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Variable integrability

p: R" — (0, 00] measurable. Let

pt =esssupp(x) and p = es%infp(x).
R n

Class Pp: 0<p < p(x) < pt < o0
<SP0

<
Class P: 1< p(x) <p*

Define:
tPif p € (0,00),
op(t)=4¢0 ifp=occandt<1,
oo ifp=ocoandt>1.
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Variable integrability

The variable exponent modular is defined by

op((f) = /Rn epy(IF(x)]) dx.

The variable exponent Lebesgue space:

LPO) .= {f measurable, s.t. 3\ > 0s.t. g,y (Af) < oo}

Ifllpy = inf {2 > 0: gp(.)(§f> <1}

defines a quasi-norm (norm if p € P).
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“Optimal” assumptions on the exponents

Local log-Holder continuity: there exists ¢og > 0 such that
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“Optimal” assumptions on the exponents

Local log-Holder continuity: there exists ¢og > 0 such that

Clog n log
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“Optimal” assumptions on the exponents

Local log-Holder continuity: there exists ¢og > 0 such that

Clog n log
— < , X, yeR e
800 ~80)I < oy ey ©Y R [sead]

Decay (at infinity): there exists goo € R such that

Clog n
x) — < , xeR".
80x) — 8ol < o B n

Class P(I)Og: p € Pp with l € Cllog and having a log-decay at infinity.

Class P'°8: p € P with 1 5 € C of and having a log-decay at infinity.
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Fourier analytical approach

Let ¢, ® € S (Schwartz cIass) satisfy
* suppp C {5 eR": 1 <J¢] <2} and [3(€)] > ¢ > 0 when
2 <<

osupp¢C{§€R”'|§] 2} and |®(€)| > ¢ > 0 when
€ < 3.
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Fourier analytical approach

Let ¢, ® € S (Schwartz cIass) satisfy
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€ < 3.
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Fourier analytical approach

Let ¢, ® € S (Schwartz cIass) satisfy

e suppp C {geRn' < €] <2} and |p(&)| = ¢ > 0 when
2 <<

o supp® C {fER” 1 1€] < 2} and |®(€)] > ¢ > 0 when
€ < 3.

Set p,(x) :=2""p(2"x) for v € N and gg(x) := ®(x).

Recall: Besov and Triebel-Lizorkin spaces...

)

Fllsg . = ||l o £l |, and iFlleg, = 120 = £l

(e € R and 0 < p,q < 00, with p < oo in the F-case).
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Variable exponent Triebel-Lizorkin spaces [D-H-R'09]

o) — . _ vo(-
Fp(.)yq(.) = {f SR HfH,:;f;?q(A) = H{2 ()SOV * f}HLp(J(zq(-)) < OO}

1
Fll ay = 2valx) k£ (x)[90) )
1Flstr H(? eu+ F(x)] 7))
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Variable exponent Triebel-Lizorkin spaces [D-H-R'09]

o) — . _ vo(-
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1
Fll ay = 2valx) k£ (x)[90) )
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Variable exponent Triebel-Lizorkin spaces [D-H-R'09]

o) — . _ vo(-
Fp(.)yq(.) - {f SR HfHF;?(S?q(J - H{2 ()SOV * f}HLp(‘)(zq(-)) < OO}

1
Fll ay = 2valx) k£ (x)[90) )
1Flstr H(? eu+ F(x)] 7))

o FS‘(()) a() well-defined if p, g, v are locally log-Holder

continuous and have log-decay at infinity
0<p <p" <0, 0<qg <g" <)

o |- HF;(S?L,(A) is a quasi-norm (norm if min{p(x), q(x)} > 1).
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Variable exponent Besov spaces [A-H'10]

o) _ . _ va(-
Bot)at) = {f €8 ||f||B§‘(("))ﬁq(') =[|{2 ), f}Heq(»(me) < OO}



Variable integrability Function spaces with variable smoothness and integrability Interpolation

Variable exponent Besov spaces [A-H'10]

a(-) _ . vo(
B0 o= {7 5 Wl = 14200 ¥y < o0

a() o 1s well-defined if p, q € PI% and a € (%% N 1



Variable integrability Function spaces with variable smoothness and integrability Interpolation

Variable exponent Besov spaces [A-H'10]

a(-) _ . vo(
B0 o= {7 5 Wl = 14200 ¥y < o0

is well-defined if p, q € PIOg and a € Cllgf N L.

o(). ()

The mixed Lebesgue-sequence space (9()(LP()) is defined on
sequences of LP()-functions by the (semi)modular

00100 (F)w) 1= Zlnf{)\ >O)gp( (f //\%) 1}.



