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Interpolation methods. 
 

Let               be a (compatible) couple of Banach 

spaces. An interpolation method 

 

 

with the interpolation property: 

X0
T�! Y0

X1
T�! Y1

9
>=

>;
) F(X0, X1)

T�! F(Y0, Y1)

X0 \X1 ,! F(X0, X1) ,! X0 +X1

F

(X0, X1)
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Compatible couple of Banach spaces. 

If                            and                  sigma-finite  

 

 

we can consider the following (compatible) couples 

of Banach spaces: 

 

 

 

1  p0 6= p1 < 1 ⌫ : R ! X

⌦ =
[

n�1

⌦n [N, (⌦n)n ✓ R, k⌫k(N) = 0,

(Lp0(⌫), Lp1(⌫)) (Lp0
w (⌫), Lp1

w (⌫))

(Lp0
w (⌫), Lp1(⌫)) (Lp0(⌫), Lp1

w (⌫))



Compatible couple of Banach spaces. 

If                            and                  sigma-finite  

 

 

we can consider the following (compatible) couples 

of Banach spaces: 

 

 

 

The ambient space: 

1  p0 6= p1 < 1 ⌫ : R ! X

L0(⌫).

⌦ =
[

n�1

⌦n [N, (⌦n)n ✓ R, k⌫k(N) = 0,

(Lp0(⌫), Lp1(⌫)) (Lp0
w (⌫), Lp1

w (⌫))

(Lp0
w (⌫), Lp1(⌫)) (Lp0(⌫), Lp1

w (⌫))
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0 X✓
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[X0, X1][✓] = X1�✓
0 X✓
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[✓] , 0 < ✓ < 1.

[X0, X1][✓] ,! X1�✓
0 X✓
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X0 X1

X1�✓
0 X✓
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[X0, X1][✓] ,! X1�✓
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Complex methods. [Calderón (1964)] 

 

1) Calderón-Lozanowskiĭ product: 

2) If      or     has order continuous norm: 

 

3) If      and      have the Fatou property:  

 

4)  

 

[Lp0(µ), Lp1(µ)][✓]=(Lp0(µ))1�✓ (Lp1(µ))✓

=[Lp0(µ), Lp1(µ)][✓]= Lp(µ).

1  p0, p1  1

1

p
:=

1� ✓

p0
+

✓

p1

[X0, X1][✓] = X1�✓
0 X✓

1 ,! [X0, X1]
[✓] , 0 < ✓ < 1.

[X0, X1][✓] ,! X1�✓
0 X✓

1 = [X0, X1]
[✓] , 0 < ✓ < 1.

X0 X1

X1�✓
0 X✓

1 .

X0 X1

[X0, X1][✓] ,! X1�✓
0 X✓

1 ,! [X0, X1]
[✓] , 0 < ✓ < 1.



Complex methods: the problem.  

For                  sigma-finite, and 

 

describe 

0 < ✓ < 1  p0 6= p1  1
⌫ : R ! X

[Lp0(⌫), Lp1(⌫)][✓] , [Lp0(⌫), Lp1(⌫)][✓] ,

[Lp0(⌫), Lp1
w (⌫)][✓] , [Lp0(⌫), Lp1

w (⌫)][✓] ,

[Lp0
w (⌫), Lp1(⌫)][✓] , [Lp0

w (⌫), Lp1(⌫)][✓] ,

[Lp0
w (⌫), Lp1

w (⌫)][✓] , [Lp0
w (⌫), Lp1

w (⌫)][✓] .
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then 
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If                   and   

then 

0 < ✓ < 1  p0 6= p1  1

1

p
:=

1� ✓

p0
+

✓

p1

m : ⌃ ! X

[·, ·]✓ Lp0(m) Lp0
w (m)

Lp1
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Lp1(m)

Lp(m)

Lp(m) Lp(m)
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Complex method [.,.]θ (sigma-algebra). 

