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Kähler manifolds

A (compact, 2n-dimensional) Kähler manifold (M, J, ω) consists of:
(M, J) a complex manifold, that is J ∈ End(TM) satisfies J2 = −id,
and the Nijenhius tensor NJ = 0,

ω ∈ Ω1,1(M) the Kähler form, which is ω = −i
2
∑

hi j̄ dzi ∧ dz̄j ,
where h =

∑
hi j̄ dzi · dz̄j is a hermitian metric,

dω = 0.
Hermitian metric: h = g + i ω,
g is a Riemannian metric with holonomy in U(n),
Ω = 1

n!ω
n is a volume form,

Compatibility: ω(u, v) = g(u, Jv).

Kodaira (1954)

Smooth algebraic variety S ⊂ CPN ⇐⇒ S is Kähler and
[ω] ∈ H2(S,Z) ⊂ H2(S).
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Kähler, complex and symplectic

In particular,
(M, J, ω) Kähler manifold =⇒ (M, J) complex manifold.

(M, J, ω) Kähler manifold =⇒ (M, ω) symplectic manifold.

Question

If M is a complex manifold, does it admit a Kähler structure?
If M is a symplectic manifold, does it admit a Kähler structure?
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Properties of Kähler manifolds

Topological properties of Kähler manifolds

Hodge decomposition: Hk (M,C) = ⊕p+q=kHp,q(M). So
bk =

∑
hp,q. Therefore bk is even for k odd.

Hard-Lefschetz property: Ln−k
ω : Hk (M)→ H2n−k (M) is an

isomorphism, where Lω([α]) = [ω ∧ α].
π1(M) is a restricted type of group (Kähler group).
The rational homotopy πk (M)⊗Q is formal (M simply-connected).
The De Rham cohomology algebra (Ω∗(M),d) is formal.

Do these properties determine when a smooth manifold admit a Kähler
structure?

Question
Does it exist a (compact) manifold M satisfying some/several/all
topological properties admitting a complex/symplectic structure but not
admitting a Kähler structure?
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Complex =⇒ Kähler?

For n = 1, all oriented manifolds admit complex, symplectic and Kähler.

For n = 2, we have tools:

Enriques-Kodaira classification for complex manifolds.
Donaldson and Seiberg-Witten invariants.
Gromov-Witten invariants for symplectic manifolds.

Kodaira (1964)
Complex manifold with b1 = 3.

H =

A =

 1 z w
0 1 z̄
0 0 1

 | z,w ∈ C


Γ = {A ∈ H | z,w ∈ Λ}, where Λ ⊂ C is a lattice closed by muliplication.
M = H/Γ.

For complex surfaces, b1(M) even ⇐⇒ M admits a Kähler structure
(Enriques-Kodaira classification).
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Symplectic =⇒ Kähler?

Thurston (1976)
Symplectic manifold with b1 = 3. Take the Heisenberg manifold

H =

A =

 1 a c
0 1 b
0 0 1

 |a,b, c ∈ R


Γ = {A ∈ H |a,b, c ∈ Z}
Then S1 → H/Γ→ S1 × S1, (a,b, c) 7→ (a,b),
α = da, β = db.
Connection 1-form η = dc − b da ∈ Ω1(H/Γ), dη = α ∧ β.
M = (H/Γ)× S1, γ = dθ.
The symplectic form is: ω = α ∧ γ + β ∧ η.

This is diffeomorphic to Kodaira’s manifold (with Λ = Z + iZ).
 Kodaira-Thurston manifold.
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Constructions of symplectic manifolds

Fiber connected sum, Gompf (1995)
Given M1, M2 symplectic manifolds,
Sj ⊂ Mj symplectic submanifolds of codimension 2,
S1
∼= S2, with normal bundles νS1

∼= ν∗S2
.

Then M1#S1=S2M2 admits a symplectic structure.