Variable integrability Function spaces with variable smoothness and integrability Interpolation

Variable exponent Besov spaces [A-H'10]

a(-) _ . vo(
B0 o= {7 5 Wl = 14200 ¥y < o0

is well-defined if p, q € PIOg and a € Cllgf N L.

o(). ()

The mixed Lebesgue-sequence space (9()(LP()) is defined on
sequences of LP()-functions by the (semi)modular

00100 (F)w) 1= Zlnf{)\ >O)gp( (f //\%) 1}.

If g7 < oo, then a0y (Lo )) Z 1,19 )Hp(
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Remarks on the space fq(')(Lp('))

||(f1/)1/||£q(')(1_n(<)) = inf {,u, >0 | Qéq(')(LP(‘))(%(fl/)V) < 1}-
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Remarks on the space fq(')(Lp('))

(£ )|l oo Lptry = inf {M > 0| 0gaty (et (1)) < 1}.

(1) | - qu(.)(Lp(.)) is a quasi-norm for p, q € Py. [A-H'10]
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Remarks on the space E"(')(Lp('))

(£ )l gacLptry = inf {M > 0| 0gaty (et (1)) < 1}.
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Remarks on the space E"(')(Lp('))

(£ )l gacLptry = inf {M > 0| 0gaty (et (1)) < 1}.

(1) I[ - lleatr(1et1y is @ quasi-norm for p, g € Po. [A-H'10]
(2) Il - llgatrietry is @ norm if either
e g > 1is constant and p(x) > 1, [A-H'10]
1 1 ,
*orpeo tatg SL [A-H'10]
e or 1 < q(x) < p(x) < oo [K-V'11]

(3) The condition min{p(x), q(x)} = 1 is not sufficient for
|+ [leat)(Lr() to be a norm!

(4) The Hardy-Littlewood maximal operator is not necessarily
bounded in £90)(LP()).
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. The n-functions:

2[71/
Nu,m(X) = ( veN, m>0.

142v|x|)m’



Variable integrability Function spaces with variable smoothness and integrability Interpolation

Additional tools to deal with the variable B-T-L spaces

. The n-functions:

2nV
Ny,m(x) = ( vreN, m>0.

1+ 2v|x|)m’
. r-trick: for all g € S’ with suppg C {¢: €] < 2vF1},

80 S (nm * 181" )7, r>0, v>0, m>n.



Variable integrability Function spaces with variable smoothness and integrability Interpolation

Additional tools to deal with the variable B-T-L spaces

. The n-functions:

2!11/
Ny,m(x) = ( vreN, m>0.

(1+27]x)™
. r-trick: for all g € S’ with suppg C {¢: €] < 2vF1},

80 S (nm * 181" )7, r>0, v>0, m>n.
For instance, for log-Holder continuous exponents,

[ (Mw,2m * fl/)V”M(J(LP(-)) <c H(fu)r/qu(-)(LP('))a m > n.
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Why variable smoothness and integrability?

1. Unification:

« Foy,=LP0, 1<p” <pt<oo [D-H-R'09]
(variable exponent Bessel potential spaces);
L£oP() = Werl) | o e Ny [A-S'06]
e B =C) 0<a~<at <1 [A-H'10]

(variable order Holder-Zygmund spaces); [R-S'95], [A-S'07]
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Why variable smoothness and integrability?

