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Formality of Kéhler orbifolds and Sasakian manifolds

0 Kahler and almost Kahler manifolds
e Sasakian and K-contact manifolds
e Minimal models and formality

6 Formality of Kahler orbifolds

e K-contact non-Sasakian manifolds

@ Examples of Sasakian manifolds
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Kahler manifolds and almost Kahler manifolds

Let M be a (compact) smooth manifold of dimension 2n.
An almost complex structure is a tensor J: TM — TM, J? = —id.
Nijenhuis tensor: Ny(X, Y) = [X, Y] + J[JX, Y] + J[X,JY] — [JX, JY].
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Theorem (Newlander-Niremberg)

M is a complex manifold <= N,(X,Y) = 0 for all vector fields X, Y .
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Theorem (Newlander-Niremberg)

M is a complex manifold <= N,(X,Y) = 0 for all vector fields X, Y .

Hermitian metric: h =" hydz; ® dzx
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Kahler manifolds and almost Kahler manifolds

Let M be a (compact) smooth manifold of dimension 2n.
An almost complex structure is a tensor J: TM — TM, J? = —id.
Nijenhuis tensor: Ny(X, Y) = [X, Y] + J[JX, Y] + J[X,JY] — [JX, JY].

Theorem (Newlander-Niremberg)

M is a complex manifold <= N,(X,Y) = 0 for all vector fields X, Y .

Hermitian metric: h =" hydz; ® dzx
Riemannian metric: g(u, v) = Re h(u, v)
Kahler form: w(u, v) = g(Ju, v)

w =43 hydzj A dz

Definition

M is Kahler if M is complex and dw =0 (< VJ = 0).
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Kahler manifolds and almost Kahler manifolds

Let M be a (compact) smooth manifold of dimension 2n.
An almost complex structure is a tensor J: TM — TM, J? = —id.
Nijenhuis tensor: Ny(X, Y) = [X, Y] + J[JX, Y] + J[X,JY] — [JX, JY].

Theorem (Newlander-Niremberg)

M is a complex manifold <= N,(X,Y) = 0 for all vector fields X, Y .

Hermitian metric: h =" hydz; ® dzx
Riemannian metric: g(u, v) = Re h(u, v)
Kahler form: w(u, v) = g(Ju, v)

w =43 hydzj A dz

Definition
M is Kahler if M is complex and dw =0 (< VJ = 0).

Definition

M is almost Kéahler if dw = 0 (but we do not require N, = 0).
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Topology properties of Kahler manifolds

There are (compact) almost Kéhler manifolds which do not admit a
Kéhler structure.
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Kéhler structure.

Topological reasons:

@ Fundamental groups. The fundamental groups of Kahler
manifolds are very special (K&hler groups).
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Topology properties of Kahler manifolds

There are (compact) almost Kéhler manifolds which do not admit a
Kéhler structure.

Topological reasons:

@ Fundamental groups. The fundamental groups of Kahler
manifolds are very special (K&hler groups).

@ The betti numbers by, bs, bs, . .. are even. This is a consequence
of Hodge theory HX(M,C) = @©py gk HP9(M).
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@ Fundamental groups. The fundamental groups of Kahler
manifolds are very special (K&hler groups).

@ The betti numbers by, bs, bs, . .. are even. This is a consequence
of Hodge theory HX(M,C) = @©py gk HP9(M).

@ Hard Lefschetz property. [w]* : H*K(M) — H"*K(M) is an
isomorphism for0 < k < n.
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Topology properties of Kahler manifolds

There are (compact) almost Kéhler manifolds which do not admit a
Kéhler structure.

Topological reasons:

@ Fundamental groups. The fundamental groups of Kahler
manifolds are very special (Kahler groups).

@ The betti numbers by, bs, bs, . .. are even. This is a consequence
of Hodge theory HX(M,C) = @©py gk HP9(M).

@ Hard Lefschetz property. [w]* : H?=%(M) — H™k(M) is an
isomorphism for0 < k < n.

@ Rational homotopy groups. Formality means that the groups
k(M) ® Q are determined by HX(M, Q). Kéhler manifolds are
formal (Deligne-Griffiths-Morgan-Sullivan, 1975).
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Topology properties of almost Kahler manifolds

@ Any finitely presented group can be the fundamental group of an
almost Kahler manifold (Gompf, 1994).
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Topology properties of almost Kahler manifolds

@ Any finitely presented group can be the fundamental group of an
almost Kahler manifold (Gompf, 1994).

@ The Betti numbers by, b3, bs, . .. of symplectic manifolds can be
arbitrary. The first non-Kahler symplectic manifold is a nilmanifold
(Thurston, 1976) with by = 3.
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@ Any finitely presented group can be the fundamental group of an
almost Kahler manifold (Gompf, 1994).

@ The Betti numbers by, b3, bs, . .. of symplectic manifolds can be
arbitrary. The first non-Kahler symplectic manifold is a nilmanifold
(Thurston, 1976) with by = 3. Simply-connected examples with
bz = 3 constructed via symplectic blow-up (McDuff, 1984).

@ Symplectic manifolds may not satisfy the hard Lefschetz property:
nilmanifolds, Gompf examples, McDuff examples.
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(Thurston, 1976) with by = 3. Simply-connected examples with
bz = 3 constructed via symplectic blow-up (McDuff, 1984).

@ Symplectic manifolds may not satisfy the hard Lefschetz property:
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@ There are non-formal symplectic manifolds: nilmanifolds, simply
connected examples via symplectic blow-up (Babenko-Taimanov,
2000) of dimension > 10,
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@ Any finitely presented group can be the fundamental group of an
almost Kahler manifold (Gompf, 1994).

@ The Betti numbers by, b3, bs, . .. of symplectic manifolds can be
arbitrary. The first non-Kahler symplectic manifold is a nilmanifold
(Thurston, 1976) with by = 3. Simply-connected examples with
bz = 3 constructed via symplectic blow-up (McDuff, 1984).

@ Symplectic manifolds may not satisfy the hard Lefschetz property:
nilmanifolds, Gompf examples, McDuff examples.

@ There are non-formal symplectic manifolds: nilmanifolds, simply
connected examples via symplectic blow-up (Babenko-Taimanov,
2000) of dimension > 10, simply connected examples of
dimension 8 via symplectic resolutions (Ferndndez-Mufoz, 2008),
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Topology properties of almost Kahler manifolds

@ Any finitely presented group can be the fundamental group of an
almost Kahler manifold (Gompf, 1994).

@ The Betti numbers by, b3, bs, . .. of symplectic manifolds can be
arbitrary. The first non-Kahler symplectic manifold is a nilmanifold
(Thurston, 1976) with by = 3. Simply-connected examples with
bz = 3 constructed via symplectic blow-up (McDuff, 1984).

@ Symplectic manifolds may not satisfy the hard Lefschetz property:
nilmanifolds, Gompf examples, McDuff examples.

@ There are non-formal symplectic manifolds: nilmanifolds, simply
connected examples via symplectic blow-up (Babenko-Taimanov,
2000) of dimension > 10, simply connected examples of
dimension 8 via symplectic resolutions (Ferndndez-Mufoz, 2008),
hard-Lefschetz examples (Cavalcanti, 2007), hard-Lefschetz
simply-connected examples (Cavalcanti-Fernandez-Mufoz,
2008).
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Almost contact manifolds

Let M be a (2n + 1)-dimensional manifold.
An almost contact metric structure is given by(n, &, ¢, g), where:

@ nis a 1-form, D = kern codimension one distribution
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Almost contact manifolds

Let M be a (2n + 1)-dimensional manifold.
An almost contact metric structure is given by(n, &, ¢, g), where:

@ nis a 1-form, D = kern codimension one distribution

@ ¢ is a nowhere vanishing vector field with n(¢) = 1. So
™ =D (§).
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Let M be a (2n + 1)-dimensional manifold.
An almost contact metric structure is given by(n, &, ¢, g), where:

@ nis a 1-form, D = kern codimension one distribution

@ ¢ is a nowhere vanishing vector field with n(¢) = 1. So
™ =D (§).