For any finitely presented group Γ and 2n ≥ 4, there is a symplectic
2n-manifold M with π1(M) ∼= Γ.
If Γ is not a Kähler group, then M does not admit a Kähler structure.
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Constructions of symplectic manifolds

For constructing simply-connected symplectic manifolds, we have:

Symplectic blow-up, McDuff (1984)
If S ⊂ M is a symplectic submanifold,
then there is a symplectic manifold M̃, π : M̃ → M, such that
π : E = π−1(S)→ S is the complex projectivization of the normal
bundle E = P(νS)→ S,
and π : M̃ − E → M − S is a diffeomorphism.

Let KT be the Kodaira-Thurston manifold. By a theorem of Tischler, or
by asymptotically holomorphic theory (M-Presas-Sols, 2002), embed
KT ⊂ CPn, n ≥ 5, and take the symplectic blow-up C̃Pn.
Then C̃Pn is simply-connected and b3(C̃Pn) = b1(KT ) = 3.
So C̃Pn does not admit a Kähler structure.
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Formality

If M is a smooth manifold, we consider the differential forms
(Ω∗(M),d). This is a graded-commutative differential algebra (GCDA).

The minimal model (MA,d) of a GCDA (A,d) is:

MA =
∧

(x1, x2, . . .) is a free GCA.∧
means the “graded-commutative algebra freely generated by”

dxi ∈
∧

(x1, . . . , xi−1), and does not contain linear term.
ψ : (MA,d)

∼−→ (A,d) is a quasi-isomorphism, i.e.,
ψ∗ : H∗(MA,d)

∼=−→ H∗(A,d) is an isomorphism.

A minimal model (MM ,d) for M is a minimal model for (Ω∗(M),d).

Definition
A GCDA (A,d) is formal if (MA,d)

∼−→ (H∗(A,d),0).

A space M is formal if (Ω∗(M),d) is formal.

Deligne-Griffiths-Morgan-Sullivan (1975)
A Kähler manifold is formal.
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Massey products

Let a1,a2,a3 ∈ H∗(A) be cohomology classes such that a1 ∪ a2 = 0
and a2 ∪ a3 = 0. Take forms αi ∈ A with ai = [αi ] and write
α1 ∧ α2 = dξ, α2 ∧ α3 = dζ.
Then
d(α1 ∧ ζ − (−1)|a1|ξ ∧ α3) = (−1)|a1|(α1 ∧ α2 ∧ α3 − α1 ∧ α2 ∧ α3) = 0.

The Massey product of the classes ai is defined as:

〈a1,a2,a3〉 = [α1 ∧ ζ − (−1)|a1|ξ ∧ α3] ∈ H∗(A)

a1 ∪ H∗(A) + H∗(A) ∪ a3
.

Proposition
If 〈a1,a2,a3〉 is non-zero, then X is non-formal.

Massey products can be transferred through quasi-isomorphisms.
Massey products vanish (obviously) on (H∗(A),0).
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Non-formal symplectic manifolds

The Kodaira-Thurston manifold is non-formal.

H =

A =

 1 a c
0 1 b
0 0 1

 |a,b, c ∈ R

 , Γ = {A ∈ H |a,b, c ∈ Z},

KT = (H/Γ)× S1.

Then S1 → H/Γ→ S1 × S1, (a,b, c) 7→ (a,b),
α = da, β = db, η = dc − b da, γ = dθ,
dη = α ∧ β.
The Massey product

〈α, β, β〉 = η ∧ β 6= 0 ∈ H2(KT )

α ∪ H1(KT ) + H1(KT ) ∪ β
.

Hence KT is non-formal.
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Nilmanifolds

The Kodaira-Thurston manifold is a nilmanifold.

A nilmanifold is a quotient M = G/Γ, m = dim M
G is a nilpotent group: G0 = G, Gi = [G,Gi−1], i ≥ 1, and Gm = 0.
Γ ⊂ G is a co-compact discrete subgroup.
Nilmanifolds are not simply-connected: π1(M) = Γ.
The minimal model of M is of the form (

∧
(x1, x2, . . . , xm),d) with

|xi | = 1.
Nilmanifolds are never formal, unless they are tori.

Salamon (2001)
There are non-formal 6-nilmanifolds which admit both complex and
symplectic structures.
They cannot be Kähler.
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Non-formal simply-connected symplectic manifolds

Babenko-Taimanov (2000)

C̃Pn is symplectic, simply-connected and non-formal of dimension
2n ≥ 10.