1. Unification:

o Fiyo=L" ar() 1<p- <pt<oo [D-H-R'09]
(vanable exponent Bessel potential spaces);
Ea p() = W*rl) o eN [A-S'06]
e BX) =C0) 0<a<at<1 [A-H'10]

(vanable order Holder-Zygmund spaces); [R-S'95], [A-S'07]

2. Traces: if (a— % —(n—l)max{O,%—1}>_ >0

a() ny — ol 7% n—1 ,
TeFoy o) (R = Foy () (BR™) [D-H-R'09]
3. Embeddings: for ag(x) — % = ay(x) p1,(1X)’
ao(") ai(’) ,
Bootrat) = Boi(ha) [A-H'10]
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Other useful results

o) _ pa()
* Boty. o) = Fol. p)-

. Basic embeddings:

(i) If go < g1, then

a() a()
Boty.a0() = Boly. )

(i) If (g — 1) > 0, then

ao() o)
Bol).a() 7 Bo() ()

(iii) If pT, gt < oo, then

o) a(+) a()

Bty mintp().a0)3  Foty.at) = Bl max{p(-).a()}"

Interpolation
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Other contributions...

Variable smoothness: B;.)
. H.-G. Leopold (1989): Besov spaces of variable order of
()

differentiation which include By’ as a particular case.

. O. Besov (1997)

Variable integrability: Bp(.) q and F[‘f(_)
. J.-S. Xu (2008)

»q

Variable smoothness and integrability:

. H. Kempka (2009) : B:(-) g and FI‘;‘Z.) a()
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Real interpolation of variable Besov spaces

RECALL:

(Ao, A1)s,q, 0 <6 <1, 0< g < oo, denotes the interpolation
space (of compatible quasi-Banach spaces) obtained by the real
method, i.e., consisting of all a € Ag + A1 s.t.

o dt\ Y9
lallg,qg = </0 t7%9K(t,a)d . ) < oo (modification if g = c0)

where K denotes the well-known Peetre functional.
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Real interpolation of variable Besov spaces

If 0 < ag — @1 is constant, then

ao)  pea(’) o)
(BP(')aOO’ Bp(~),oo>97q - Bp(.)7q (3.1)

with a(x) = (1 — 0)ap(x) + O (x).
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Real interpolation of variable Besov spaces

If 0 < ag — @1 is constant, then

ao() a1 (+) a(+)
(BP('),OO’ BP(~),oo>97q — By (3.1)
Moreover, we can show that
o) ao() poal’)
B, — (B Bp(-xs)aq (3.2)

for0<s<gq.



Interpolation

Real interpolation of variable Besov spaces

From (3.1) and (3.2) (with 0 < s < min{q,, q; }), we get

Theorem

Let0 < § <1 andq € (0,00]. Moreover, let p, qo, q1 € 73(')°g and

Qag, a1 € Cllcc)’f N L*. If0 # ag — ay is a constant, then

ao(-) o (-) _ gl)
(Bt Bp(-),ql(-)>9,q = Boia

with a(x) = (1 — 0)ap(x) + fai(x).



Interpolation

Real interpolation of variable Besov spaces

From (3.1) and (3.2) (with 0 < s < min{q,, q; }), we get

Theorem
Let0 < § <1 andq € (0,00]. Moreover, let p, qo, q1 € P(I)Og and

g,y € Cllcc)’f N L*. If0 # ag — ay is a constant, then

ao(-) o (-) _ gl)
(Bt Bp(-),ql(-)>9,q = Boia

with a(x) = (1 — 0)ap(x) + fai(x).

In particular,

(cx0,cm0), =€, a(x) = (1~ han(x) + baa(x),

6,00

for ag — oy constant and 0 < oy < ap(x) < aa(x) < of < 1.
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Some consequences

