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Introduction

1. Introduction

Problem: Find topological properties of a manifold with a particu-
lar geometric structure (e.g. complex structure, Riemannian structure
with prescribed holonomy group, ...)

This would help on the classification problem: Given a smooth man-
ifold X, we may have topological obstructions for X to admit a partic-
ular geometric structure. This can be useful to know when a manifold
admits some geometric structure.

Geometric structures we shall focus on:

We consider smooth (oriented) compact manifold M. We are inter-
ested in whether M admits either of the following structures:

e Kihler (and complex projective).

e Symplectic.



Kahler vs. symplectic

2. Kahler vs. symplectic
2.1. Complex projective manifolds

Let CP" = {(z0,...,2,); 2z € C}/C* be the complex projective space.

A (smooth) complex projective manifold is a smooth submanifold
X C CP" which is described as the zeroes of some complex polinomials
Fi, ..., F, in the variables (2, ..., z,).

CP" has a natural metric, the Fubini-Study metric. In coordinates
2 =(z,...,2,) for the open subset U = {2, # 0} C CP",

g=Re (Z(l + 1121)dz - dzi — 3 zizidz dz.f) ,
L+ 1122

Consider the 2-form w € Q*(CP") given as

W — vV —1 (2(1 + ||Z/||2)dZZ N dzz' — ZziZdei A lej) .
2 (1 +[]2']]2)%




These satisfy:

Kahler vs. symplectic

e w determines (and is determined) by g, through g(u,v) = w(u, Jv),
where J is the complex structure.

o dw =0, so [w] € H*}(X,R).
e w"=vol >0 in Q*(CP").

The complex projective manifold X C CP" inherits (J, g,w) from
CP". This structure determines X completely.




Kahler vs. symplectic

These satisfy:

e w determines (and is determined) by g, through g(u,v) = w(u, Jv),
where J is the complex structure.

o dw =0, so [w] € H*}(X,R).
e w"=vol >0 in Q*(CP").

The complex projective manifold X C CP" inherits (J, g,w) from
CP". This structure determines X completely.

2.2. Kahler manifolds

A Kaéhler manifold (X, J, g,w) is a manifold X endowed with:

e J a complex structure (i.e. a complex atlas),

e g a J-invariant Riemannian metric, i.e. g(-, ) =g(J(-),J(+)),
o w€MW(X), g(+, ) =w(-,J(+)),

e and satisfying dw = 0 (automatically w" = vol > 0).

Theorem (Kodaira, 1954):

X complex projective <= X Kahler with [w] € H*(X,Z).



2.3. Symplectic manifolds

Kahler vs. symplectic

A symplectic manifold (M, w) is a manifold M with a 2-form w € Q?(M)
satisfying:
o dw =10,

e W' =vol > 0.

So we do not require the existence of a complex structure.

We may always put an almost-complex structure I. This makes
the tangent bundle T'M into a complex bundle (weaker than having a
complex atlas). It allows to have a Riemannian metric g associated
to w as before.




Topological properties

3. Topological properties

Problem: Construct symplectic manifolds which do not admit Kahler
structures.

3.1. Topological properties of Kahler manifolds
Kéhler (compact) manifolds satisfy many topological restrictions:

(i) The Betti numbers by, b, bs, . . . are even.

(ii) Hard-Lefschetz theorem (Lefschetz): Let dim M = 2n. For any
k=0,1,...,n— 1, the map

wiku : HE (M) — H>™F(M)
is an isomorphism. (This implies (i))

(iii) The fundamental group m(M) is of a particular type (what is
known as a Kdhler group).

(iv) Kéhler manifolds are formal (Deligne-Griffiths-Morgan-Sullivan,
1975).



Introduction 3.2. Topological properties of symplectic manifolds

Kahler vs. symplectic

Do symplectic manifolds satisfy the same topological properties?

The first example e Kodaira-Thurston manifold (Thurston, 1976). This is a symplectic
e e S 4-manifold with b; = 3.