© ¢p:TM— TM, ¢ = —id+£@n. So ¢(€) = 0and ¢|p is an
almost-complex structure.
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Almost contact manifolds

Let M be a (2n + 1)-dimensional manifold.
An almost contact metric structure is given by(n, &, ¢, g), where:

@ nis a 1-form, D = kern codimension one distribution

@ ¢ is a nowhere vanishing vector field with n(¢) = 1. So
™ =D (§).

@ ¢:TM — TM, ¢? = —id+ £ ®@7. So ¢(¢) = 0and ¢|p is an
almost-complex structure.

@ g is a Riemannian metric with g(¢X,¢Y) = g(X,Y) — n(X)n(Y).
Thus TM = D & (¢) is orthogonal, and ¢ is isometric on D.

Vicente Mufioz (UCM) Formality and Sasakian manifolds Bilbao, July 2014 6/23



Almost contact manifolds

Let M be a (2n + 1)-dimensional manifold.
An almost contact metric structure is given by(n, &, ¢, g), where:

@ nis a 1-form, D = kern codimension one distribution

@ ¢ is a nowhere vanishing vector field with n(¢) = 1. So
™ =D (§).

@ ¢:TM — TM, ¢? = —id+ £ ®@7. So ¢(¢) = 0and ¢|p is an
almost-complex structure.

@ g is a Riemannian metric with g(¢X,¢Y) = g(X,Y) — n(X)n(Y).
Thus TM = D & (¢) is orthogonal, and ¢ is isometric on D.

Vicente Mufioz (UCM) Formality and Sasakian manifolds Bilbao, July 2014 6/23



Almost contact manifolds

Let M be a (2n + 1)-dimensional manifold.
An almost contact metric structure is given by(n, &, ¢, g), where:

@ nis a 1-form, D = kern codimension one distribution

@ ¢ is a nowhere vanishing vector field with n(¢) = 1. So
™ =D (§).

@ ¢:TM — TM, ¢? = —id+ £ ®@7. So ¢(¢) = 0and ¢|p is an
almost-complex structure.

@ g is a Riemannian metric with g(¢X,¢Y) = g(X,Y) — n(X)n(Y).
Thus TM = D & (¢) is orthogonal, and ¢ is isometric on D.

The fundamental 2-formis F(X, Y) = g(¢X,Y).
So F(¢pX,0Y)=F(X,Y)andnA F" #£ 0.
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Almost contact manifolds

Let M be a (2n + 1)-dimensional manifold.
An almost contact metric structure is given by(n, &, ¢, g), where:

@ nis a 1-form, D = kern codimension one distribution

@ ¢ is a nowhere vanishing vector field with n(¢) = 1. So
™ =D (§).

@ ¢:TM — TM, ¢? = —id+ £ ®@7. So ¢(¢) = 0and ¢|p is an
almost-complex structure.

@ g is a Riemannian metric with g(¢X,¢Y) = g(X,Y) — n(X)n(Y).
Thus TM = D & (¢) is orthogonal, and ¢ is isometric on D.

The fundamental 2-formis F(X, Y) = g(¢X,Y).
So F(¢pX,0Y)=F(X,Y)andnA F" #£ 0.

Equivalently, M is almost contact if and only if TM has a reduction of
structure group to U(n) x {1} € SO(2n+1).
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K-contact and Sasakian manifolds

The almost contact structure (n, &, ¢, g) is contact metric if F = dn (so
nis a contact form, i.e., n A (dn)” # 0).
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K-contact and Sasakian manifolds

The almost contact structure (n, &, ¢, g) is contact metric if F = dn (so
nis a contact form, i.e., n A (dn)” # 0).

@ K-contact if it is contact and ¢ is a Killing vector field, i.e., L;g = 0.
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K-contact and Sasakian manifolds

The almost contact structure (n, &, ¢, g) is contact metric if F = dn (so
nis a contact form, i.e., n A (dn)” # 0).
@ K-contact if it is contact and ¢ is a Killing vector field, i.e., L;g = 0.

@ Sasakian if it is contact and the Nijenhuis tensor N, satisfies
Ny = —dn® ¢, where
No(X,Y) = &°[X, Y]+ [6X, Y] = 66X, Y] = ¢[X, Y],
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K-contact and Sasakian manifolds

The almost contact structure (n, &, ¢, g) is contact metric if F = dn (so
nis a contact form, i.e., n A (dn)” # 0).

@ K-contact if it is contact and ¢ is a Killing vector field, i.e., Lcg = 0.
@ Sasakian if it is contact and the Nijenhuis tensor N, satisfies

Ny = —dn® ¢, where

No(X,Y) = &°[X, Y]+ [6X, Y] = 66X, Y] = ¢[X, Y],

Remark

Let X =M x R.

LetJ: TX — TX, J|p = ¢, J(§) = %.
Jisintegrable <= N, =-dn®¢&.
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K-contact and Sasakian manifolds

The almost contact structure (n, &, ¢, g) is contact metric if F = dn (so
nis a contact form, i.e., n A (dn)” # 0).
@ K-contact if it is contact and ¢ is a Killing vector field, i.e., Lcg = 0.
@ Sasakian if it is contact and the Nijenhuis tensor N, satisfies
Ny = —dn® ¢, where
Ns(X,Y) = ¢?[X, Y] + [¢X, Y] = 6[6X, Y] — 6[X, 0 Y].

Let X =M x R.

Let J: TX — TX, J|p = ¢, J(€) = £..

Jisintegrable <= N, =-dn®¢&.

(M, g) is Sasakian <= (M x R*, h = t2g + dt?) is Kahler.
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Minimal models

Rational homotopy deals with spaces up rational homotopy
equivalence, in particular, with

@ Rational homotopy groups: m»(X) ® Q.
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Minimal models

Rational homotopy deals with spaces up rational homotopy
equivalence, in particular, with

@ Rational homotopy groups: m»(X) ® Q.
@ Rational (co)homology: Hy(X,Q), H"(X, Q).
(Here, Q may be replaced by R or C)
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Minimal models

Rational homotopy deals with spaces up rational homotopy
equivalence, in particular, with

@ Rational homotopy groups: m»(X) ® Q.
@ Rational (co)homology: Hy(X,Q), H"(X, Q).
(Here, Q may be replaced by R or C)

If X is a smooth manifold, we consider the differential forms (X, d).

This is a graded-commutative differential algebra (GCDA for short).
We extract an “invariant” from it.
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Minimal models

Rational homotopy deals with spaces up rational homotopy
equivalence, in particular, with

@ Rational homotopy groups: m»(X) ® Q.

@ Rational (co)homology: Hn(X,Q), H"(X, Q).
(Here, Q may be replaced by R or C)

If X is a smooth manifold, we consider the differential forms (X, d).
This is a graded-commutative differential algebra (GCDA for short).
We extract an “invariant” from it.
Consider the equivalence relation ~ between GCDAs generated by
quasi-isomorphisms, ¢ : (Aq, d;) — (A2, ds), i.e. morphisms inducing
isomorphisms

¢ : H(A1 5 d1) — H(Ag, dg)

Then associate to (X, d) its class in (GCDAs/ ~).
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Minimal models

Minimal model

There is a canonical representative, called the minimal model, for any
(A, d). The minimal model (M, d) of (A, d) satisfies:
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Minimal models

Minimal model

There is a canonical representative, called the minimal model, for any
(A, d). The minimal model (M, d) of (A, d) satisfies:
o M = A(Xy,Xp,...)is free.
/\ means the “graded-commutative algebra freely generated by”
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o M = A(Xy,Xp,...)is free.
/\ means the “graded-commutative algebra freely generated by”
@ dx; € /\(X1,... ,X,'_1).
@ dx; contains no linear term.
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o M = A(Xy,Xp,...)is free.

