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Bayesian networks

Definition

A Bayesian network is a couple (G,P), where G is a DAG
in which the nodes represent ordered random variables X =
{X1, . . . ,Xp} and the edges represent probabilistic dependencies.
P = {P(X1|pa(X1)), . . . ,P(Xp|pa(Xp))} is a set of conditional
probability distributions, where pa(Xi ) is the set of parents of node
Xi in G, pa(Xi ) ⊆ {X1, ...,Xi−1}.
The set P defines the associated joint probability distribution:

P(X) =

p∏
i=1

P(Xi |pa(Xi ))
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M.A. Gómez-Villegas, P. Main, H. Navarro y R. Susi* Local Influence in Gaussian Bayesian networks



Bayesian networks and Gaussian Bayesian networks
Objective

Prior and posterior distributions
Divergence and Sensitivity measures

Example
Conclusions

Bayesian networks
Gaussian Bayesian networks

Gaussian Bayesian networks

Definition

A Gaussian Bayesian network (GBN) is a BN where the joint prob-
ability density of X = (X1, ...,Xp)′ is a multivariate normal distribu-
tion Np(µ,Σ) with µ the p−dimensional mean vector, Σ the p × p
positive definite covariance matrix and the dependence structure is
fixed in a DAG.
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Then, for every Xi (i = 1, ..., p) given
pa(Xi ) ⊂ {X1, ...,Xi−1}

f (xi | pa(Xi )) ∼ N1(xi | µi+
i−1∑
j=1

βji (xj−µj), vi )

with µi the Xi mean, βji the regression
coefficients of Xi with respect to
Xj ∈ pa(Xi ) and vi the conditional variance
of Xi |pa(Xi )
βji = 0 if Xj is not a parent of Xi

βji βki

j
X

k
X …

…

…

i
X
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Conditional specification of the GBN

From the conditional specification it is possible to determine the
parameters of the joint distribution

µi are the elements of the p−dimensional mean vector µ

µ =

 µ1
...

µp


vi and βji are used to compute the covariance matrix Σ
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M.A. Gómez-Villegas, P. Main, H. Navarro y R. Susi* Local Influence in Gaussian Bayesian networks



Bayesian networks and Gaussian Bayesian networks
Objective

Prior and posterior distributions
Divergence and Sensitivity measures

Example
Conclusions

Bayesian networks
Gaussian Bayesian networks

Conditional specification of the GBN

From the conditional specification it is possible to determine the
parameters of the joint distribution

µi are the elements of the p−dimensional mean vector µ

µ =

 µ1
...

µp


vi and βji are used to compute the covariance matrix Σ
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Conditional specification of the GBN

Let D be a diagonal matrix
D = diag(v) with the condi-
tional variances v′ = (v1, ..., vp)

D =

 v1 0
. . .

0 vp



Let B be a strictly upper tri-
angular matrix with the regres-
sion coefficients βji where j =
1, ..., i − 1.

B =


0 β12 ... β1p

. . .

. . . βp−1p

0 0



Then,
Σ = [(I − B)−1]′D(I − B)−1
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Objective

Study uncertainty about the parameters of the conditional specifica-
tion of a GBN evaluating the effect of unknown prior hyperparame-
ters.

The Kullback–Leibler divergence is used to determine deviations of
perturbed models from the original ones and to define a local sensi-
tivity measure to compare prior and posterior deviations.
With the obtained results it is possible to decide the values to be
chosen for the hyperparameters considered.
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Interest model

The interest model is given by the conditional specification of a
GBN

Let us suppose that µ = 0
Then, the parameters to be considered are

βji with j < i and vi

B =


0 β12 ... β1p

. . .

. . . βp−1p

0 0

 V βi =


β1i

β2i
...

βi−1,i

, for i > 1

The parameters to be considered now are

{v1, βi , vi}i>1
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————————————————————

Next, we compute prior distributions, likelihood functions and pos-
terior distributions for the parameters {v1, βi , vi}i>1.

