,t > 1.

Now we consider an adequate setting for the elliptic problems (1.4) and (1.5). For
this define the elliptic operator Ag by Ao(u) = —div(a(x)Vu) + c¢(x)u, regarded as an
unbounded operator in X% := LP(Q), for 1 < p < oo, with domain given by X'? := {u €
W2P(Q) : u=0inp, a(z)2 + b(z)u = 0 in I'}. Using the interpolation-extrapolation
techniques in [2], for which the reader is referred for further details, the operator Ay has
also an associated scale of interpolated Banach spaces X“P, 0 < a < 1 with the property
that X*P — H?*P(Q)) where we denote by H*?({2) the Bessel Potential spaces. We also
have that the scale can be extended to the negative exponents with X P = (X",
for 0 < a < 1. Moreover, we have H2*?(Q) = (H?*?'(Q)) « X P,

Now using the different realization of Ay in the extrapolated spaces, see [2], problems
(1.4) and (1.5) can be written as a perturbation of a fixed elliptic operator, i.e.

Agu® + M + Pou® = k°,

for 0 < ¢ < gp. Note that we identify (1.5) with the case ¢ = 0 and P. and P, are
defined as in Lemma 2.5, that is, < P.u,p >= %f% Veup and < Pou, o >= [ Voup.
Also, note that £° accounts for nonhomogeneous terms and from Lemmas 2.2 and 2.5 we
have P. — F, and k* — k in some sense.

In fact this convergence will be used to prove that solutions of (1.4) actually converge
to solutions of (1.5).

With regards to the behavior of the operators Ag + Al + P. we have the following



Theorem 3.1 Assume the conditions above and also that V. satisfy (3.1) with p > N —1.
Then, there exists some Xy independent of €, such that for A\ > Xy the elliptic operator

Ao+ M + P. in (1.4) is invertible and for o € (ﬁ,Q — 110)7 0 <e <¢gy we have

H (AO + )\I + PE)_I ||£(H*d,p(ﬂ)7H2fo',p(Q)) S O,
where C' is independent of € and .

Proof With the notations of Lemma 2.5, taking ¢ = p’, we have that

1 /
< P.(u),p >= - Viup, forall we HYP(Q), ¢ € HP (Q)

We

< Po(u), ¢ >= / Voup, forall we H*P(QQ), p € Ha,p’(Q)
r

is uniformly bounded, for s > 1/p, ¢ > 1/p’ and

N -1
s+o>1+4+ ——-.
p

Moreover
P.— Py in L(H*?(Q),H 7P(Q)).

Since p > N — 1 we can take s + ¢ < 2 and then Ay + A + P. is well defined from
H?77P(Q) into H7P(Q) for any o € (5,2 - }J), 0 < e < g. In particular for given
g € H=7P(Q) the equation Agu + Au + P.u = g can be written as

u=(Ag+ ) (g — Pu) = (A + M) g — (Ag + M)~ Pou = T (u).

Ifg c H*UvP(Q)’ (AO+/\I)7lg c H2*U,1D(Q) and ||(AO+A])71~9||H270,;7(Q) S CHgHH—a,p(Q).
Moreover, from Lemma 2.5, P. — By in L(H* 7?(Q), H~7?(Q)) for some & < ¢ and
close to 0. Using now the resolvent estimates for Ay, see [3],

B C
(o + 27 Neqr-swianre-ssian < [e=sza:

and we get that the Lipschitz constant of T : H*9P(Q) — H?* °?(Q) is bounded by
W%)/Q. Therefore it is a contraction, with Lipschitz constant # < 1 uniform for large
enough A and 0 < ¢ < g;. This implies that the unique fixed point of T5 satisfies

HUHHQ—a,p(Q) S TlgH(AO + )\)_lgHH’Q—o‘,p(Q) S %HQHH—UW(Q), which proves the result. 0O

We can prove now,

Corollary 3.2 Assume we are in the conditions of Theorem 3.1 and also that (3.1), (3.2)
and (3.3) holds with p > N —1, 2> Nr/(N —1+r) and t > r. Assume also that X > X
is fived. Then, us, the solution of (1.4), satisfies

ut —u in HY(Q)



for any s <1+ % where u is the unique solution of the limiting problem (1.5).
In particular, ifr > N —1, 2> N/2 andt > N — 1, then

ut —u in CP(Q),
for some 3 > 0.