/\ means the “graded-commutative algebra freely generated by”
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Minimal models

Minimal model

There is a canonical representative, called the minimal model, for any
(A, d). The minimal model (M, d) of (A, d) satisfies:

o M = A(Xy,Xp,...)is free.

/\ means the “graded-commutative algebra freely generated by”
@ dx; € /\(X1,... ,X,'_1).
@ dx; contains no linear term.

@ (M,d) — (A, d) is a quasi-isomorphism.

A minimal model (M, d) for X is a minimal model for (X, d).
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Minimal models

Minimal model

There is a canonical representative, called the minimal model, for any
(A, d). The minimal model (M, d) of (A, d) satisfies:

o M = A(Xy,Xp,...)is free.

/\ means the “graded-commutative algebra freely generated by”
@ dx; € /\(X1,... ,X,'_1).
@ dx; contains no linear term.

@ (M,d) — (A, d) is a quasi-isomorphism.

A minimal model (M, d) for X is a minimal model for (X, d).

A model for (A, d) is any GCDA (A, d’) ~ (A, d).
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Minimal models

Theorem (Sullivan, 1977)

If either X is simply-connected or X is a nilpotent space, then the
minimal model (M, d) — (QX, d) codifies the rational homotopy of
X. More specifically, Mx = AV, V =&, V", where V" is the
vector space given by the degree n generators. Then

V" (mp(X) @ R)*,

and

H(/\ V,d) = H(Q(X), d) = H"(X).
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Formality

Definition
A CDGA (A, d) is formal if (A, d) ~ (H,0).
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Formality

Definition
A CDGA (A, d) is formal if (A, d) ~ (H,0).

Clearly, itis H= H(A, d).
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Formality

Definition
A CDGA (A, d) is formal if (A, d) ~ (H,0).

Clearly, itis H = H(A, d). So there are quasi-isomorphisms

(M, d)

v h
(A, d) (H,0)
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Formality

Definition
A CDGA (A, d) is formal if (A, d) ~ (H,0).

Clearly, itis H = H(A, d). So there are quasi-isomorphisms

(M, d)

v h
(A, d) (H,0)

So the minimal model can be deduced formally from H = H(A, d).
All the information is in the cohomology algebra.
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Formality

Definition
A CDGA (A, d) is formal if (A, d) ~ (H,0).

Clearly, itis H = H(A, d). So there are quasi-isomorphisms
(M, d)

v h
(A, d) (H,0)

So the minimal model can be deduced formally from H = H(A, d).
All the information is in the cohomology algebra.

A space X is formal if (X, d) is formal.
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Massey products

There is a quick way to check non-formality.
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Massey products

There is a quick way to check non-formality.

Let aq, a0, a3 € H*(X) be cohomology classes such that a; Ua, =0
and a> U az = 0.
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Massey products

There is a quick way to check non-formality.

Let aq, a0, a3 € H*(X) be cohomology classes such that a; Ua, =0
and a, U az = 0. Take forms «; in X with a; = [«;] and write

ag Nap =d€, an Aaz =dC.
Then

d(a1 /\C— (—1)|a1|§/\a3) = (—1)‘a1|(041 Noo Nag — a1 N\ oo /\013) =0.
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Massey products

There is a quick way to check non-formality.
Let aq, a0, a3 € H*(X) be cohomology classes such that a; Ua, =0
and a, U az = 0. Take forms «; in X with a; = [«;] and write

ag Nap =d€, an Aaz =dC.

Then

d(a1 /\C— (—1)|a1|§/\a3) = (—1)‘a1|(041 Noo Nag — a1 N\ oo /\013) =0.

The Massey product of the classes a; is defined as

(@1, a2, @) = {[as A ¢ = (1)1 A ag]} € HA(X)
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Massey products

There is a quick way to check non-formality.
Let aq, a0, a3 € H*(X) be cohomology classes such that a; Ua, =0
and a, U az = 0. Take forms «; in X with a; = [«;] and write

ag Nap =d€, an Aaz =dC.

Then

d(a1 /\C— (—1)|a1|§/\a3) = (—1)‘a1|(041 Noo Nag — a1 N\ oo /\013) =0.

The Massey product of the classes a; is defined as
(a1, ap, as) = {[o1 A ¢ — (—1)1#1¢ A ag]} € HA(X)

If 0 & (ay, ap, az) then X is non-formal.
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Higher Massey products

The Massey product (ay, &, ..., &), a € H&l(X),1 <i<t t>3,is
defined as follows.
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Higher Massey products

The Massey product (ay, a, .
defined as follows.

Choose o € A inductively, for i < j, (i,j) # (1, 1), with
@ ay = [aq1], a2 = [azg], - -

a), a e HaAl(X),1<i<tt>3is
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Higher Massey products

The Massey product (ay, a, .
defined as follows.

Choose o € A inductively, for i < j, (i,j) # (1, 1), with
@ ay = [aq1], a2 = [azg], - -

@ daip = (—1)1lagy A agg, dagg = (—1)1°22lagy A ass,

a), a e HaAl(X),1<i<tt>3is
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Higher Massey products

The Massey product (ay, a, .
defined as follows.

Choose o € A inductively, for i < j, (i,j) # (1, 1), with
@ ay = [aq1], @ =[], ...
@ dayp = (—1)llayy A age, dagg = (—1)1%22lags A ass,
@ dajz = (—1)1lagy A aog + (—1)*2lags A agg, ...

a), a e HaAl(X),1<i<tt>3is
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Higher Massey products

The Massey product (ay, &, ..., &), a € H&l(X),1 <i<t t>3,is
defined as follows.

Choose o € A inductively, for i < j, (i,j) # (1, 1), with
@ ay = [an],a = [az)], . ..
@ daqo = (—1)‘“”'0&11 A o, daog = (—1)'0‘22'&22 N azs, ...
@ dayg = (—1)‘“”'0&11 N o3 + (—1)'0‘12'&12 AN 7 .
o das = (—1)l*lagg Aags+(—1)* 2l g naga+(—1)*0laggna, . ..
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Higher Massey products

The Massey product (ay, &, ..., &), a € H&l(X),1 <i<t t>3,is
defined as follows.

Choose o € A inductively, for i < j, (i,j) # (1, 1), with
@ ay = [an],a = [az)], . ..
@ daqo = (—1)‘“”'0&11 A o, daog = (—1)'0‘22'&22 N azs, ...
@ dayg = (—1)‘“”'0&11 N o3 + (—1)'0‘12'&12 AN 7 .
o das = (—1)l*lagg Aags+(—1)* 2l g naga+(—1)*0laggna, . ..
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Higher Massey products

The Massey product (ay, a, .
defined as follows.

Choose o € A inductively, for i < j, (i,j) # (1, 1), with
@ ay = [aq1], @ =[], ...
@ dayp = (—1)llayy A age, dagg = (—1)1%22lags A ass,
@ dajz = (—1)1lagy A aog + (—1)*2lags A agg, ...