All simply-connected compact manifolds of dimension ≤ 6 are formal.

Cavalcanti (2007)
There are symplectic non-formal and hard-Lefschetz symplectic
manifolds.

By suitable symplectic blow-ups, one can reduce
dim ker(Ln−k

ω : Hk (M)→ H2n−k (M)).
These provide counterexamples to:

Symplectic simply-connected =⇒ formality.
For symplectic manifolds, formal ⇐⇒ hard-Lefschetz.

Yet ... what happens in dimension 8?
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Symplectic resolution of singularities

Fernández-M (2008)
There is a simply-connected 8-dimensional symplectic manifold which
is not formal. Hence it does not admit Kähler structures.

H =

A =

 1 a c
0 1 b
0 0 1

 |a,b, c ∈ C


Γ = {A ∈ H |a,b, c ∈ Λ}
Λ = Z + ξZ, ξ = e2πi/3

Let M = H/Γ× C/Λ.
C/Λ→ H/Γ→ (C/Λ)× (C/Λ), (a,b, c) 7→ (a,b).
α = da, β = db, η = dc − b da, γ = dz.
α = α1 + iα2, β = β1 + iβ2, η = η1 + iη2, γ = γ1 + iγ2.
The minimal model is (

∧
(α, ᾱ, β, β̄, η, η̄, γ, γ̄),d), dη = α ∧ β.

M = H/Γ× C/Λ is 8-dimensional and non-formal but not
simply-connected.
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Symplectic resolution of singularities

Let Z3 act on M by (a,b, c, z) 7→ (ξa, ξb, ξ2c, ξz),
so (α, β, η, γ) 7→ (ξα, ξβ, ξ2η, ξγ).
M̂ = M/Z3 is an orbifold with 34 = 81 singular points.

ω̂ = −iα ∧ ᾱ + η ∧ β + η̄ ∧ β̄ − iγ ∧ γ̄, Z3-equivariant symplectic form.
Local model around a singular point: B∼= (B(0,1)/〈(ξ, ξ, ξ2, ξ)〉, ω̂).
With change of variables (a′,b′, c′, z ′) = (a,b − i c̄, b̄ − ic, z),
ω̂ = −ida′ ∧ dā′ − idb′ ∧ db̄′ − idc′ ∧ dc̄′ − idz ′ ∧ dz̄ ′.
ψ : B

∼=−→ (B(0,1)/〈(ξ, ξ, ξ2, ξ)〉, Jstd , ωstd ).
Take a standard complex resolution π : B̃ → B,
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ω̂ = −iα ∧ ᾱ + η ∧ β + η̄ ∧ β̄ − iγ ∧ γ̄, Z3-equivariant symplectic form.
Local model around a singular point: B∼= (B(0,1)/〈(ξ, ξ, ξ2, ξ)〉, ω̂).
With change of variables (a′,b′, c′, z ′) = (a,b − i c̄, b̄ − ic, z),
ω̂ = −ida′ ∧ dā′ − idb′ ∧ db̄′ − idc′ ∧ dc̄′ − idz ′ ∧ dz̄ ′.
ψ : B

∼=−→ (B(0,1)/〈(ξ, ξ, ξ2, ξ)〉, Jstd , ωstd ).

Take a standard complex resolution π : B̃ → B,

Vicente Muñoz (UCM-ICMAT) Manifolds which are complex and symplectic but not Kähler 16-20 Nov 2015 15 / 26



Symplectic resolution of singularities

Let Z3 act on M by (a,b, c, z) 7→ (ξa, ξb, ξ2c, ξz),
so (α, β, η, γ) 7→ (ξα, ξβ, ξ2η, ξγ).
M̂ = M/Z3 is an orbifold with 34 = 81 singular points.
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Symplectic resolution of singularities

Definition

The symplectic resolution is M̃s = (M̂ − {0}) ∪ψ B̃.

Glue the symplectic forms on M̂ and B̃ to get (M̃s, ω̃).

Our M̃s is not formal (beware: it is not obvious!).
b1 = b3 = b5 = b7 = 0.
L2
ω̃ : H2(M̃s)→ H6(M̃s) is not an isomorphism.