————————————————————

Orphan nodes (node/variable without parents in the DAG) are con-
sidered different from nodes with parents in the DAG.
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Nodes with parents

Let be Xi a node with a nonempty set of parents pa (Xi ) ⊂ {X1, . . . ,Xi−1},
that is, a node with parents in the DAG.
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Prior distributions

Σ−1 ∼Wp(λ, τ−1Ip)

vi ∼ IG
(
λ+i−p

2 , τ2

)
with λ > p and τ > 0

V π(vi ) ∝
exp
{
− τ

2vi

}
v
( λ+i−p

2 +1)
i

, vi > 0

βi |vi ∼ Ni−1

(
0, τ−1vi Ii−1

)
with the hyperparameter τ > 0

V π(βi |vi )
vi>0

∝
(
τ
vi

) i−1
2

exp
{
− τ

2vi
βT

i βi

}
, βi ∈ Ri−1

π(βi , vi ) = π(βi |vi )π(vi ), with βi ∈ Ri−1 and vi > 0

M.A. Gómez-Villegas, P. Main, H. Navarro y R. Susi* Local Influence in Gaussian Bayesian networks



Bayesian networks and Gaussian Bayesian networks
Objective

Prior and posterior distributions
Divergence and Sensitivity measures

Example
Conclusions

Interest model
Nodes with parents
Orphan nodes

Prior distributions

Σ−1 ∼Wp(λ, τ−1Ip)

vi ∼ IG
(
λ+i−p

2 , τ2

)
with λ > p and τ > 0

V π(vi ) ∝
exp
{
− τ

2vi

}
v
( λ+i−p

2 +1)
i

, vi > 0

βi |vi ∼ Ni−1

(
0, τ−1vi Ii−1

)
with the hyperparameter τ > 0

V π(βi |vi )
vi>0

∝
(
τ
vi

) i−1
2

exp
{
− τ

2vi
βT

i βi

}
, βi ∈ Ri−1

π(βi , vi ) = π(βi |vi )π(vi ), with βi ∈ Ri−1 and vi > 0
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Likelihood function

A random sample of size n is
observed giving the next data matrix


x11 x12 ... x1i ... x1p

x21 x22 ... x2i ... x2p
...

...
...

...
xn1 xn2 ... xni ... xnp



For the variable Xi we consider
the observations of its parents
pa (Xi )

Xpai =


x11 x12 ... x1i−1

x21 x22 ... x2i−1
...

...
...

xn1 xn2 ... xni−1


xi = (x1i , x2i , ..., xni )

T observations of Xi

Regression model:

xi = Xpaiβi + εi for i = 1, . . . , p and εi ∼ Nn(0, vi In)
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Likelihood function

L(vi , βi ; xi ,Xpai ) ∝

∝ 1

(vi )
n
2

exp
{
− 1

2v i

[
(n − (i − 1))S2

i + (βi−β̂i )
T X T

pai
Xpai (βi−β̂i )

]}
for

βi ∈ Ri−1, vi > 0

β̂i =
(

X T
pai

Xpai

)−1
X T

pai
xi

S2
i =

xT
i xi − xT

i Xpai

(
X T

pai
Xpai

)−1
X T

pai
xi

n − (i − 1)
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Posterior distribution

π(βi , vi |xiXpai ) = π(βi |vi )π(vi )L(vi , βi ; xi ,Xpai ) ∝ ...