@ daqs = (—1)‘“1”0411/\a24+(—1)|O‘12|a12/\a34+(—1)|a13|a13/\a44,
The Massey product is

t1
(a1,az,...,ar) = { [Z(_1)Ia1k|a1k A 04k+17t] } C HialHal=(t=2)(x)
P

We say that the Massey product is trivial if 0 € (ay, ap,

a), a e HaAl(X),1<i<tt>3is

..,at).
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Higher Massey products

The Massey product (ay, a, .
defined as follows.

Choose o € A inductively, for i < j, (i,j) # (1, 1), with
@ ay = [aq4], a2 = [a2], . ..
® daqp = (—1)l*1lags A ago, dagg = (—1)1°22lags A ass,
@ dayz = (—1)‘“”'0&11 N a3 + (—1)'0‘12'(112 N azs, ...

@ daqs = (—1)‘“1”0411/\a24+(—1)|O‘12|a12/\0z34+(—1)|O‘13|a13/\a44,
The Massey product is

t1
(a1,az,...,ar) = { [Z(_1)Ia1k|a1k A 04k+17t] } C HialHal=(t=2)(x)
P

We say that the Massey product is trivial if 0 € (ay, ap,

a), a e HaAl(X),1<i<tt>3is

..,at).

If X is formal then all (higher) Massey products of (AVx, d) are zero.
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Orbifolds

Definition

An orbifold X is a topological space with charts (U, u,r, ©) where
rc GL( R) is a finite group, U C R"is invariant under ', U C X,
QY U —s Uis a M-invariant map with U/F =, Uan homeomorphism.
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QY U —s Uis a M-invariant map with U/F =, Uan homeomorphism.
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Orbifolds

Definition

An orbifold X is a topological space with charts (U, u,r, ©) where
rc GL( R) is a finite group, U C R"is invariant under ', U C X,

QY U —s Uis a M-invariant map with U/F =, Uan homeomorphism.

QP

orb

(X) denote the orbifold p-forms on X.
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Orbifolds

Definition

An orbifold X is a topological space with charts (U, u,r, ©) where
rc GL( R) is a finite group, U C R"is invariant under ', U C X,
QY U —s Uis a M-invariant map with U/F =, Uan homeomorphism.

QP (X) denote the orbifold p-forms on X.

Fix a Riemannian (orbifold) metric. The complex

d

Q (X) —> Qorb(X) ‘> Qorb(X) . —> Qorb(X)

orb

is elliptic.
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Orbifolds

Definition

An orbifold X is a topological space with charts (U, u,r, ©) where
rc GL( R) is a finite group, U C R"is invariant under ', U C X,

QY U —s Uis a M-invariant map with U/F =, Uan homeomorphism.

QP (X) denote the orbifold p-forms on X.

Fix a Riemannian (orbifold) metric. The complex

d

Q (X) —> Qorb(X) ‘> Qorb(X) . —> Qorb(X)

orb
is elliptic. There is a Hodge isomorphism

Hk(X) = HK(X) - ker(A Qorb(X) — Qorb(X))a
where A = dd* + d*d.
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Complex orbifolds

Definition

A complex orbifold is an orbifold X whose charts are of the form
(U,U,T, ), where U ¢ C"and T c GL(n,C).
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Complex orbifolds

Definition

A complex orbifold is an orbifold X whose charts are of the form
(U,U,T, ), where U ¢ C"and T c GL(n,C).
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Complex orbifolds

Definition

A complex orbifold is an orbifold X whose charts are of the form
(U,U,T, ), where U ¢ C"and T c GL(n,C).

QP9(X) are the orbifold (p, gq)-forms, d = 9 + 9, where

orb /-

9 : QPI(X) — QPETI(X), D : Q2I(X) — QPIT(X).

orb orb
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Complex orbifolds

Definition

A complex orbifold is an orbifold X whose charts are of the form
(U,U,T, ), where U ¢ C"and T c GL(n,C).

Qb7(X) are the orbifold (p, g)-forms, d = 9 + 9, where
8 QPAX) — QPETA(X), D - QPI(X) — QRITT(X).

The (orbifold) Dolbeault cohomology of X is

HPA(X) = ker(D : Q2I(X) — Q291 (X)) /02971 (X)).

orb
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Complex orbifolds

Definition

A complex orbifold is an orbifold X whose charts are of the form
(U,U,T,p), where U c C"and I c GL(n,C).

Qb7(X) are the orbifold (p, g)-forms, d = 9 + 9, where

9 QRI(X) — QPEII(X), D - QPI(X) — QPIF(X).

orb orb

The (orbifold) Dolbeault cohomology of X is

HPA(X) = ker(D : Q2I(X) — Q291 (X)) /02971 (X)).

orb orb

Definition

A hermitian metric h has associated fundamental form w € QL1 (X).
We say that (X, J, h) is a Kahler orbifold if dw = 0.
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Complex orbifolds

Definition

A complex orbifold is an orbifold X whose charts are of the form
(U, U,T, ), where U ¢ C"and T c GL(n,C).

QP9(X) are the orbifold (p, gq)-forms, d = 9 + 9, where

orb
9+ QPI(X) — QPEII(X), T 1 QPI(X) — QPITI(X).

The (orbifold) Dolbeault cohomology of X is

HPA(X) = ker(D : Q2I(X) — Q291 (X)) /02971 (X)).

orb orb

A hermitian metric h has associated fundamental form w € QL1 (X).
We say that (X, J, h) is a Kéhler orbifold if dw = 0.

v

Theorem
For a (compact) Kahler orbifold, A = 2Ay. Therefore
H(X) = Bpyqar HPI(X).
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Lemma (09-lemma)
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Lemma (09-lemma)
Q@ Takea € Q(X) withda = 0. If o = O for some 3, then there

orb

exists ¢ such that « = 90.
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Lemma (09-lemma)
Q@ Takea € Q(X) withda = 0. If o = O for some 3, then there

orb

exists ¢ such that « = 90.
Q Take o € Q0Y(X) withda = 0. If e = O3 for some 3, then there

orb

exists i such that « = 00.
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Lemma (09-lemma)
Q@ Take a € Q0)(X) withda = 0. If o = 93 for some 3, then there

orb

exists v such that a = 00%.
Q Takea c QPI(X) with ég = 0. Ifa

orb

exists i such that « = 00.

0p for some 3, then there

Proof.

Let G = Gz be the Green operator, let H : Qop(X) — H(X) projection
onto the harmonic forms.

v
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Lemma (09-lemma)
Q@ Take a € Q0)(X) withda = 0. If o = 93 for some 3, then there

orb

exists v such that a = 00%.
Q Takea c QPI(X) with ég = 0. Ifa

orb

exists i such that « = 00.

0p for some 3, then there

Proof.

Let G = Gz be the Green operator, let H : Qop(X) — H(X) projection
onto the harmonic forms.

v
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Lemma (09-lemma)
Q@ Take a € Q0)(X) withda = 0. If o = 93 for some 3, then there

orb

exists v such that a = 00%.
Q Takea c QPI(X) with ég = 0. Ifa

orb

exists i such that « = 00.

0p for some 3, then there

Proof.
Let G = Gz be the Green operator, let H : Qop(X) — H(X) projection

onto the harmonic forms.
a = Ha + A5Ga = Ha + 90 Ga + 9 0Ga

v
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Lemma (09-lemma)
Q@ Take a € Q0)(X) withda = 0. If o = 93 for some 3, then there

orb

exists v such that a = 00%.
Q Takea € Q(X) withda = 0. If o = O for some 3, then there

orb

exists i such that « = 00.