Proof First note that from Remark 2.3, F, = %X% fe is bounded in H=7"(Q2) for o > %
Also, fo belongs to H~"(2) for o > . Moreover, for the choice of z and ¢, g. € L*(Q)
and j. € L(T) are also bounded in H~"(Q2) for o > % and 0 < & < &y,

Hence, from Theorem 3.1, the solutions of (1.4) and (1.5) are unique and they are
bounded in H*~7"(Q), provided we can take o < 2 — % These two conditions are satisfied
since we can always choose % <o<2-— % =1+ %

Notice that choosing o > 1/7" but arbitrarily close to 1/r/, we have that 2—o < 14+1/r
but it is arbitrarily close to 1+1/r. Hence, by Theorem 3.1 the sequence u. is bounded in
H*"(Q) for all s < 1 +% and therefore it is a relatively compact sequence in these spaces.
Hence, under a subsequence we have that u. — u € H¥"(Q).

Next, we prove u satisfies the elliptic problem (1.5). In effect, multiplying the equation
(1.4) by ¢ € C (Q), the space of C* functions in Q which are identically zero in a
neighborhood of I'p, we obtain

[ (@@)Vu T + (ela) + N+ [ bayusp + % / Vilauto =
-/ fsso+/ggsso+/rj§so-

Now we assume first ¢ € C2°(£2) and taking the limit as € goes to zero, using (1.3), we
get

(3.4)

/Q a(x )VUV90+/ )+ Nup = /gougp

Therefore the limit function satisfies
—div(a(z)Vu) + (c¢(x) + A)u = go, in Q. (3.5)

In particular u € C72(9). B
Now, we consider ¢ € CS (§2) in (3.4) and using (1.3) and the convergence of the
traces above, we get

/Q ()Vqup+/ +)\U90+/ )+ Vo)up = /90“90+/f0+]0)

Now, since A > A, from the uniqueness of solutions for the limit problem (1.5) ob-
tained above, we have that all the family u® converges to w.

Ifr>N-=1, 2> N/2and t > N — 1, we get that, maybe choosing a smaller r
but still » > N — 1 we have z > Nr/(N — 1+ r) and t > r and therefore u. — g in
H>"(Q) for all s < 1+ % Hence, the Holder convergence is obtained using the embedding
H"(Q) — CP(Q) for s < 14 % but arbitrarily close to it and r > N — 1. g

We will be able to include a non homogeneous Dirichlet boundary conditions in I'p.
More precisely we have,
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Corollary 3.3 Assume we are in the conditions of Theorem 3.1. Let h be a function
defined in Tp such that h € HY?(T'p) N C%(T'p). Then if in problems (1.4) and (1.5)
we substitute the condition u =0 on I'p by w = h on I'p, then the same conclusions of

Corollary 3.2 hold.
Proof Let us denote by H the unique solution of the following problem
—div(a(z)VH) =0 in Q,
a(x)a—H =0 on I, (3.6)

on
H=h on I'p,

which, by standard elliptic theory, it is known to exists and H € H'(Q) N C?(Q).
Rewriting both equations (1.4) and (1.5) in terms of the new variables v* = u® — H
and v = u — H, we obtain,

—div(a(z)Vv®) + c(z)v® + Av® + %XWE‘{&(J:)UE —1x, f+5 inQ

T &

a(z) 9% + b(a)v® = j. onT (3.7)
v* =0 onI'p
and
—div(a(z)Vv) + c(x)v + v =gy  in Q,
a(x)% + b(x)v + Vo(z)v = fo+7jo onl, (3.8)
v=20 on ['p,

where f. = f. — V.(2)H, §. = g. — (c(z) + N H, je = je — b(zx)h, and similarly f, =
fo=Vo(z)h, go = go — (c(x) + \)H, jo = jo — b(x)h. -

Applying Corollary 3.2 to problems (3.7) and (3.8) we obtain that v* — v in C?(Q).
This implies that u® — u in C#(Q) g