Formality McDuff (1984) constructed a simply-connected symplectic manifold
Non-formal simply-. . . with b3 = 3.

e Gompf (1995) constructed symplectic manifolds with (M) iso-
morphic to any given (presentable) group.

e There exist symplectic manifolds not satisfying hard-Lefschetz (e.g.
Kodaira-Thurston). There are examples with b; even and with
prescribed fundamental group.

e Also there are non-formal symplectic manifolds:

— Kodaira-Thurston is non-formal.

Full Screen — Babenko-Taimanov (1998) found the first simply-connected ex-
ample: McDuff’s manifold is non-formal. These manifolds have
Close dimension at least 10.

— Cavalcanti (2004) gave the first example satisfying hard-Lefschetz.

I
Fl-

e — Fernandez-Munoz (2005) constructed the first simply-connected

example of dimension 8 (the lowest possible dimension).



One should not be misled. There are striking parallelisms between
symplectic and Kéahler manifolds:

Topological properties

e Theory of pseudo-holomorphic curves, Gromov-Witten invariants,
Quantum cohomology (Gromov, 1985, and others).

e Asymptotically holomorphic techniques, Lefschetz pencils (Donald-
son, 1996, 1999, and others).
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e Theory of pseudo-holomorphic curves, Gromov-Witten invariants,
Quantum cohomology (Gromov, 1985, and others).
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Kahler «» Symplectic:

Similarities at analytical level

Differences at topological level




The first example

4. The first example

The Kodaira-Thurston manifold was the first example of a symplectic
manifold not admitting a Kahler structure.

Let H be the Heisenberg group,

(/1 b ¢
H=<101al]; abcelR,,

L \0 0 1

(/1 b c
I'=<101al;abce,,

(\0 0 1

and £ =T\H.
Note that E is the total space of a S'-bundle over the 2-torus with

Chern class 1.
E — T?

la,b,c] — [a,b].
A basis for the left invariant 1-forms on F is given by:
a =da, f =db, v = dc— bda.
Note that a A 8 = dy.



The Kodaira-Thurston manifold is
KT =E x S'.

Let n = df the standard 1-form comming from the S'-factor. Then the
cohomology of KT is

The first example

HY(KT) = (1),

HYKT) = ([, (3], ),

H*(KT) = (@A, [BA9][aAn), [BAR),
H(KT) = {[aAyAnL[BAY A [anBAAq]),
HYKT) = ([aABAyAnR).

KT is sympletic, with symplectic form
w=0Ay+aAn.
Clearly, dw =0 and w? =2aABAvyAn> 0.

bi(KT) =3 = KT does not admit a Kéhler structure.




Minimal models. . .

5. Minimal models (Sullivan, 1977)

Rational homotopy deals with spaces up rational homotopy equivalence,
in particular, with

e Rational homotopy groups: m,(X) ® Q.
e Rational (co)homology: H,(X,Q), H"(X,Q).

(Actually, @ may be replaced by the field of real numbers R with no
harm.)

If X is a smooth manifold, we consider the differential forms
(QX,d).

This is a graded-commutative differential algebra (GCDA for short).
We extract an “invariant” from it as follows.



Minimal models. . .

Consider the equivalence relation ~ between GCDAs generated by
quasi-isomorphisms, v : (Ay,d;) — (As, ds), i.e. morphisms inducing
isomorphisms

w : H(Abdl) i) H(A27d2)’

Then associate to (X, d) its class in (GCDAs/ ~).

The theory of minimal models tells us that this codifies the rational
homotopy type of X in most cases.
It is clear that it contains the information on H(QX,d) = H*(X).



Consider the equivalence relation ~ between GCDAs generated by
quasi-isomorphisms, v : (Ay,d;) — (As, ds), i.e. morphisms inducing
isomorphisms

¢ : H(Abdl) i} H(AQadQ)'

Minimal models. . .

Then associate to (X, d) its class in (GCDAs/ ~).

The theory of minimal models tells us that this codifies the rational
homotopy type of X in most cases.
It is clear that it contains the information on H(QX,d) = H*(X).

The good news is that there is a canonical representative, called the
minimal model, for any (A, d). The minimal model (M, d) satisfies:

o M = A\(xy1,z9,...) is free.

/\ means the “graded-commutative algebra freely generated by”

o dr; € N(z1,...,%i-1)
e dx; contains no linear term.

o (M,d) — (A,d) is a quasi-isomorphism.