Proof.
Let G = Gz be the Green operator, let H : Qop(X) — H(X) projection
onto the harmonic forms.

a = Ha + A5Ga = Ha + 00 Ga+ 909G

a =08 = Ha =0 and 0Ga = Goa = 0.

v
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Lemma (09-lemma)
Q@ Take a € Q0)(X) withda = 0. If o = 93 for some 3, then there

orb

exists v such that a = 00%.
Q Takea € Q(X) withda = 0. If o = O for some 3, then there

orb
exists i such that « = 00.

Proof.
Let G = Gz be the Green operator, let H : Qop(X) — H(X) projection
onto the harmonic forms.

a = Ha + A5Ga = Ha + 08 Ga+ 0 G

a =08 — Ha =0 and 0Ga = Goa = 0.

Hence o = 99 Ga = dG(9 a).

v
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Lemma (09-lemma)
Q@ Take a € Q0)(X) withda = 0. If o = 93 for some 3, then there

orb

exists v such that a = 00%.
Q Takea c QPI(X) with ég = 0. Ifa

orb
exists i such that « = 00.

0p for some 3, then there

Proof.
Let G = Gz be the Green operator, let H : Qop(X) — H(X) projection
onto the harmonic forms.

a = Ha + A5Ga = Ha + 08 Ga+ 0 G

a =08 = Ha =0 and 0Ga = Goa = 0.

Hence a = 90 Ga = 9G(d a).

" = v—=1[A, 9], where A = L* and L,(3) = wA

v
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Lemma (09-lemma)
Q Take o € QLJ(X) withda = 0. Ifa = OB for some S, then there
exists ¢ such that o« = 901.

Q Takea € QbJ(X) withda = 0. Ifa
exists 1) such that « = 001).

0p for some 3, then there

Proof
Let G = G5 be the Green operator, let H : Qo5(X) (X) projection
onto the harmonic forms.
a = Ha + A5Ga = Ha + 08 Ga+ 0 G
a =08 = Ha =0 and 0Ga = Goa = 0.
Hence o =09 Ga = 0G(D ).

= V—1][A, 0], where A = L and L,(8) = wA B
8a—O:>8a— \/78/\(1
— a = IG(—V/—10Aa) = 00(vV/—1 GAa).

>
Q

1

X

X

Ol

v
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Let M be a (compact) Kéhler orbifold. Then M is formal.
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Let M be a (compact) Kéhler orbifold. Then M is formal.
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Let M be a (compact) Kéhler orbifold. Then M is formal.

Q : (ker9,d) — (2, (X), d) is a quasi-isomorphism.

orb

Surjectivity: take o € QP7(X) with da = 0.

orb

Vicente Mufioz (UCM) Formality and Sasakian manifolds Bilbao, July 2014 17 /23



Let M be a (compact) Kéhler orbifold. Then M is formal.

Q : (ker9,d) — (2, (X), d) is a quasi-isomorphism.

orb

Surjectivity: take o € QP7(X) with da = 0.

orb
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Let M be a (compact) Kéhler orbifold. Then M is formal.

Q : (ker9,d) — (2, (X), d) is a quasi-isomorphism.

orb

Surjectivity: take o € Q°7(X) with da. = 0.Then da = 0 and

orb

da = 0. So a € kerd and 1*[a] = [a].
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Let M be a (compact) Kéhler orbifold. Then M is formal.

Q : (ker9,d) — (2, (X), d) is a quasi-isomorphism.

orb

Surjectivity: take o € Q°7(X) with da. = 0.Then da = 0 and

orb

da = 0. So a € kerd and 1*[a] = [a].
Injectivity: take o € kerd with +*[a] = 0.
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Let M be a (compact) Kéhler orbifold. Then M is formal.

Q : (ker9,d) — (2, (X), d) is a quasi-isomorphism.

orb
Surjectivity: take a € Q57(X) with da: = 0.Then da = 0 and
da = 0. So a € kerd and 1*[a] = [a]. 3

Injectivity: take o € kerd with +*[a] = 0. Then 0o = 0 and

o = dg, for some 8
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Let M be a (compact) Kéhler orbifold. Then M is formal.

Q : (ker9,d) — (2, (X), d) is a quasi-isomorphism.

orb
Surjectivity: take a € Q57(X) with da: = 0.Then da = 0 and
da = 0. So a € kerd and 1*[a] = [a]. 3

Injectivity: take o € kerd with +*[a] = 0. Then 0o = 0 and

a = dp,forsome 8 = a = 98+ 0p
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Let M be a (compact) Kéhler orbifold. Then M is formal.

Q :: (kerd,d) — (Q,,(X), d) is a quasi-isomorphism.
Surjectivity: take a € Q57(X) with da: = 0.Then da = 0 and
Jda = 0. So o € kerd and «*[a] = [a].

Injectivity: take o € ker d with 2*[a] = 0. Then da = 0 and
a = dj,forsome 3 = a = 9B+ 9B = 9(9B) = 0.
By the 90-lemma, 058 = 0 for some ).
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Let M be a (compact) Kéhler orbifold. Then M is formal.

Q : (ker9,d) — (2, (X), d) is a quasi-isomorphism.

orb

Surjectivity: take a € Q57(X) with da: = 0.Then da = 0 and
da = 0. So a € kerd and +*[a] = [a].

Injectivity: take o € ker d with 2*[a] = 0. Then da = 0 and
a = dj,forsome 3 = a = 9B+ 9B = 9(9B) = 0.

By the 90-lemma, 95 = 9dv for some . Hence

a = 0B+080y = (B — O — ), with B — O — D € ker d.
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Let M be a (compact) Kéhler orbifold. Then M is formal.

Q : (ker9,d) — (2, (X), d) is a quasi-isomorphism.

orb

Surjectivity: take a € Q57(X) with da: = 0.Then da = 0 and
Jda = 0. So o € kerd and «*[a] = [a].
Injectivity: take o € ker d with 2*[a] = 0. Then da = 0 and
a = dj,forsome 3 = a = 9B+ 9B = 9(9B) = 0.
By the 90-lemma, 95 = 9dv for some . Hence
a = 9B+ = (B — O — D), with B — Ay — Db € ker d.
Q H: (kerd,0) — (H5(X),0)is a quasi-isomorphism.
Injectivity: Let o € kerd nkerd. Then

3o = V=[N, 8la = —/—18(Aa).
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Let M be a (compact) Kéhler orbifold. Then M is formal.

Q : (ker9,d) — (2, (X), d) is a quasi-isomorphism.

orb

Surjectivity: take a € Q57(X) with da: = 0.Then da = 0 and
Jda = 0. So o € kerd and «*[a] = [a].
Injectivity: take o € ker d with 2*[a] = 0. Then da = 0 and
a = dj,forsome 3 = a = 9B+ 9B = 9(9B) = 0.
By the 90-lemma, 95 = 9dv for some . Hence
a = 9B+ = (B — O — D), with B — Ay — Db € ker d.
Q H: (kerd,0) — (H5(X),0)is a quasi-isomorphism.
Injectivity: Let o € kerd nkerd. Then

3o = V=[N, 8la = —/—18(Aa).
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Let M be a (compact) Kéhler orbifold. Then M is formal.

Q : (ker9,d) — (2, (X), d) is a quasi-isomorphism.

orb

Surjectivity: take a € Q57(X) with da: = 0.Then da = 0 and
Jda = 0. So o € kerd and «*[a] = [a].
Injectivity: take o € ker d with 2*[a] = 0. Then da = 0 and
a = dj,forsome 3 = a = 9B+ 9B = 9(9B) = 0.
By the 90-lemma, 95 = 9dv for some . Hence
a = 9B+ = (B — O — D), with B — Ay — Db € ker d.
Q H: (kerd,0) — (H5(X),0)is a quasi-isomorphism.
Injectivity: Let o € kerd nkerd. Then
3o = V=1[A,0la = —vV/—18(Ac).
Soa = Ha+ G083 a+ 9 da) = Ha — v/—1GId(Aa).
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Let M be a (compact) Kéhler orbifold. Then M is formal.