∝ τ
i−1

2

v
λ+(i−p)+(i−1)+n

2 +1

i

exp
{
− 1

2vi

[
τ + qi + (βi − β̃i )

T Mi (βi − β̃i )
]}

with
βi ∈ Ri−1, vi > 0

Mi = τ Ii−1 + X T
pai

Xpai

β̃i = M−1
i X T

pai
xi

qi = xT
i xi − xT

i Xpai (Mi )
−1 X T

pai
xi
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Posterior distributions

It follows the posterior densities of the parameters in the model

π(vi |xiXpai ) ∝ τ
i−1

2

v
λ+(i−p)+n

2 +1

i

exp
{
− 1

2vi
(τ + qi )

}
, vi > 0

V an Inverse-Gamma distribution IG
(
λ+(i−p)+n

2 , τ+qi
2

)
π(βi |vixiXpai ) ∝ exp

{
− 1

2vi

[
(βi − β̃i )

T Mi (βi − β̃i )
]}

,

βi ∈ Ri−1

V a normal distribution Ni−1

(
β̃i , vi (Mi )

−1
)
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Orphan nodes

————————————————————

Xi is an orphan node if Xi has no parents in the DAG, therefore
there is no arc to Xi , then βji = 0 ∀j < i .

————————————————————

The parameter to be studied is only vi .
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Prior distribution and likelihood function

Prior distribution:

vi ∼ IG
(
λ+i−p

2 , τ2

)
with λ > p and τ > 0

Likelihood function:
The data are the observations of Xi , xi = (x1i , x2i , ..., xni )

T ,
then

L(vi ; xi ) ∝
1

(vi )
n
2

exp

{
− 1

2vi

[
xT
i xi

]}
, vi > 0
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Posterior distribution

Posterior distribution:

π(vi |xi ) = π(vi )L(vi ; xi ) ∝
1

v
λ+(i−p)+n

2
+1

i

exp

{
− 1

2vi

[
τ + xT

i xi

]}

V an Inverse-Gamma distribution IG
(
λ+(i−p)+n

2 ,
τ+xT

i xi

2

)
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Prior and posterior distributions
Divergence and Sensitivity measures

Example
Conclusions

Divergence measure
Sensitivity measure
Nodes with parents
Orphan nodes

Divergence measure

We compute the Kullback-Leibler (KL) divergence to evaluate the
effect of uncertainty in hyperparameters λ and τ , in terms of additive
perturbations δ ∈ R+.

Then, we compute

DKLprior = DKL(πδ(βi , vi ) | π(βi , vi ))

and

DKLposterior = DKL(πδ(βi , vi |xiXpai ) | π(βi , vi |xiXpai ))

where πδ(·) is the perturbed model obtained by adding a δ ∈ R+

perturbation to hyperparameters (λ > p, τ > 0).
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Sensitivity measure

To asses the sensitivity of the posterior to prior variations given by
small perturbations in the hyperprior parameters, we introduce a
local sensitivity measure given by

Sensi = ĺımδ→0
DKLposterior

DKLprior
= ĺımδ→0

DKL(πδ(βi ,vi |xiXpai
)|π(βi ,vi |xiXpai

))

DKL(πδ(βi ,vi )|π(βi ,vi ))
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Divergence measure
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Nodes with parents
Orphan nodes

Nodes with parents and orphan nodes

Nodes with parents

vi ∼ IG
(
λ+i−p

2 , τ2

)
with λ > p and τ > 0

βi |vi ∼ Ni−1

(
0, τ−1vi Ii−1

)
with the hyperparameter τ > 0

Orphan nodes

vi ∼ IG
(
λ+i−p

2 , τ2

)
with λ > p and τ > 0
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Prior and posterior distributions
Divergence and Sensitivity measures

Example
Conclusions

Divergence measure
Sensitivity measure
Nodes with parents
Orphan nodes

Hyperparameter perturbation λ⇒ λ + δ

KL divergence to compare prior distributions

Original model π(vi ) ∼ IG
(
λ+(i−p)

2 , τ2

)
Perturbed model πδ(vi ) ∼ IG

(
λ+δ+(i−p)

2 , τ2

)
DKLprior = DKL(πδ(βi , vi ) | π(βi , vi )) = DKL(πδ(vi ) | π(vi )) =

DKLprior =ln
Γ
(

λ+δ+(i−p)
2

)
Γ
(

λ+(i−p)
2

) − ( δ2)Ψ
(
λ+(i−p)