Hence M̃s does not admit Kähler structures.
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Complex, symplectic =⇒ Kähler?

Guan (1995)
Construction of simply-connected, holomorphic symplectic and not
Kähler manifolds of dimension 4n ≥ 8.

Bazzoni-M (2014)

The 8-manifold M̃s constructed above admits a complex structure.

H =

A =

 1 a c
0 1 b
0 0 1

 |a,b, c ∈ C


M = H/Γ× C/Λ has a complex structure J.
(M̂ = M/Z3, Ĵ) is a complex orbifold.

Vicente Muñoz (UCM-ICMAT) Manifolds which are complex and symplectic but not Kähler 16-20 Nov 2015 17 / 26



Complex, symplectic =⇒ Kähler?

Guan (1995)
Construction of simply-connected, holomorphic symplectic and not
Kähler manifolds of dimension 4n ≥ 8.

Bazzoni-M (2014)

The 8-manifold M̃s constructed above admits a complex structure.

H =

A =

 1 a c
0 1 b
0 0 1

 |a,b, c ∈ C


M = H/Γ× C/Λ has a complex structure J.
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Complex, symplectic =⇒ Kähler?

Local model around a singular point:
With coordinates (a,b, c, z),
ϕ : B

∼=−→ (B(0,1)/〈(ξ, ξ, ξ2, ξ)〉, Jstd ).

Take a standard complex resolution π : B̃ → B.

The complex resolution is M̃c = (M̂ − {0}) ∪ϕ B̃.

Locally, the symplectic and complex resolutions coincide, but using
different charts!
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Complex, symplectic =⇒ Kähler?

Comparing the charts, there is a diffeomorphism

B F−→ B
↓ ψ ↓ ϕ

B(0,1)/Z3 = B(0,1)/Z3

F is isotopic to the identity through {Ft}, with F0 = id, F1 = F .
Define F̂ : M̂ → M̂ as

F̂ =


F on M̂ − B(0,1)/Z3
F2t−1 on ∂B(0, t)/Z3,

1
2 ≤ t ≤ 1

id on B(0, 1
2)/Z3

Make F̂ smooth, Z3-equivariant, and take care that the metrics on
source and target are different (so spheres are taken to ellipsoids
under F ).
Now F̂ extends to a diffeomorphism F̃ : M̃s → M̃c . �
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1
2 ≤ t ≤ 1

id on B(0, 1
2)/Z3

Make F̂ smooth, Z3-equivariant, and take care that the metrics on
source and target are different (so spheres are taken to ellipsoids
under F ).

Now F̂ extends to a diffeomorphism F̃ : M̃s → M̃c . �
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Construction in dimension 6

What happens in dimension 6?

Simply-connected 6-manifolds are formal.
b3 is even by Poincaré duality.
The only Lefschetz map is Lω : H2(M)→ H4(M).

Bazzoni-Fernández-M, arxiv:1410.6045
There is a simply-connected 6-dimensional manifold, which is complex
and symplectic but can not be hard-Lefschetz.
Hence it does not admit Kähler structures.
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Proof of theorem

Take the complex Heisenberg group

H =

A =

 1 a c
0 1 b
0 0 1

 |a,b, c ∈ C

,

Γ = {A ∈ H |a,b, c ∈ Λ},
where Λ = Z + ξZ, ξ = e2πi/6.

Let N = H/Γ.
α = α1 + iα2, dα = 0,
β = β1 + iβ2, dβ = 0,
η = η1 + iη2, dη = α ∧ β.
Let ω = −iα ∧ ᾱ + β ∧ η + β̄ ∧ η̄,
dω = 0 and ω3 6= 0. So ω is symplectic.
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Let ω = −iα ∧ ᾱ + β ∧ η + β̄ ∧ η̄,
dω = 0 and ω3 6= 0. So ω is symplectic.

Vicente Muñoz (UCM-ICMAT) Manifolds which are complex and symplectic but not Kähler 16-20 Nov 2015 21 / 26



Proof of theorem

Z6 acts on H as (a,b, c) 7→ (ξ4a, ξb, ξ5c),
ω is Z6-invariant.