Q : (ker9,d) — (2, (X), d) is a quasi-isomorphism.

orb

Surjectivity: take a € Q57(X) with da: = 0.Then da = 0 and
Jda = 0. So o € kerd and «*[a] = [a].
Injectivity: take o € ker d with 2*[a] = 0. Then da = 0 and
a = dj,forsome 3 = a = 9B+ 9B = 9(9B) = 0.
By the 90-lemma, 95 = 9dv for some . Hence
a = 9B+ = (B — O — D), with B — Ay — Db € ker d.
Q H: (kerd,0) — (H5(X),0)is a quasi-isomorphism.
Injectivity: Let o € kerd nkerd. Then
3o = V=1[A,0la = —vV/—18(Ac).
Soa = Ha+ G083 a+ 9 da) = Ha — v/—1GId(Aa).
If Ho = 0, then a = 9(dv), with 9+ € ker d.
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Let M be a (compact) Kéhler orbifold. Then M is formal.

Q :: (kerd,d) — (Q,,(X), d) is a quasi-isomorphism.

Surjectivity: take a € Q57(X) with da: = 0.Then da = 0 and
Jda = 0. So o € kerd and «*[a] = [a].
Injectivity: take o € ker d with 2*[a] = 0. Then da = 0 and
a = dj,forsome 3 = a = 9B+ 9B = 9(9B) = 0.
By the 90-lemma, 95 = 9dv for some . Hence
a = 9B+ = (B — O — D), with B — Ay — Db € ker d.
Q H: (kerd,0) — (H5(X),0)is a quasi-isomorphism.
Injectivity: Let o € kerd nkerd. Then
3o = V=1[A,0la = —vV/—18(Ac).
Soa = Ha+ G083 a+ 9 da) = Ha — v/—1GId(Aa).
If Ho = 0, then a = 9(dv), with 9+ € ker d.
Surjectivity: Take a harmonic. Since A = 2A5, da = 0.
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Let M be a (compact) Kéhler orbifold. Then M is formal.

Q : (ker9,d) — (2, (X), d) is a quasi-isomorphism.

orb

Surjectivity: take a € Q57(X) with da: = 0.Then da = 0 and
Jda = 0. So o € kerd and «*[a] = [a].
Injectivity: take o € ker d with 2*[a] = 0. Then da = 0 and
a = dj,forsome 3 = a = 9B+ 9B = 9(9B) = 0.
By the 90-lemma, 95 = 9dv for some . Hence
a = 9B+ = (B — O — D), with B — Ay — Db € ker d.
Q H: (kerd,0) — (H5(X),0)is a quasi-isomorphism.
Injectivity: Let o € kerd nkerd. Then
3o = V=1[A,0la = —vV/—18(Ac).
Soa = Ha+ G083 a+ 9 da) = Ha — v/—1GId(Aa).
If Ho = 0, then a = 9(dv), with 9+ € ker d.
Surjectivity: Take a harmonic. Since A = 2A5, da = 0. So
OJa = 0,0a = 0and H([a]) = a.
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Quasi-regularity

A Sasakian structure on M is quasi-regular if the orbits of the flow of £
are circles.
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Quasi-regularity

A Sasakian structure on M is quasi-regular if the orbits of the flow of £
are circles.

This means that the flow of ¢ is given as S' x M — M.
So S' < M — N, where N is a (compact) Kéhler orbifold.
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Quasi-regularity

A Sasakian structure on M is quasi-regular if the orbits of the flow of £
are circles.

This means that the flow of ¢ is given as S' x M — M.

So S' < M — N, where N is a (compact) Kéhler orbifold.

The bundle has Euler class [w] € H2, (M, Z), with contact form 7 such
that dn = 7*(w), where w is an orbifold K&hler form.
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Quasi-regularity

A Sasakian structure on M is quasi-regular if the orbits of the flow of £
are circles.

This means that the flow of ¢ is given as S' x M — M.

So S' < M — N, where N is a (compact) Kéhler orbifold.

The bundle has Euler class [w] € H2, (M, Z), with contact form 7 such
that dn = 7*(w), where w is an orbifold K&hler form.

Proposition

If M is a (compact) Sasakian manifold, then it admits also a
quasi-regular Sasakian structure.
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Quasi-regularity

A Sasakian structure on M is quasi-regular if the orbits of the flow of £
are circles.

This means that the flow of ¢ is given as S' x M — M.

So S' < M — N, where N is a (compact) Kéhler orbifold.

The bundle has Euler class [w] € H2, (M, Z), with contact form 7 such
that dn = 7*(w), where w is an orbifold K&hler form.

If M is a (compact) Sasakian manifold, then it admits also a
quasi-regular Sasakian structure.

K-contact manifolds

If M is a K-contact manifold, then S' < M — N, where N is a
compact symplectic orbifold.
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Let M be a simply connected compact Sasakian manifold. Then the
higher order (r > 4) Massey products for M are zero.
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Let M be a simply connected compact Sasakian manifold. Then the
higher order (r > 4) Massey products for M are zero.

| A,

Proof.

M admits a Sasakian structure =—- M admits a quasiregular Sasakian
structure
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structure

Vicente Mufioz (UCM) Formality and Sasakian manifolds Bilbao, July 2014 19/23



Let M be a simply connected compact Sasakian manifold. Then the
higher order (r > 4) Massey products for M are zero.

| A,

Proof.

M admits a Sasakian structure =—- M admits a quasiregular Sasakian
structure = M is a S'-bundle over a Kahler orbifold S — M — N.
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Let M be a simply connected compact Sasakian manifold. Then the
higher order (r > 4) Massey products for M are zero.

| A,

Proof.

M admits a Sasakian structure =—- M admits a quasiregular Sasakian
structure = M is a S'-bundle over a Kahler orbifold S — M — N.
N is formal, i.e., a model for Nis (H = H*(N),0).
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Let M be a simply connected compact Sasakian manifold. Then the
higher order (r > 4) Massey products for M are zero.

Proof.
M admits a Sasakian structure =—- M admits a quasiregular Sasakian
structure = M is a S'-bundle over a Kahler orbifold S — M — N.
N is formal, i.e., a model for Nis (H = H*(N),0).
A model for M is H® A(x), with |x| = 1, dx = w.

| A,
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Let M be a simply connected compact Sasakian manifold. Then the
higher order (r > 4) Massey products for M are zero.

Proof.

M admits a Sasakian structure =—- M admits a quasiregular Sasakian
structure = M is a S'-bundle over a Kahler orbifold S — M — N.
N is formal, i.e., a model for Nis (H = H*(N),0).

A model for M is H® A(x), with |x| = 1, dx = w.

Let a; = [aj], witha; € H® A\(x), 1 < i< r. Take §ii = aj.

| A,
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Let M be a simply connected compact Sasakian manifold. Then the
higher order (r > 4) Massey products for M are zero.

Proof.

M admits a Sasakian structure =—- M admits a quasiregular Sasakian
structure = M is a S'-bundle over a Kahler orbifold S — M — N.
N is formal, i.e., a model for Nis (H = H*(N),0).

A model for M is H® A(x), with |x| = 1, dx = w.

Let a; = [aj], witha; € H® A\(x), 1 < i< r. Take §ii = aj.