[Mayoral, Naranjo, Sánchez-Pérez & AF, 2010] 

If                   and   

then 

1

p
:=

1� ✓

p0
+

✓

p1

Lp0(m) Lp0
w (m)

Lp1
w (m)

Lp1(m)

[·, ·]✓

Lp
w(m)Lp

w(m)

Lp
w(m) Lp

w(m)

0 < ✓ < 1  p0 6= p1  1m : ⌃ ! X
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[·, ·]✓ Lp0(m) Lp0
w (m)
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w (m)

Lp1(m)

Lp(m)

Lp(m) Lp(m)

Lp(m)

Lp0(m) Lp0
w (m)

Lp1
w (m)

Lp1(m)

[·, ·]✓

Lp
w(m)Lp

w(m)

Lp
w(m) Lp

w(m)
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Lp(m)

Lp(m) Lp(m)

Lp(m)
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w (m)
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w (m)

Lp1(m)

[·, ·]✓

Lp
w(m)Lp

w(m)

Lp
w(m) Lp

w(m)

(R)
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(⌃)(⌃)

(⌃)
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Complex methods (delta-ring). Example.  

Let           be the delta-ring of finite subsets of 

natural numbers, and consider the measure 

 

It is not difficult to show that 

 

Then, for    1  p0, p1 < 1,

Pf (N)

⌫ : A 2 Pf (N) �! ⌫(A) := �A 2 c0.

Lp(⌫) = c0 ✓ Lp
w(⌫) = `1, 1  p < 1.

[Lp0
w (⌫), Lp1

w (⌫)][✓] = [`1, `1][✓] = `1 = Lp
w(⌫),

[Lp0(⌫), Lp1(⌫)][✓] = [c0, c0]
[✓] = c0 = Lp(⌫).
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then  
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then  
 

[Mayoral, Naranjo, Sáez, Sánchez-Pérez & AF 2006] 

 

 

  

1  p0 6= p1  1
r := min{p0, p1} < s := max{p0, p1},

r < p < s,

Ls(m) ✓ Ls
w(m) ✓ Lp(m) ✓ Lp

w(m) ✓ Lr(m) ✓ Lr
w(m).

Lp0(m) \ Lp1(m)

Lp0
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Gain of integrability (sigma-algebra).  

[Mayoral, Naranjo, Sáez, Sánchez-Pérez & AF 2006] 

If           then  

 

 

  

f 2 Ls
w(m) ✓ Lr

w(m)f

⌦

r < s, Ls
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Gain of integrability (sigma-algebra).  

[Mayoral, Naranjo, Sáez, Sánchez-Pérez & AF 2006] 

If           then  

 

 

  f�[fn] 2 Lr(m)

f 2 Ls
w(m) ✓ Lr

w(m)f

⌦

n f�[fn]

r < s, Ls
w(m) ✓ Lr(m).



Gain of integrability (sigma-algebra).  

[Mayoral, Naranjo, Sáez, Sánchez-Pérez & AF 2006] 

If           then  

f�[fn] 2 Lr(m)

f 2 Ls
w(m) ✓ Lr

w(m)

��f � f�[fn]

��
Lr

w(m)
! 0

f

⌦

n f�[fn]

r < s, Ls
w(m) ✓ Lr(m).
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Intermediate spaces (delta-ring).  

If                                   then  

 

 

 

 

 

1  p0 < p < p1 < 1,

(i) Lp0
w (⌫) \ Lp1

w (⌫) ✓ Lp
w(⌫) ✓ Lp0

w (⌫) + Lp1
w (⌫).

(ii) Lp0(⌫) \ Lp1(⌫) ✓ Lp(⌫) ✓ Lp0(⌫) + Lp1(⌫).

(iii) Lp0(⌫) \ Lp1
w (⌫) ✓ Lp(⌫) ✓ Lp0(⌫) + Lp1

w (⌫).

(iv) Lp0
w (⌫) \ Lp1(⌫) ✓ Lp(⌫) ✓ Lp0

w (⌫) + Lp1(⌫).



Intermediate spaces (delta-ring).  

If                                   then  

 

 

 

 

 

Nevertheless,    

1  p0 < p < p1 < 1,

(i) Lp0
w (⌫) \ Lp1

w (⌫) ✓ Lp
w(⌫) ✓ Lp0

w (⌫) + Lp1
w (⌫).

(ii) Lp0(⌫) \ Lp1(⌫) ✓ Lp(⌫) ✓ Lp0(⌫) + Lp1(⌫).