4 Elliptic problems with nonsmooth coefficients

In the arguments of the previous section we have used in an essential way that the
coefficients in the elliptic operator are smooth so we can use the associated scale of
interpolation-extrapolation spaces which are well characterized in terms of the Bessel
potential spaces. In case the coefficients are not that smooth, still some analysis can be

carried out in a Hilbert space setting. More precisely, we consider the elliptic problem
(1.4) with 0 < ap < a € L*®(Q2) and

N
ceLP(Q), p> 5 be L°(T), s> N—1. (4.1)
Assume, as before, that
1 1
[ r<e. Z[wr<c (42)
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and there exist functions fy € L"(I") and Vy € LP(I") (or bounded Radon measures on I,
fo, Vo € M(T") if r = 1 = p) such that for any smooth function ¢, we have

gg%g/ fep = /focp, hm | Vo= /Voso (4.3)
Moreover, we assume
g- — go weakly in L*(2)

Je — jo weakly in LY(Q) (4.4)

for some z,¢t > 1 and consider the formal limit problem (1.5).
We have the following,

Theorem 4.1 Assume the above notations and assumptions. Moreover, assume r >
2(N—=1)/N,p>N—1,2>2N/(N+2) andt > 2(N —1)/N. Then there exists some \y
such that for X > X\g the family of solutions of (1.4), u®, converges in H'(Q), as e — 0,
to the unique solution of (1.5). Even more Ao = 0 if b, ¢, V. > 0.

Proof We split the proof in several steps.
Step 1 We prove that there exists Ay such that for A > )\ the bilinear forms in H'(2)

0(0.€) = [ aw)VoVE+ [ (elw) + No¢ + [[baog+ - [ Vo

and

a0(6,€) = [ a@)Vove + [ (cla) + N + [ (ba) + Vo(w))og

are uniformly coercive. In particular there exist a unique solution of (1.4) and (1.5).
For this note that for every ¢ € H'(Q) we have that, for the negative parts we have

the bound |

o ARy ARG Y e

Now, since p > N — 1, from Lemma 2.5, with p = 2 = ¢, » = p, we have, for some
s:0<1and32N2—;1+%

1
2 [ 0ader <l

2(1-s)
- e < Cloll 1917500

Finally using Young’s inequality, we get for any § > 0

1
~ [ (V_IoF < 88l + CsllélEao

On the other hand, from Holder’s inequality we have

[ e-@Iol < [ eo@)lof < lle-llio 9l o (4.5)
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Since p > & we have that H'(Q) C L*'(9), and there exist 0 < s < 1 such that
H*(Q) C L*(Q), and then we have

[ e-@)I9l* < o8Iy + Calloltaco

with § << 1 and Cj independent of e.
Finally, since s > N — 1, we have H'(Q2) C L*'(I') and there exits 0 < s < 1 such
that H*(Q) C L*'(I') and then we have that

[ b-@I9l < [l ey 6*

oy = [l

2161320y < 16130 oy + Csll 81320y (4.6)

Hence, we can take ¢ small enough and A large enough such that

0(6.0) = [ @IV + [ (cl) + NI+ [loP + [ Vol > Ol (47

with C' = C'(\) > 0 independent of .

A similar argument using that V5 € LP(T') and p > N — 1 gives the result for the
bilinear form ag.
Step 2 For A > )¢, the family u® is uniformly bounded with respect to € in H*().

In fact from (1.4) we have

1
a-(u®,u®) = g/ f€u5+/gg€u5+/rj€u5. (4.8)

From Remark 2.3, with s = 1, p = 2, or (2.10), we get that, for sufficiently small
0 >0,

1
2 ), fwl = dwllme < Ollut 1 () + Cs (4.9)
since r > 2(]\;\[ On the other hand, from the assumptions on z and ¢, we have
\/Qge?ﬂ < gell =@ 1wl Ly < 01wl F 0y + CsllgellZ- o (4.10)
and
’/FJEUE\ < el e e oy < 01110y + Cosllae ey (4.11)

From this, using the boundedness of ||g.|/z=(q) and ||j||z¢r) and (4.7) we obtain
w3y < C (4.12)

for some C independent of .
From this, there exists a subsequence that we still denote u® which converges weakly
to w in H'(€)). Moreover, from Sobolev’s embedding, we can assume the subsequence
2N

converges also strongly in H*(€2), with s < 1, and in LP(Q2) with p < =5 and almost

13



2(N-1)

v~ and

everywhere. Even more, we can assume the traces converge in L(I") for ¢ <
almost everywhere on I'.
Step 3 The limit function satisfies (1.5). From this and the uniqueness of solutions of
(1.5), we get that the whole family u® converges to u.