A minimal model (Mx,d) for X is a minimal model for (X, d).




Example

The minimal model of the Kodaira-Thurston manifold is the follow-
ing:

Minimal models . .. 1/1 . (MKT,d) = (/\(ﬂﬁ,y, z,u),d) — (Q(KT)Lad) - (Q(KT)ad)

1111

x «
y B
z v
u n
where dz = xy.

Clearly, (Mxgr,d) is a minimal algebra, 1) is a CDGA map, and it is
a quasi-isomorphism, since the cohomology of (Mg, d) is

H(Mgr,d) = (1),

H' (Mgr,d) = ([z], [y], [u]),
H*(Mgr,d) = ([zz],[yz], [zu], [yu)),
H*(Mgr,d) = (xzu],[yzu],[zy2]),
H'(Mgr,d) = ([zyzu]).

0 (Mgrp,d) is the minimal model.




Theorem (S): If either:

e X is simply-connected,
e X is nilpotent:

Minimal models. .. 1~ F = 7T]_ (X) ].S IlﬂpOtentZ
I'y=IT,=[,_1,T], n>1, then Ing such that I;, =0,

2. T" acts nilpotently on each 7 (X):
Gr1 = m(X), Gip = [I',Grn1] C m(X), n > 1, then Ing
such that G}, = 0,

then the minimal model
(Mx,d) — (2X,d)
codifies the rational homotopy of X. More specifically, Mx = A(V),

V:@vn

(V™ is the vector space corresponding to the degree n generators), then

V2 (m,(X) @ R)* .




6. Formality
6.1. Definition

A CDGA (A, d) is formal if (A,d) ~ (H,0).

Formality

Obviously H = H(A, d). Explicitly,

(M, d)
/ N
(A,d) (H,0)

So the minimal model can be deduced from H = H(A,d).

All the information is in the cohomology algebra.
A space X is formal if (QX, d) is formal.

Theorem (DGMS): Kéhler manifolds are formal.




Example
The Kodaira-Thurston manifold KT = E x S! is non-formal.

It is enough to see that E is non-formal. Let’s try to construct a
quasi-isomorphism 1 : (Mpg,d) — (H*(E),0).

Formality

e ) must un algebra map.
e ¢y must commute with the differentials.

o If a € Mp is closed, ¥(a) = [al.

Recall (Mg, d) = (A(z,y, 2),d) with dz = xy.
(N\(@.y,2),d) — (H*(E),0)
r — [z]
y = [y
vy = P@)Udly) =[z]uly =0, z-y=dz
z —  P(z) = alz] + by, for some a,b € R
ve o @) UB() = o] U (afe] + ) = 0
Y(zz) =[z2] # 0 € H(E)

Contradiction! So (KT,w) is symplectic and non-formal.




6.2. Massey products

There is a quick way to check non-formality (it often works, but not
always).

Let ay,as,a3 € H*(X) be cohomology classes such that a; Uay =0
and ay U ag = 0. Take forms «; in X with a; = [a;] and write

Formality

Oél/\OéQIdf, 042/\043=dC.
Then

dlog N¢ — (— )degalf/\ag)—al/\az/\ag—al/\ag/\ag—o.

The Massey product of the classes a; is defined as

(a1, a2, a3) = [oq A ¢ — (=1)%8@)¢ A 3] € H*(X) /choices .

If (a1, as,as) # 0 then X is non-formal. (Basically, the Massey prod-
ucts can be transferred through quasi-isomorphisms, and in (H, 0) they
are automatically vanishing.)




Formality

Example
For the Kodaira-Thurston manifold, take a; = [a], as = [a], ag = [5].
Let a1 = o, a9 = o, i3 = 3, so

apANag =0 = £=0,

g Nag=dy = (=1.

The Massey product is
(la], [a], [8]) = laAry] #0.

This confirmes again that KT is non-formal (without having to com-
pute the minimal model).



Non-formal simply- . . .

7. Non-formal simply-connected symplectic manifolds

7.1. First example (Babenko-Taimanov, 1998)

Embed KT C CP° symplectically and consider the symplectic blow-up
(Gromov, McDuff, 1984)

W:M:a/P5—>(CIP’5

By analogy with the Kahler situation, £ = is called the
exceptional divisor.