2

)
with Ψ (x) the digamma function
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Divergence measure
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Orphan nodes

Hyperparameter perturbation λ⇒ λ + δ

KL divergence to compare posterior distributions

Original model π(vi |xiXpai ) ∼ IG
(
λ+(i−p)+n

2 , τ+qi
2

)
Perturbed model πδ(vi |xiXpai ) ∼ IG

(
λ+δ+(i−p)+n

2 , τ+qi
2

)
DKLposterior = DKL(πδ(vi |xiXpai ) | π(vi |xiXpai )) =

DKLposterior =ln
Γ
(

λ+δ+(i−p)+n
2

)
Γ
(

λ+(i−p)+n
2

) − ( δ2)Ψ
(
λ+(i−p)+n

2

)
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Example
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Divergence measure
Sensitivity measure
Nodes with parents
Orphan nodes

Hyperparameter perturbation λ⇒ λ + δ

Sensitivity measure: Sensi (λ)

Sensi (λ) =
Ψ′
(

λ+(i−p)+n
2

)
Ψ′
(

λ+(i−p)
2

) < 1

with Ψ′ the trigamma function
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Example
Conclusions

Divergence measure
Sensitivity measure
Nodes with parents
Orphan nodes

Hyperparameter perturbation τ ⇒ τ + δ

KL divergence to compare prior distributions

Original model π(vi ) ∼ IG
(
λ+i−p

2 , τ2

)
Perturbed model πδ(vi ) ∼ IG

(
λ+i−p

2 , τ+δ
2

)
and

Original model π (βi |vi ) ∼ Ni−1

(
0, τ−1vi Ii−1

)
Perturbed model πδ (βi |vi ) ∼ Ni−1

(
0, (τ + δ)−1 vi Ii−1

)
DKLprior = DKL(πδ(βi , vi ) | π(βi , vi )) =

DKLprior =λ+(i−p)+(i−1)
2

[(
δ
τ

)
− ln

(
1 + δ

τ

)]
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Hyperparameter perturbation τ ⇒ τ + δ

KL divergence to compare posterior distributions

Original model π(vi |xiXpai ) ∼ IG
(
λ+(i−p)+n

2 , τ+qi
2

)
Perturbed model πδ(vi |xiXpai ) ∼ IG

(
λ+(i−p)+n

2 ,
τ+δ+qδ

i
2

)
with qδi = xT

i xi − xT
i Xpai

(
Mδ

i

)−1
X T

pai
xi

and
Original model π(βi |vixiXpai ) ∼ Ni−1

(
β̃i , vi (Mi )

−1
)

Perturbed model πδ(βi |vixiXpai ) ∼ Ni−1

(
β̃δi , vi

(
Mδ

i

)−1
)
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Hyperparameter perturbation τ ⇒ τ + δ

KL divergence to compare posterior distributions

DKLposterior = DKL(πδ(βi , vi |xiXpai ) | π(βi , vi |xiXpai )) =

DKLposterior = 1
2

[
ln |Mi |
|Mδ

i |
+ δtr

(
M−1

i

)
+ λ+(i−p)+n

τ+qi
δ2β̃T

i

(
Mδ

i

)−1
β̃i

]
+

+λ+(i−p)+n
2

[
− ln

(
1 +

δ+(qδ
i −qi)

τ+qi

)
+

δ+(qδ
i −qi)

τ+qi

]
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δ2β̃T

i

(
Mδ

i

)−1
β̃i

]
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+λ+(i−p)+n
2

[
− ln

(
1 +

δ+(qδ
i −qi)

τ+qi

)
+

δ+(qδ
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τ+qi
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Divergence measure
Sensitivity measure
Nodes with parents
Orphan nodes