Note that from (1.5), for any smooth test function ¢ € C*(£2) we obtain

1 1
/ a(z )VUEVSD-F/ T)+\)u <,0+/ r)utp+— [ Vo(z)utp = —/ fssDJr/ gsso+/ Jetp.
Q € Jwe € Jwe Q r

Now note that since p > N — 1, from Lemma 2.5, with p = 2 = ¢, » = p and for some
s = o < 1 we can pass to the limit in the first term of the right hand side. This and the
convergence of u® in Step 2, allows us to pass to the limit above, to get

/Q()VUVQO“‘/ +)\U90+/ z) + Vo(z))up = /90%0+/Jo+f0)

Hence, u is a weak solution of the limit problem (1.5).
Step 4 Now we prove that u® converges to u strongly in H'(Q). Note that for this it is
enough to prove convergence of the norms.

For this, note that in (4.8), using the convergence from Step 2 and Lemma 2.2 with

s =1, p—2andr>2<N D , we have
hm feu® +/ g:-u® —|—/]6 /f0u+/gou+/jou (4.13)
8—>0 We r Q r
and also
lim [ (o) + Ml = [ (@) + M, tim [ s@e? = [ bl (@14)
£— QO (9] I

On the other hand, using again p > N — 1, from Lemma 2.5, with p =2 = ¢, r = p and
for some s =0 < 1, we get

1
lim= [ Vi(a)|u|? = / Vo ().
L [ V@l = [ Vil
With this, passing to the limit in (4.8), we get
/ a(z)|Vul? <hm1nf/ z)|Vus | <hmsup/ z)|[Vus|? <
Q

= [ (ela) + Nl = [ Vo@)lul + [ G+ fo)u+ [ gou.

Finally from the variational formulation of the limit problem we have

/Qa(x)\w? — —/Q(c(x)+)\)|u|2—/F%(x)|u|2+/r(j+fo)u+/ﬂgou

and we conclude.

In particular, from this we can obtain

14



Corollary 4.2 Under the assumptions and hypotheses of Theorem /.1, we denote by A,
and A, respectively, the linear unbounded selfadjoint operators in L?(Q) induced by the
bilinear forms a.(-,-) and ao(-,-) above.

Then, a point in the resolvent set & € p(A) also satisfies & € p(A:) for small e, and

(A = D)7 = (A= &) Y ee@m@) — 0, € — 0. (4.15)

Even more, if v denotes a simple closed curve contained in p(A), then the corresponding

projection
1 _
= 5 [ (Ae = D) (4.16)

converges to P,(A) ase — 0 in L(L*(2), HY(Q)). Moreover, if ug is an isolated eigenvalue
of A with finite multiplicity m, then any curve y enclosing po but not other point of o(A)
encloses, for sufficiently small €, eigenvalues of A. with total multiplicity m.

PW(AE)

Proof: Using Theorem 4.1 we obtain that the resolvents converge in norm a some point

W, 1.e.
[(Ae = pI)™" = (A= uD) ez, me) — 0, €— 0. (4.17)

Therefore, from the theory developed in [10] or applying directly Theorem 9.10 in [13] we
conclude the spectral convergence of the corollary.

Remark 4.3

i) The convergence of the spectra given by Corollary 4.2 can be restated in the following
way: if {\5}22, is the set of eigenvalues of Ac, for 0 < e <egg, with A5 < A5 < ... A5 and
counting multiplicity then, for alln =1,2,...,

A=A as e —0.