Q Qj - Qjgq{ = df,",'_H. As d(H) = 0, we can take gi,i+1 e H-x.

| .
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Let M be a simply connected compact Sasakian manifold. Then the
higher order (r > 4) Massey products for M are zero.

Proof.

M admits a Sasakian structure =—- M admits a quasiregular Sasakian
structure = M is a S'-bundle over a Kahler orbifold S — M — N.
N is formal, i.e., a model for Nis (H = H*(N),0).

A model for M is H® A(x), with |x| = 1, dx = w.

Let a; = [aj], witha; € H® A\(x), 1 < i< r. Take §ii = aj.

Q Qj - Qjgq{ = d&,",'_H. As d(H) = 0, we can take gi,i+1 e H-x.

Q (—1)Iowilg; ;- &y v + (—1)1611g; 111 - &iyaiy2 s @ multiple of x. As
it is exact then it must be zero, because d(H ® A(x)) € H. Hence
fi,i+2 = 0 for all /.
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Let M be a simply connected compact Sasakian manifold. Then the
higher order (r > 4) Massey products for M are zero.

Proof.

M admits a Sasakian structure =—- M admits a quasiregular Sasakian
structure = M is a S'-bundle over a Kahler orbifold S — M — N.
N is formal, i.e., a model for Nis (H = H*(N),0).

A model for M is H® A(x), with |x| = 1, dx = w.

Let a; = [aj], witha; € H® A\(x), 1 < i< r. Take §ii = aj.

Q Qj - Qjgq{ = d&,",'_H. As d(H) = 0, we can take gi,i+1 e H-x.

Q (—1)Iowilg; ;- &y v + (—1)1611g; 111 - &iyaiy2 s @ multiple of x. As
it is exact then it must be zero, because d(H ® A(x)) € H. Hence
fi,i+2 = 0 for all /.
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Let M be a simply connected compact Sasakian manifold. Then the
higher order (r > 4) Massey products for M are zero.

Proof.

M admits a Sasakian structure =—- M admits a quasiregular Sasakian
structure = M is a S'-bundle over a Kahler orbifold S — M — N.
N is formal, i.e., a model for Nis (H = H*(N),0).

A model for M is H® A(x), with |x| = 1, dx = w.

Let a; = [aj], witha; € H® A\(x), 1 < i< r. Take §ii = aj.

Q Qj - Qjgq{ = d&,",'_H. As d(H) = 0, we can take gi,i+1 e H-x.

Q (—1)Eulg ;- &y ipa + (—1)111g 111 - Eiyp ir2 is @ multiple of x. As
it is exact then it must be zero, because d(H ® A(x)) € H. Hence
&iive = O for all i. Inductively, §; ;= 0forj — i > 2.

Vicente Mufioz (UCM) Formality and Sasakian manifolds Bilbao, July 2014 19/23



Let M be a simply connected compact Sasakian manifold. Then the
higher order (r > 4) Massey products for M are zero.

Proof.

M admits a Sasakian structure =—- M admits a quasiregular Sasakian
structure = M is a S'-bundle over a Kahler orbifold S — M — N.
N is formal, i.e., a model for Nis (H = H*(N),0).

A model for M is H® A(x), with |x| = 1, dx = w.

Let a; = [aj], witha; € H® A\(x), 1 < i< r. Take §ii = aj.

Q Qj - Qjgq{ = d&,",'_H. As d(H) = 0, we can take gi,i+1 e H-x.

Q (—1)Eulg ;- &y ipa + (—1)111g 111 - Eiyp ir2 is @ multiple of x. As
it is exact then it must be zero, because d(H ® A(x)) € H. Hence
&iive = O for all i. Inductively, §; ;= 0forj — i > 2.

@ Forr>5, 3323 (—1)klgy - &y = O
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Let M be a simply connected compact Sasakian manifold. Then the
higher order (r > 4) Massey products for M are zero.

Proof.

M admits a Sasakian structure =—- M admits a quasiregular Sasakian
structure = M is a S'-bundle over a Kahler orbifold S — M — N.
N is formal, i.e., a model for Nis (H = H*(N),0).

A model for M is H® A(x), with |x| = 1, dx = w.

Let a; = [aj], witha; € H® A\(x), 1 < i< r. Take §ii = aj.

Q Qj - Qjgq{ = d&,",'_H. As d(H) = 0, we can take gi,i+1 e H-x.

Q (—1)Eulg ;- &y ipa + (—1)111g 111 - Eiyp ir2 is @ multiple of x. As
it is exact then it must be zero, because d(H ® A(x)) € H. Hence
&iive = O for all i. Inductively, §; ;= 0forj — i > 2.

@ For r > 5, Sl (—1)l6klgy j - Ekyr,r = 0.
@ Forr =4, S0 (= 1)ékley - i, = (—1)r2lg 5654 = 0.
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K-contact non-Sasakian manifolds

Let M be a simply connected compact symplectic manifold of
dimension 2k with an integral symplectic form w. Suppose that there is
a non-trivial quadruple Massey product in H*(M). There exists a
sphere bundle S?™*' — E — M, form+1 > k, such that E is
K-contact, but E does not admit any Sasakian structure.
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K-contact non-Sasakian manifolds

Let M be a simply connected compact symplectic manifold of
dimension 2k with an integral symplectic form w. Suppose that there is
a non-trivial quadruple Massey product in H*(M). There exists a
sphere bundle S?™*' — E — M, form+1 > k, such that E is
K-contact, but E does not admit any Sasakian structure.

Proof.

Let S' — P — M be the principal S'-bundle corresponding to
W] € H3(M, Z,).
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K-contact non-Sasakian manifolds

Let M be a simply connected compact symplectic manifold of
dimension 2k with an integral symplectic form w. Suppose that there is
a non-trivial quadruple Massey product in H*(M). There exists a
sphere bundle S?™*' — E — M, form+1 > k, such that E is
K-contact, but E does not admit any Sasakian structure.

Proof.

Let S' — P — M be the principal S'-bundle corresponding to

[w] € H3(M, Z). Consider the associated S?™+'-bundle

Sl 5 E = P xg S2™71 — M. Using the K-contact structure of
S2m+1 one can construct a K-contact structure on E.
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K-contact non-Sasakian manifolds

Let M be a simply connected compact symplectic manifold of
dimension 2k with an integral symplectic form w. Suppose that there is
a non-trivial quadruple Massey product in H*(M). There exists a
sphere bundle S?™*' — E — M, form+1 > k, such that E is
K-contact, but E does not admit any Sasakian structure.

Let S' — P — M be the principal S'-bundle corresponding to

[w] € H3(M, Z). Consider the associated S?™+'-bundle

S2mtl . E = P xg S2™1 5 M. Using the K-contact structure of
S2m+1 one can construct a K-contact structure on E.

The model for E is (A Vu ® A(2), D), where z has degree 2m + 1.
Since 2m+2 > 2k = dmM, D(z) = 0.
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K-contact non-Sasakian manifolds

Let M be a simply connected compact symplectic manifold of
dimension 2k with an integral symplectic form w. Suppose that there is
a non-trivial quadruple Massey product in H*(M). There exists a
sphere bundle S?™*' — E — M, form+1 > k, such that E is
K-contact, but E does not admit any Sasakian structure.

Let S' — P — M be the principal S'-bundle corresponding to

[w] € H3(M, Z). Consider the associated S?™+'-bundle

S2mtl . E = P xg S2™1 5 M. Using the K-contact structure of
S2m+1 one can construct a K-contact structure on E.

The model for E is (A Vu ® A(2), D), where z has degree 2m + 1.
Since 2m+2 > 2k = dmM, D(z) = 0.