Corollary

Let 0 <0 <1, qo,q1 € (0,0, p € Py® and v € G5 N L™®. Then

loc

a(-) a(+) o) ) 1 B 1-6 9
<BP(')1‘70’ BP(~),q1>e,q N Bp(~),q with g q1




Interpolation

Some consequences

Corollary

Let 0 <0 <1, qo,q1 € (0,0, p € Py® and v € G5 N L™®. Then

loc

1-60 0

o) a(+) o) ) 1 B
(BP(')qu’BPC),ql)eq Bp() q with g 9 q1

Corollary

Let 0 < 0 <1 and q € (0,00]. Moreover, let ag, 1 € ClOg nL>,

90,91 € Po andp€77°g with pt < oco. If0 # g — ay is a
constant, then

ao(-) a1 (") _ ([ pool() o (-) a(’)
(Bt Fp(~),q1(-))9,q = (FotS ooty Fot . )) =By

with a(x) = (1 — 0)ao(x) + Oaz(x).
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Special interpolation formulas

e Besov ‘ Bessel potential spaces:

(BE2) qocy £7°)

with a = (1 — 0)ag + 0oz, ag # a1, 1 < p~ < pt < oo,

— @o, () aq, () — «
0,9 - (£ P 7£ bP >g7q - Bp(')vq
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Special interpolation formulas

e Besov ‘ Bessel potential spaces:

(Bao 7£a1,p(-)>

2(). a0() = By()q

_ (ﬁao,p(-),gal,p(-g

qu 6,(]

with a = (1 — 0)ag + 0oz, ag # a1, 1 < p~ < pt < oo,

e Besov ] Sobolev spaces:

(5

k7 ()
p().qo() V" )

— k’ () k7 () — «
97q_ (Wop 7W1p )97q_Bp(')7q



Interpolation

Special interpolation formulas

e Besov ‘ Bessel potential spaces:

(Bao 7£a1,p(-))

— O‘»(') a:(') — «
2(). a0() —<£”=£lp> =B

0,9 0,9 p(')vq

with a = (1 — 0)ag + 0oz, ag # a1, 1 < p~ < pt < oo,

e Besov ] Sobolev spaces:

(5

k 7P(') — k ,P(') k 7P(') — &
o0 a0y W )M—(WO whel)) =B

0.q p(-);q

e Besov ] Lebesgue spaces:

(BP(')uCIo(')’ L? >97q - Bp(- ’ a#0.
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Application: trace operator

Theorem
Let p € P(I,Og with p* < oo, g € (0,00] and a € Cllgcg having a limit
at infinity. If (a — % — (n—1) max {0, % — 1}>_ > 0, then

. pal) n a(')f% n—1
Tr: Byiy, oR) = Byyg (RT).



Interpolation

Complex interpolation

Theorem

Let 0 <0 <1, po,p1 € P, 1 < p; < pjf <0, qo,q1 € [1,00)
and ag, a7 € Clo¢ [N [®. Then

loc

(") a(’) _ pa()
Bpo(-)7qo’ BPl(')le 0 BP(-),q’

where a(x) = (1 — 0)ap(x) + Oz (x),

1 _1-6, 0 1 _1-0 0
p(x)  po(x)  pi(x) g q q




Interpolation

Complex interpolation

Theorem

Let 0 <0 <1, po,p1 € P, 1 < p; < pjf <0, qo,q1 € [1,00)
and ag, a7 € Clo¢ [N [®. Then

loc

(") a(’) _ pa()
Bpo(-),qo’ Bpl(-),ql 0 Bp(-),q’

where a(x) = (1 — 0)ap(x) + Oz (x),

1 _1-6, 0 1 _1-0 0
p(x)  po(x)  pi(x) g q q

(retraction technique 4+ complex interpolation between appropriate
weighted variable Lebesgue spaces)
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Applications

e Image restoration [Chen, Levine, Rao (2004)]

min/ d(x, Vu) + é(u — 1),
Q 2

where

P <
d(x,r) = P() x
Cer) {r|—ﬁ"<§3(xf*‘“ 1> 5
2



Applications

e Variational problems with non-standard growth [Zhikov, Marcellini,
Acerbi, Mingione (1997-)]

min [ ol Vadde, 1670 < olx,6) < €1+ [€P1),



Applications

e Variational problems with non-standard growth [Zhikov, Marcellini,
Acerbi, Mingione (1997-)]

min [ ol Vadde, 1670 < olx,6) < €1+ [€P1),

e Fluids dynamics [RaZi¢ka (2000)]

x)—2

~div {(1 4+ 1Du(x)P) T Du(x)| .
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