Moreover, if we denote by {©S}22 | a corresponding set of orthonormal eigenfunctions of
A, if X)) < XD = ..o = XN < AN and if we consider the finite dimensional spaces
U. =span{¢S, ..., ¢} for 0 < e <eq, then U. — Uy in the sense that the unit balls of U
converge in the symmetric Haussdorf distance to the unit ball of Uy.

it) From the Corollary above the following can also be obtained. Assume {A5}5°, is the
set of eigenvalues of A, for 0 < e <eq, with A\] < X5 < ... X5 and counting multiplicity.
Also, assume for each e and n an associated eigenfunction is chosen such that {pg ()},
is a Hilbert basis of L*(Q2). Then there exists a subsequence, that we still denote ¢ — 0
such that for everyn € IN,

o (@) = u(x) in HY(Q)

and {@,(x)}52, is a Hilbert basis of L*(Q) of eigenfunctions of {\)}22,.
iii) Note that the spectral convergence above also apply in case the coefficients of the elliptic
operators are smooth, as in Section 3.
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Now we will show that under natural but more restrictive assumptions than in Theo-
rem 4.1, we can actually conclude the uniform convergence of solutions, that is

u® —u in C(Q).

For this we will use the classical De Giorgi-Moser technique; see [11] and we follow closely
the approach in [4].

Our first result shows that under suitable conditions, the solutions u® are uniformly
bounded in L*(€2). Note that, even if V¢ = 0 this result does not follow straight from
[11] nor [4], since in such cases one needs the right hand side to be uniformly bounded
in LP(2) for p > N/2, which is not the case here, since we only have uniform bounds in
LY(Q) .

Theorem 4.4 Under the above assumptions and notations and assuming r,p,t > N — 1
and z > N/2, we have u® € L*(Q)), and

[uf]| e @) < Ch

for some constant Cy > 0 independent of € and depending on s,p,r,p, N, ||b||zs, ||c|lze,

lgellz=s Jell eryy-

Proof We proceed in several steps.
Step 1 We will prove first that u. € L¥(Q) for all 1 <y < oo and that ||u.|| v < C(y)
for some constant C(y) independent of .

. . oON N c _dN__
For this, we will show that for any 375 < d < 5, then v € L¥-2((2) and

w < O(d) (4.18)

Il
LN-2d (Q)

for some constant C' independent of €. Throughout the proof we will denote m = igf a.

Note first that for ]3—12 < d < &, we have that ¢ = (%jﬁd

equation by |u.|7"?u. and integrate by parts we obtain

> 2. If we multiply the

— q q q 1 q
D [V ucHE+ [ e+ 0wl D2+ [l D2+ 2 [ Vel H? =

1 .
- fs‘us‘q_2us + /js‘us‘q_2us + /gsyusyq_Qus-
€ Jwe T Q

Denoting by v. = |u.|%, we have

/

2
42 </ da/ (¢-Dd' 74 — /eﬁiz =17,
\/Qgs\us\ wel < [ Ngel Tl Tuel 07 = Nlgellpal | 10117 = Ngellpagey [l Hﬁ'(m

. /
Now, since 2£ = 2N we have
) q N-2

2
[ geluel 2] < Clollf o (4.19)
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If we denote by n = (]Xf_lczd < N — 1, we have

_ 1 1 ! 1
2 [ el <E [P [ o <G [ ¥
We € We

Now, since Qq—”,' = Q(JJVV:;), we have, using Lemma 2.1, that
N-—2 2
1 B 1 2N-1) ] 2(N=1) '/ 2
[ e <2 [ ST <Ol 020)

In a similar way, we have

. _ . n L _ rq 1 . 1 2_7;' 1
|/ja|u5|q 2U5| S [/ ‘ja‘ ]n[/ |u6|(q l)n]"/ - ||j€HL"(F)[_/ |U€| . ]n,
T T I e Jr

and using again that 2% = %, we get
2 Z
!/FJs!uslq* Ue| < Cllvell - (4.21)

Putting all these estimates together, we have
4(¢—1) 2 2 2 1 2 7
T/Q‘W“E‘ +/Q(c+)\)v5 +/sz5 +g/%v5!vsr <Ol (422)

We can add to both sides of the previous inequality a term of the type u [, v?
i = p(q), so that the left hand side is uniformly coercive, obtaining,

2
C(q)HU€||§{1(Q) < CHUEHIq—Il(Q) + C||Ue||%2(9)
Hence,

2 2 2 2
C@)Nvellzne) < Cllvell fraay + Cllvellzz) < Cllvellin gy + Clivell ey llvell £agy-

From where we get

Qo

A . < Clq) (1 + [luell o)),
and since v, = |u.|? and ¢ = (%:gzd, we get
letell v 2y ) < CLOA A+ el zoce)-
and since N 2 > w5 we get
el e g < CLaN(1+ )
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Applying a bootstrap argument, starting at ¢ = 2 we obtain that u. € LI(Q) for all
q < oo and that
el oy < ©

where C' may depend on ¢ but it is independent of e.
Step 2 We now prove that we have u® € L*(2) and

[uf[[ o) < C

for some constant C' independent of e.