Hyperparameter perturbation τ ⇒ τ + δ

Sensitivity measure: Sensi (τ)

Sensi (τ) = τ2

(λ+(i−p)+(i−1))

[∑i−1
k=1

1
(λk+τ)2 +λ+(i−p)+n

τ+qi
2β̃

T
i M−1

i β̃i

]
+

+ λ+(i−p)+n
λ+(i−p)+(i−1)

τ2

(τ+qi )
2

(
1 + β̃

T
i β̃i

)2
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Hyperparameter perturbation λ⇒ λ + δ

Same results than for nodes with parents
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Sensitivity measure
Nodes with parents
Orphan nodes

Hyperparameter perturbation τ ⇒ τ + δ

KL divergence to compare prior distributions

DKLprior = DKL(πδ(vi ) | π(vi )) =

DKLprior = λ+(i−p)
2

[(
δ
τ

)
− ln

(
1 + δ

τ

)]
KL divergence to compare posterior distributions

DKLposterior = DKL(πδ(vi |xi ) | π(vi |xi )) =

DKLposterior = λ+(i−p)+n
2

[
δ

τ+xT
i xi
− ln

(
1 + δ

τ+xT
i xi

)]
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M.A. Gómez-Villegas, P. Main, H. Navarro y R. Susi* Local Influence in Gaussian Bayesian networks



Bayesian networks and Gaussian Bayesian networks
Objective

Prior and posterior distributions
Divergence and Sensitivity measures

Example
Conclusions

Divergence measure
Sensitivity measure
Nodes with parents
Orphan nodes

Hyperparameter perturbation τ ⇒ τ + δ

Sensitivity measure: Sensi (τ)

Sensi (τ) = λ+(i−p)+n
λ+(i−p)

τ2

(τ+xT
i xi)

2
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GBN

Let us consider next GBN
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Hyperparameter perturbation λ → λ + δ

Sensitivity measures for different values of perturbed λ are
computed, simulating an artificial sample of size n = 1000.

λ\Xi X1 X2 X3 X4 X5 X6 X7

8 0.002 0.003 0.004 0.004 0.005 0.006 0.007
15 0.008 0.009 0.010 0.011 0.012 0.013 0.014
25 0.018 0.019 0.020 0.021 0.022 0.023 0.024
50 0.0428 0.043 0.044 0.044 0.045 0.046 0.047

150 0.125 0.126 0.127 0.128 0.128 0.129 0.129
500 0.330 0.331 0.331 0.332 0.332 0.333 0.333

1000 0.498 0.499 0.499 0.499 0.499 0.500 0.500
10000 0.909 0.909 0.909 0.909 0.909 0.909 0.909
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Hyperparameter perturbation τ → τ + δ

X6 is the most sensitive
node for all the values of
τ , then if its sensitivity
measure is restricted to
be less than one, the
rest of the nodes will be
controlled. The red zone
of recommended values
corresponds to
τ < 12,130363.
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Conclusions

In this work a sensitivity analysis to evaluate the effect of unknown
prior hyperparameters in GBN is developed.

The Kullback-Leibler divergence is used to determine deviations of
perturbed models from the original ones, both in prior and posterior
distributions.
A local sensitivity measure to compare posterior and prior behavior
to hyperparameters perturbations is proposed.
From a robust Bayesian perspective, a range of values for the hy-
perparameters satisfying our sensitivity measure less than one is de-
sirable in order to get a posterior effect to hyperparameter pertur-
bations smaller than prior.
This condition is always satisfied for the hyperparameter λ, whereas
the hyperparameter τ needs a particular analysis for each network.
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M.A. Gómez-Villegas, P. Main, H. Navarro y R. Susi* Local Influence in Gaussian Bayesian networks



Bayesian networks and Gaussian Bayesian networks
Objective

Prior and posterior distributions
Divergence and Sensitivity measures

Example
Conclusions

Bibliograf́ıa
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