(iii) Lp0(⌫) \ Lp1
w (⌫) ✓ Lp(⌫) ✓ Lp0(⌫) + Lp1

w (⌫).

(iv) Lp0
w (⌫) \ Lp1(⌫) ✓ Lp(⌫) ✓ Lp0

w (⌫) + Lp1(⌫).

Lp0
w (⌫) \ Lp1

w (⌫) 6✓ Lp(⌫),

Lp
w(⌫) 6✓ Lp0(⌫) + Lp1(⌫).
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Locally strongly additive measure.                        

                  is said to be locally strongly additive if                                               

                                for each disjoint sequence                    

                  such that 

1) The Lebesgue measure is l.s.a. 

2)                                                       is not    

locally strongly additive. 

       

⌫ : R ! X

lim
n!1

k⌫(An)kX = 0

(An)n ✓ R k⌫k
⇣S

n�1 An

⌘
< 1.

k⌫k(A) = 1,? 6= A 2 Pf (N), k⌫k(?) = 0

⌫ : A 2 Pf (N) �! ⌫(A) := �A 2 c0



Locally strongly additive measure.                        

                  is said to be locally strongly additive if                                               

                                for each disjoint sequence                    

                  such that 

1) The Lebesgue measure is l.s.a. 

2)                                                       is not    

locally strongly additive. 

       

3) Every                   is (locally) strongly additive. 

⌫ : R ! X

lim
n!1

k⌫(An)kX = 0

(An)n ✓ R k⌫k
⇣S

n�1 An

⌘
< 1.

m : ⌃ ! X

k⌫k(A) = 1,? 6= A 2 Pf (N), k⌫k(?) = 0

⌫ : A 2 Pf (N) �! ⌫(A) := �A 2 c0
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[del Campo, Mayoral, Naranjo & AF, 2012] 

Let                             The following assertions are 

equivalent: 

1)    is locally strongly additive. 

     

⌫

1  p0 < p1 < 1.

�
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[del Campo, Mayoral, Naranjo & AF, 2012] 

Let                             The following assertions are 

equivalent: 

1)    is locally strongly additive. 

     

2)                                       for every (some) 

 

⌫

1  p0 < p1 < 1.

p0 < p < p1.

Lp0
w (⌫) \ Lp1

w (⌫) ✓ Lp(⌫)

�
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Intermediate spaces (delta-ring). 

[del Campo, Mayoral, Naranjo & AF, 2012] 

Let                             The following assertions are 

equivalent: 

1)    is locally strongly additive. 

     

2)                                       for every (some) 

 

3)                                        for every (some) 

⌫

1  p0 < p1 < 1.

p0 < p < p1.

p0 < p < p1.

Lp0
w (⌫) \ Lp1

w (⌫) ✓ Lp(⌫)

Lp
w(⌫) ✓ Lp0(⌫) + Lp1(⌫)

�
B 2 Rloc, �B 2 L1

w(⌫) ) �B 2 L1(⌫)
�
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f

⌦
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n
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⌦
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n
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��
L
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! 0

⌫ p0 < p < p1,

Lp
w(⌫) ✓ Lp0(⌫) + Lp1(⌫).

Lp
w(⌫) ✓ Lp0

w (⌫) + Lp1
w (⌫)



Gain of integrability (delta-ring).  

[del Campo, Mayoral, Naranjo & AF, 2012] 

If    is l.s.a. and                     then  

 

 

  

⌫ p0 < p < p1,

f

⌦

n

1

n

���f�[f< 1
n ]

���
L

p1
w (⌫)

! 0
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f

⌦

n

1

n

���f�[f< 1
n ]

���
L

p1
w (⌫)

! 0

f�[ 1nfn] 2 Lp0(⌫) + Lp1(⌫)

⌫ p0 < p < p1,

Lp
w(⌫) ✓ Lp0(⌫) + Lp1(⌫).

��f�[f>n]

��
L

p0
w (⌫)

! 0

Lp
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w (⌫) + Lp1
w (⌫)
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⇣
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s
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Concequence 2. If                      the space        

                is reflexive. 

[Beauzamy 1978] If                               and the 

inclusion                                is weakly compact, 

then                   is reflexive.               

[Mayoral, Naranjo, Sáez, Sánchez-Pérez & AF 2006]  

If                            then                            is 
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