Let £ >0, ¢. = (u® — k)" < |u.| and Ay = {z € Q : u*(x) > k}, where we drop the
dependence of ¢ in these sets to simplify the notations. Notice first that, from Step 1, for
any q > 2 the following inequality holds

|Pellra(ey < [Jucllze) < C, (4.23)

where C' is independent of € and k, but may depend on ¢q. Now note that using interpo-
lation we have

11 1 1,1
|6l z2@) < oo | Ax2 7o lI6ell, 2, o 1ARIY < Cligellzaeligellmr oy | Ax =775

Q=

From here, taking ¢ = 2N and using (4.23), we obtain

1,1
H¢s”?;2(9) < C@e|| 2 (o) | Al 272N (4.24)

Using ¢. as a test function in the equation we have, for A > 0,

LalvoP+ [erne+ [b02+ 2 [ VioP =2 [ oo+ [G— kot

Jlo- = K+ Mo — = [ k2. (4.25)

Next we estimate each term on the right hand side of the above expression, for this,
we use extensively Holder’s inequality, Sobolev embeddings and trace theorems.
Now, denoting g = g. — k(c + A) and taking N/2 < py < p, z, we have

11
[ 9261 < g2l mmi@llgel gy < CO+ BG4 <

1

11,1
C(U+ k)|l (@[ Ap] 707N,
On the other hand, using Lemma 2.1

1 1 11 h1
- < [= i - "< o = . )
|€ w5f5¢5| _ [8 Ag‘fa‘ ] [6 AE ‘¢€‘ ] —_ COHd)aHHL#(Q) CqubEHHLNTiVNJ’,l (Q)

Hence, using Mi\[i]’\’ul < 2 we get

1 11,1
1= [ F0el < Cllocllm A7, (4.26)
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and in a similar way we get

1
= [ Veko.] < CHl- oy | Al (427)

For the terms on the boundary, if we note that j* = j. — kb and we choose a N —1 <
sg < s,t, we have

[zl < U1azoTs [ 16101 < O+ BI6l ) < CO+ R v

H O Nso-NT1 ()

and using again % < 2 and proceeding as for (4.26), we get
» 1 N-1
[ 326 < CA+R)9llmel AT (4.28)

Now, using the estimates above and choosing ¢ enough small, we obtain

20630y < [ alVoL+2 ] 02
(4.29)

1

< O+ k)6l ey (ARl 37777 + [Ag[2 75077 4 [ A 757770 4 | A [5+7)

while we also have

N+2 N+2

19ellrcany < Neell, oy, (AR < Cllellzn ey Arl =
where C' = C(2, N). With these, we get that
Iellzr i) < (1 + k)| A

Tﬁ%\ifl), sofj\([]:;l), 21}3;0]\7, %} > 0. In particular, for £ > 1 we have

where o = min{
¢:lp1(0) < 2vk|Ag|'T.
Now, using the Lemma 5.1 in [11] we have that
max{u®(z); € Q} < C.
With a similar argument for w, = —u®, we obtain the desired result.

Remark 4.5 Let us observe that to obtain the results of Theorem 4.4, that is, the uniform
boundedness of u® in L™ () we do not need the convergence hypotheses of (4.3) and (4.4),
but it will be sufficient to guarantee the boundedness hypothesis given by (4.2) and to

assume that the family g. and j. are bounded in L*(Q) and L'(T') with the appropriate z
and t.