Then a non-zero quadruple Massey product for M gives a non-zero
quadruple Massey product for E. Therefore E is not Sasakian. O
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K-contact non-Sasakian manifolds

Using an 8-dimensional simply connected compact symplectic
manifold M with a non-zero quadruple Massey product
(Fernandez-Munoz, 2008), one gets a 17-dimensional K-contact
non-Sasakian simply connected compact manifold.

It would be desirable to construct lower dimensional examples.
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Examples of Sasakian manifolds

@ Not simply connected and not formal. Consider M the circle
bundle over T2. Then the minimal model is A (X1, X2, X3), with
|xj| =1, dxy = dxo = 0, dx3 = x1X2. Then the Massey product
(Il [x1]; [x2]) = {[x1Xs]} is non-zero.
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Examples of Sasakian manifolds

@ Not simply connected and not formal. Consider M the circle
bundle over T2. Then the minimal model is A (X1, X2, X3), with
|xj| =1, dxy = dxo = 0, dx3 = x1X2. Then the Massey product
(x1], [x1], [x2]) = {[x1xs]} is non-zero.

@ Simply connected and formal. S2"+ is the total space of the
Hopf fibration S+ — CP". The minimal model is A\(z) with
|z =2n+1, dz = 0. So S?"*! is formal.
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Examples of Sasakian manifolds

@ Not simply connected and not formal. Consider M the circle
bundle over T2. Then the minimal model is A (X1, X2, X3), with
|xj| =1, dxy = dxo = 0, dx3 = x1X2. Then the Massey product
(x1], [x1], [x2]) = {[x1xs]} is non-zero.

@ Simply connected and formal. S2"+ is the total space of the
Hopf fibration S+ — CP". The minimal model is A\(z) with
|z| =2n+1, dz = 0. So $?"*' is formal.

© Not simply connected and formal. Consider M the circle bundle
over T2 x S2. This is also a bundle S® — M — T2. So the minimal
model is A(x1, X2, y), with |x;| =1, |y| =3, dx; = 0, dy = 0 by
degree reasons. So M is formal.
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Examples of Sasakian manifolds

@ Not simply connected and not formal. Consider M the circle
bundle over T2. Then the minimal model is A (X1, X2, X3), with
|xj| =1, dxy = dxo = 0, dx3 = x1X2. Then the Massey product
(x1], [x1], [x2]) = {[x1xs]} is non-zero.

@ Simply connected and formal. S2"+ is the total space of the
Hopf fibration S+ — CP". The minimal model is A\(z) with
|z| =2n+1, dz = 0. So S?"*' is formal.

© Not simply connected and formal. Consider M the circle bundle
over T2 x S2. This is also a bundle S® — M — T2. So the minimal
model is A(x1, X2, y), with |x;| =1, |y| =3, dx; = 0, dy = 0 by
degree reasons. So M is formal.

© Simply connected and not formal. Let M be the circle bundle
over S? x S? x S2. This is also a bundle S® -+ M — S? x S2. Its
Euler class is non-zero.
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Examples of Sasakian manifolds

@ Not simply connected and not formal. Consider M the circle
bundle over T2. Then the minimal model is A (X1, X2, X3), with
|xj| =1, dxy = dxo = 0, dx3 = x1X2. Then the Massey product
(x1], [x1], [x2]) = {[x1xs]} is non-zero.

@ Simply connected and formal. S2"+ is the total space of the
Hopf fibration S+ — CP". The minimal model is A\(z) with
|z| =2n+1, dz = 0. So S?"*' is formal.

© Not simply connected and formal. Consider M the circle bundle
over T2 x S2. This is also a bundle S® — M — T2. So the minimal
model is A(x1, X2, y), with |x;| =1, |y| =3, dx; = 0, dy = 0 by
degree reasons. So M is formal.

© Simply connected and not formal. Let M be the circle bundle
over S? x S? x S2. This is also a bundle S® -+ M — S? x S2. Its
Euler class is non-zero.
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Examples of Sasakian manifolds

@ Not simply connected and not formal. Consider M the circle
bundle over T2. Then the minimal model is A (X1, X2, X3), with
|xj| =1, dxy = dxo = 0, dx3 = x1X2. Then the Massey product
(x1], [x1], [x2]) = {[x1xs]} is non-zero.

@ Simply connected and formal. S>™+ is the total space of the
Hopf fibration S+ — CP". The minimal model is A\(z) with
|z| =2n+1, dz = 0. So $?"*' is formal.

© Not simply connected and formal. Consider M the circle bundle
over T2 x S2. This is also a bundle S® — M — T2. So the minimal
model is A(x1, X2, y), with |x;| =1, |y| =3, dx; = 0, dy = 0 by
degree reasons. So M is formal.

© Simply connected and not formal. Let M be the circle bundle
over S? x S? x S2. This is also a bundle S® -+ M — S? x S2. Its
Euler class is non-zero. S? x S? is formal, so a model is
H={1,y1,y2,y1¥2), where |yi| = 2, d = 0. A model for M is
H& \(2), |z =3, dz = y1)e.
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Examples of Sasakian manifolds

@ Not simply connected and not formal. Consider M the circle
bundle over T2. Then the minimal model is A (X1, X2, X3), with
|xj| =1, dxy = dxo = 0, dx3 = x1X2. Then the Massey product
(x1], [x1], [x2]) = {[x1xs]} is non-zero.

@ Simply connected and formal. S>™+ is the total space of the
Hopf fibration S?"*1 — CP". The minimal model is /\(z) with
|z| =2n+1, dz = 0. So $?"*' is formal.

© Not simply connected and formal. Consider M the circle bundle
over T2 x S2. This is also a bundle S® — M — T2. So the minimal
model is A(x1, X2, y), with |x;| =1, |y| =3, dx; = 0, dy = 0 by
degree reasons. So M is formal.

© Simply connected and not formal. Let M be the circle bundle
over S? x S? x S2. This is also a bundle S® -+ M — S? x S2. Its
Euler class is non-zero. S? x S? is formal, so a model is
H={1,y1,y2,y1¥2), where |yi| = 2, d = 0. A model for M is
H® A(2), |z| =3, dz = y1¥». There is a non-zero Massey product

={[z so M is not formal.
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Examples of Sasakian manifolds
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Examples of Sasakian manifolds

@ The last example is not formal, but it has the same cohomology
algebraas M’ = (S? x S%)#(S? x S5), which is formal, being the
connected sum of two formal manifolds.
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Examples of Sasakian manifolds

@ The last example is not formal, but it has the same cohomology
algebraas M’ = (S? x S%)#(S? x S5), which is formal, being the
connected sum of two formal manifolds.

@ However M’ cannot admit a Sasakian structure. This can be
proved via minimal models.

Vicente Mufioz (UCM) Formality and Sasakian manifolds Bilbao, July 2014 23/28



Examples of Sasakian manifolds

@ The last example is not formal, but it has the same cohomology
algebraas M’ = (S? x S%)#(S? x S5), which is formal, being the
connected sum of two formal manifolds.

@ However M’ cannot admit a Sasakian structure. This can be
proved via minimal models.

@ (S? x S®)#(S? x S®) has a Sasakian structure, whereas
(S? x S%)#(S? x S°) does not.
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Examples of Sasakian manifolds

@ The last example is not formal, but it has the same cohomology
algebraas M’ = (S? x S%)#(S? x S5), which is formal, being the
connected sum of two formal manifolds.

@ However M’ cannot admit a Sasakian structure. This can be
proved via minimal models.

@ (S? x S®)#(S? x S®) has a Sasakian structure, whereas
(S? x S%)#(S? x S°) does not.

@ There are examples of Sasakian manifolds with the same
cohomology algebra as 3 copies of (S? x S°).
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