E = IP(c<I/KT)
where vgr is the normal bundle (with a complex structure, coming
from a suitable almost-complex structure on the ambient manifold).



Let u € Q*(M) be a Thom form for E, i.e. [u] = P.D.[E] and u is
supported in a neighborhood of F.

Take «, 3,7 € QYKT) as before.
There are 3-forms a Au, 3 Au, v Au € Q3(M).

The following Massey product:

Non-formal simply- . . .

(Ja A, [a A, [BAY]) = [(aAu)A(yAu®)] € H*(M)/choices

1S non-zero.

Therefore M is a simply-connected, symplectic and non-formal man-
ifold.




Let u € Q*(M) be a Thom form for E, i.e. [u] = P.D.[E] and u is
supported in a neighborhood of F.

Take «, 3,7 € QYKT) as before.
There are 3-forms a Au, 3 Au, v Au € Q3(M).

The following Massey product:

Non-formal simply- . . .

(Ja A, [a A, [BAY]) = [(aAu)A(yAu®)] € H*(M)/choices

is non-zero.
Therefore M is a simply-connected, symplectic and non-formal man-

ifold.

We need ranke(vgr) > 3, so

dim M > 6 4+ dim KT > 10.




Non-formal simply- . . .

7.2. Example of dimension 8 (Fernandez-Munoz, 2005)

Start with a non-simply-connected 8-dimensional symplectic manifold:

Take a lattice A C C, so that T' = C/A is a 2-torus. Note that
HY(C/A) = (z1,79) = C. Let Ec be a complex version of E (con-
structed starting with the complex Heisenberg group), so that

T — FEc—1TxT
is a non-trivial fiber bundle,

Mg, = N(a1, a2, 81, 82,11, 72)

and setting @« = a1 + vV —1ag, B = B1 + V=182, v = 71 + V=17, we
have dv = a A 3. Then consider

X =FEcxT,
with Mx = A(ai, g, B1, B2, 71,72, 1, 12)-
The 8-manifold X is symplectic choosing
w=+v—-laAha+BAY+BAT+V—-1nAT.



Choosing A C C to be the lattice generated by 1 and ( = e2™/3,
there is a group Zs by rotations on X as

(a,b,¢,d) = (Ca, ¢b, C*c, ¢d).

The symplectic orbifold X=X /Z3 is simply-connected. It is easy
to see what happens to the degree 1 cohomology:

H1<X) = <a170527517/6277717772>(c oCo (Ca

Non-formal simply- . . .

and Zs acts by rotations, so

HY(X) = H'(X)% = 0.




Choosing A C C to be the lattice generated by 1 and ( = e2™/3,
there is a group Zs by rotations on X as

(a,b,c,d) — (Ca, b, (%, Cd).

The symplectic orbifold X =X /Z3 is simply-connected. It is easy
to see what happens to the degree 1 cohomology:

HY(X) = (a1, as, 81, B2,m, ) £COCBC,

and Zs acts by rotations, so

HY(X) = H'(X)% = 0.

Non-formal simply- . . .

There is a symplectic resolution of singularities (FM):

J o

@—4
®IZ




Let X — X the smooth (symplectic) manifold obtained by symplec-
tically resolving the singularities of X.

Then X is simply-connected, symplectic, of dimension 8 and ...

Non-formal simply-. ..




Non-formal simply- . . .

Let X — X the smooth (symplectic) manifold obtained by symplec-
tically resolving the singularities of X.

Then X is simply-connected, symplectic, of dimension 8 and ...

X is non-formal.

We can check non-formality for X. But unfortunately we can’t use
Massey products.

The following is an useful substitute for Massey products which works

in the current situation:

Let a, z1, 79, 13 € H*(M) be cohomology classes satisfying aUz; = 0,
i =1,2,3. Choose forms «, 3; € Q*(M) and & € Q3(M), with a = [a],
x; = [Bi] and a A B; = d&;, i = 1,2,3. If the cohomology class

[E1AE A B3+ E NEABL+EAE A Bo] € H¥(M)/choices

is non-zero, then M is non-formal.
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