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e Connection of the new spaces with methods associated to the unit square.
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e The result shows a symmetry which cannot be observed in the ordered case.
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Hence, A(a,ﬁ),q;K = A(l—a,l—ﬁ),q;}( and we may assume that 0 < o < 1/2.

& = {(ts) eR*:0<t<1,0<s< 1},

D = {(t,s)eR*:1<t<oo,0<s<1/t},
Qs = {(t,s)eR*:0<t<1,t<s<1/t},
Q = {(t,s) ER*:0<t<1,1/t <s< oo},
Qs = {(t,5)6R2:1<t<oo,t<s<oo},
Qs {t,s) eR*: 1<t <o0, 1/t <s <t}

lallz g oy g & (/100( 2K (t,a)) > (/ K(t,a) ) a )
oo ([ R ) ([ e



DEFINITION.- Let A = (Ao, A1) be a Banach couple and let 1 < g < 0o. The space
Ao,q:0 = (Ao, A1)o,q;7 is the collection of all a € Ag + A1 which can be represented as

a= / v(t)% (convergence in Ag + A1), (1)
Jo

where v(t) is a strongly measurable function with values in Ao N A; such that

./01 J(t,v(t))% + (/loo J(t,v(t))q%) e @)

The norm in Ay 4.7 is given by taking the infimum in (2) over all representations of the
type (1), (2).



DEFINITION.- Let A = (Ao, A1) be a Banach couple and let 1 < g < 0o. The space
Ao,q:0 = (Ao, A1)o,q;7 is the collection of all a € Ag + A1 which can be represented as

a= / v(t)% (convergence in Ag + A1), (1)
Jo

where v(t) is a strongly measurable function with values in Ao N A; such that

./01 J(t,v(t))% + (/loo J(t,v(t))q%) e @)

The norm in Ay 4.7 is given by taking the infimum in (2) over all representations of the
type (1), (2).

The space A1 ,4.; = (Ao, A1)1,4;7 is formed by all those a € Ao + A; for which there is
a representation of the type (1) but satisfying now

(/Ol(t—l.f(t,v(t)))““)l/q + /loot—l.](t,v(t))@ < 0. 3)

t t

The norm in Aj 4.7 is the infimum in (3) over all representations (1), (3).
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o If Ao Ay and a € Ag g with a = [7 v(t)% then ag = fol v(t)% € Ao because

| ol < [ 0w <o
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([ sesort) s [ st

Therefore, Ag,q,; — Ao,q. The reverse inclusion is clear.



THEOREM .- Let A = (Ao, A1) be a Banach couple, let 0 < o< landlet 1 < ¢ < co.
Put A = (Ao, A1, A1, Ag) . Then we have with equivalent norms
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THEOREM .- Let A = (Ao, A1) be a Banach couple, let 0 < o< landlet 1 < ¢ < co.
Put A = (Ao, A1, A1, Ag) . Then we have with equivalent norms

Aso g NAg gy if 0<a<1/2,

AgiNAogs if a=1/2,

Aaa),q0 =
i 1/2<a<l,

AQ—Q(}J] N AO,q;J

and
Al_ga,q N AL!I;J if 0<ac< 1/2,

Aoi-args = AogaNAigs if a=1/2,
Aga_l,q n 1211#(1;,7 if 1/2 <a<l.

e The result shows a symmetry which cannot be observed in the ordered case.

e For the proof, some other auxiliary interpolation spaces are required. Restriction
q # 1 is due to one of the intermediate results.



COROLLARY .- Let (€, i) be a o-finite measure space. Then
(Loo, L17 Lla Loo)(a,a),oo;J

L1 /2000 N Loo,co(log L)1 if 0<a<1/2,
= L,eo)(log L)1 N Loo,o(logL) 1 if a=1/2,
Ll/(2—2a),oo n LOO’OO(IOgL),l if 1/2 <a<l |

and
(Loo’ L17 Lla Loo)(a,lfa),oo;J

Ll/(1—2a),oo n L(l,oo)(logL),l if 0<ax< 1/2,
={ Loooo(log L)1 N Ly e)(logL) 1 if a=1/2,
Ll/(2a—1),oo n L(l,oo)(logL),l if 1/2 <a<l.

Here

Ly,q(log L)y

o 1/q
- {f: e, = ([ 70+ Doge) 7))

and we define L, 4)(log L)y similarly but replacing f* by f**.

s