N̂ = N/Z6 is an orbifold with:

(N̂, Ĵ) is a complex orbifold.

(N̂, ω̂) is a symplectic orbifold.

N̂ is simply-connected.
Lω̂ : H2(N̂)→ H4(N̂) is not an isomorphism.

We take:

π1 : Ñc → N̂ complex resolution of singularities.
π2 : Ñs → N̂ symplectic resolution of singularities.

Claim: Ñc and Ñs are diffeomorphic manifolds.
Hence Ñc = Ñs admits complex and symplectic structures (but not
Kähler ones!).
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Hence Ñc = Ñs admits complex and symplectic structures (but not
Kähler ones!).

Vicente Muñoz (UCM-ICMAT) Manifolds which are complex and symplectic but not Kähler 16-20 Nov 2015 22 / 26



Proof of theorem

Z6 acts on H as (a,b, c) 7→ (ξ4a, ξb, ξ5c),
ω is Z6-invariant.
N̂ = N/Z6 is an orbifold with:
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Claim: Ñc and Ñs are diffeomorphic manifolds.
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π2 : Ñs → N̂ symplectic resolution of singularities.
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π1 : Ñc → N̂ complex resolution of singularities.
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Proof of theorem

Singular points:
6 isolated orbifold points given by
(1

3k(1 + ξ), 1
3 l(1 + ξ), 1

3m(1 + ξ) + 2
9kl(1 + ξ)2), k , l ,m = 0,1,2,

(l ,m) 6= (0,0).
These have models as C3/〈ξ2〉.

5 tori given by Sp,q = {(w ,p,pw + q) |w ∈ C/Λ},
p,q = 0, 1

2 ,
ξ
2 ,

1+ξ
2 , (p,q) 6= (0,0).

These have models as (C/Λ)× C2/〈ξ3〉.
One torus S0 = {(w ,0,0) |w ∈ C/Λ} with local model(
(C/Λ)× C2/〈ξ3〉

)
/〈ξ〉.
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Proof of theorem

Symplectic resolution of singularities:
Isolated orbifold points. Need that the symplectic local model and
the complex local model are isomorphic.

Complex model: B = B(0,1)/Z6, with (a,b, c) 7→ (ξ4a, ξb, ξ5c).
Symplectic model: ω = −i da ∧ dā + db ∧ dc + db̄ ∧ dc̄.
Change of coordinates: a′ = a, b′ = b − i c̄, c′ = b̄ − i c to get
ω = −i da′ ∧ dā′ − i db′ ∧ db̄′ − i dc′ ∧ dc̄′.
So B ∼= B(0,1)/Z6 with Z6 acting as (a′,b′, c′) 7→ (ξ4a′, ξb′, ξ5c′).

Resolution of tori Sp,q given by (C/Λ)× C̃2/〈ξ3〉.
Symplectic/complex resolution of singularities transversally.
For S0, we need to do the transversal resolution of singularities to
be also 〈ξ〉-equivariant.
The diffeomrophism between complex and symplectic resolutions
allows to put a Kähler form on a neighbourhood of the orbifold
locus.
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Change of coordinates: a′ = a, b′ = b − i c̄, c′ = b̄ − i c to get
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be also 〈ξ〉-equivariant.
The diffeomrophism between complex and symplectic resolutions
allows to put a Kähler form on a neighbourhood of the orbifold
locus.
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Proof of theorem

Putting all together:

Ñc and Ñs are diffeomorphic.

Ñs is simply-connected.
Ñs does not satisfy the hard-Lefschetz property:
H2(Ñs) = 〈α ∧ ᾱ, β ∧ β̄, β ∧ η, β̄ ∧ η̄〉.
Then (β ∧ β̄) ∧ x ∧ y = 0, for any x , y ∈ H2(Ñs).
Therefore Lω : H2(Ñs)→ H4(Ñs) has β ∧ β̄ in its kernel for any
possible ω.

Hence Ñc = Ñs is a simply-connected 6-manifold which admits
complex and symplectic structures but does not admit Kähler
structures.

�
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Ñs does not satisfy the hard-Lefschetz property:
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THANKS!

HAPPY BIRTHDAY SIMON
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