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Even thought the statement of [1, Lemma 6.1] is correct, there is an imprecision
in the proof that we fix in this short note. In any case, the results of the paper [1]
are correct as originally stated. We keep the notations introduced in [1] and we only
recall a few notations and concepts here. A 8” function on a semialgebraic set X is a
C” semialgebraic functions on X for v > 1. The ring of 8" functions on X is denoted
with 8”(X). In addition, we denote with °8¥(X) the ring of °8” functions on X, that
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is, those functions on X whose restrictions to each irreducible component of X are 8”
functions.

The error in the original proof of [1, Lemma 6.1] concerns the way we use Lojasiewicz’s
inequality. Lojasiewicz’s inequality as stated in [2, 2.6.2] holds in R™, but is not true for
an arbitrary open semialgebraic set. Thus, that proof of [1, Lemma 6.1] must be replaced
by the following one.

Lemma 6.1. Let X = Ly U---ULg be a union of coordinate linear varieties in R™. Then
there is a continuous extension linear map °0 : °8¥(X) — 8¥(R™).

Proof. Fix a non-empty set of indices I = {i1,...,i,} C {1,...,s} and set L; = (;c; Li
and X1 = Uier Li- By [1, Prop. 4.C.1] every 8" function h : X' — R has the following
8" extension to R™

Hr= > (-1)*D*hom,,
o#JCI

Now consider the open semialgebraic set

0 ={x e R™ : dist(x, L;) < 1}\ | J L;,
j¢l

which satisfies X! N 2; = X N 2;. Consider a semialgebraic 8" partition of unity
{é,¢r : I} subordinated to {R™ \ X, (2; : I}, which is an open semialgebraic cover-
ing of R™. Define

gy : °8Y(XT) = 8 (R™) : h ¢r - Hylg,,
9 : °8¥(X) — 8 (R™) : h — Zlcel(mxf)

where each ¢r - H; extends by zero off £2;. Since ¢ vanishes on X, >, ¢y = 1 on X;
hence, °0(h) is a semialgebraic 8 extension of h. To prove that °f is continuous it is
enough to show that each °f; is continuous. And for the latter it suffices to prove that
the map

°8Y(XT) = 8Y(R™) : h ¢r - (homy)|a,

is continuous for each @ # J C I. Recall that we consider the topology defined in <8¥(X71)
as subset of 8”(L;,) x -+ x 8”(L;,.) (this is the reason to keep referring to semialgebraic
€8 functions, although we already know they are all 8 functions [1, Prop. 4.C.1]).

Clearly, it is enough to see that if all restrictions h|r,, ¢ € I, are close enough to
zero, then ¢r - (homy)|n, is arbitrarily close to zero. Thus, pick any positive continuous
semialgebraic function ¢ : R™ — R. We know from T.ojasiewicz’s inequality [2, 2.6.2]
that there are a constant C' > 0 and an integer p large enough so that
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1
(C + [|l=[|?)?

a\vl¢1

oxY

(m)’ < (C+||=)|*)? and < e(x) for every z € R™ and |vy| < w.

Recall that |y| = 71 + -+ + m. In addition, 6;4?’ is identically zero outside {2; for
v <v.
Let z € 27 and J C I; in particular, L; C L;. Then for the orthogonal projection

7y : R™ — L; we have
2)|* = dist (2, Ly)? + |[ms(@)||* < dist(x, L1)? + |7 (2)|* < 1+ [lms(2)]*

and so

! < L < e(x)
CH+1+[m@Pr =+ Py =

Denote d(z) = (u+1)m(CJlr1+\|z L;, 4 €1, are §

close to zero in the 8” topology. Let us check that ¢; - (homy) is € close to zero. Look

)% and suppose that all restrictions h
at any partial derivative

x| o]
P () = 2O ), where ol = a1+ 4 <

at a point x € (2;. Since composition with 7; is substituting zero for the coordinates
in Ly, we see that h o m; does not depend on those coordinates, which implies that the
above partial derivative is zero whenever such a coordinate appears in the derivative.
Thus we look at derivatives that do not include them. But for those, we have

’8|a‘(hom) . ‘ 7 olelp

Oz | 9z (WJ(x))‘ < d(ms(x))

because 7y(xz) € Ly C L; for some i € I. Consequently, if x € 25,

‘8‘a|q§1(x)(h07w)(x)‘ < Z o1Blp; (z H@"ﬂ(hoﬂy) (2)

Oz OxP ox7
Bty=a
<@+ 1)™(C+ [|z]*)Po(ms (x))
< W4 D™C+ 1+ |lms(@)]*)Po(m s (2))

_ 1
ST i@y <@

As outside 27 each 8" function ¢;-(homy) is identically zero, we conclude that ¢;-(hom )
is € close to zero. Hence the map h +— ¢; - (homy)|n, is continuous for each @ # J C I,
as required. O
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