Now we can show the uniform convergence.
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Theorem 4.6 Under the conditions above, we have
u® —u in L2(Q).
Proof Note that v. = u® — u satisfies

—div(a(z)Vve) + e(x)ve + Mv: + éXwEVE(UE +u) = %XUJEf€ + 9= — 9o in €
a(z) 2= + b(z)v. = — fo — Vou on T’
v = 0, on I'p.
(4.30)
As in Theorem 4.4, we obtain

[(ve — k)| i) < (1 + k)| Ap|' ™, for every k > 0. (4.31)

From (4.31) we get that there exists a constant K, independent of e such that |[v} || <
Ky uniformly in . Hence, if 0 < k < K we have

[(ve — k) llLig) < (1 + Ko)| A9, for every 0 < k < Ko

and if k& > Ky we have (v. — k)™ = 0. Hence we can assure that we always have for
¥ =v(1+ Ko) that

1(v: = B) ||y < AlA'T, for every k > 0.
Since for every k > ko > 0 we have |Ag| < |Ag,|, then
[(ve = k) 2y < Ao 21 AR|' 72, for every k > ko
and using Lemma 5.1 from [11] we get
[ve]| Loy < Ko + C|Ag |75

where C' is independent of kg, k and . Now, observe that the convergence in Theorem
4.1 implies that |Ay,| — 0 as ¢ — 0. Since kg is arbitrarily small we get the result.4

As in the case of smooth coefficients, analyzed in the previous section, we can also
obtain the convergence in the case where we have a nonhomogeneous Dirichlet boundary
condition in I'p. We have

Corollary 4.7 Assume we are in the conditions of Theorem 4.6. Let h be a function
defined in Tp such that h € HY*(I'p) N L>(T'p). Then if in problems (1.4) and (1.5)
we substitute the condition uw = 0 in I'p by u = h in I'p, then the convergence result of
Theorem 4.6 also holds.

Proof The proof follows the same ideas as the one from Corollary 3.3.
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5 Final remarks

We present in this section some important remarks related to the results obtained in the
preceding sections.

First note that the convergence results in Sections 3 and 4 for (1.4) and (1.5) can be
seen as a tool for transfering information from the interior to the boundary. In particular,
the results above, allow to approximate the solution of the particular case of (1.5)

—div(a(z)Vu) + c(z)u +Adu =g in Q £ 1
a(z) 2 + Vo(z)u = fo on I' = 09 (5-1)
by the solutions of the concentrated problem
—div(a(z)Vuf) + c(z)uf + Iuf + 21X, Vi(z)us = g+ 21X, f. inQ (5.2)
Gu =0 onT =090 . '

In other words, nonhomogeneous Robin problems can be approximated by homogeneous
Neumann problems efficiently. Note that this leads to some applications for numerical
approximations, since Neumann conditions are easier to implement; see [8].

Also, observe that in case the domain is not smooth, it may be difficult to give a
meaning to the boundary condition in (5.1), although (5.2) has a natural and simple
variational formulation not involving surface integrals or traces. Hence the limit functions
of (5.2) can be taken as proper way of defining solutions of (5.1).

Also, note that all the previous results can be carried out with minor changes to the
case in which w, collapses to a regular hyper-surface I' C €, not necessarily the boundary
of the domain. In such a case, for the problem

—div(a(z)Vue) + c(z)uf +  uf + 21X, Vius = 21X, f.+9  inQ
a() 9% + b(z)u = j on dfp (5.3)
ut =10 on 0f1p
the limit problem reads
—div(a(z)Vu) + c¢(x)u + Au+ Vooru = foor +g  in Q
a(z) % + b(z)u = j on 0Qg (5.4)
u=20 on 0€p

where we denote by foor and Vodru the functionals < fodr, p >= / fop and < Vou, p >=
r

/ Voup. Note that by taking test functions with support near points on I' it is easy to
r

see that the limit problem is in fact a transmission problem across I', where the jump
condition reads
ou

e =0, fala) 5 + Vo(a)ule = o

Hence, in particular, the solution of the transmission problem
—div(a(z)Vu) + c(z)u+ Iu =g in
[ulp =0, [a(z)% + Vo(z)ulr = fo onT
u=>0 on 0f)
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can be approximated by the solutions of the concentrated problems

{ —div(a(z)Vuf) + c(z)uf + Muf + 21X, Viud = g+ 21X, f. in Q
u® =0 on 0f) .

This approach may lead to significant applications to numerical schemes for such problems.
In this direction observe that (1.4) and (5.3) can be understood as approximate regu-
larized problems for (1.5) and (5.4) respectively.
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