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For a ∈ Σ(A) = A0 +A1 +A2 +A3 and t > 0, s > 0

K̄(t, s; a) = inf
{
‖a0‖A0 + t‖a1‖A1 + s‖a2‖A2 + ts‖a3‖A3 : a =

3∑
j=0

aj , aj ∈ Aj
}
,

J̄(t, s; a) = max
{
‖a‖A0 , t‖a‖A1 , s‖a‖A2 , ts‖a‖A3

}
, a ∈ ∆(A) = A0 ∩A1 ∩A2 ∩A3.
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A(α,β),q;J ↪→ A(α,β),q;K .
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(A0, A1, A1, A0)(α,β),q;K =

{
(A0, A1)α+β,q if β < 1− α,
(A0, A1)2−(α+β),q if 1− α < β.
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The reason for cutting the integral is that

K(t, a) ∼ t‖a‖A1 for 0 < t ≤ 1.

Therefore, (∫ 1

0

[t−1K(t, a)]q
dt

t

)1/q

= (

∫ 1

0

dt

t
)1/q‖a‖A1 =∞.

Moreover, using that A0 ↪→ A1 one can show that

‖a‖θ,q ∼
(∫ ∞

1

[t−θK(t, a)]q
dt

t

)1/q
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• Limiting J-spaces with θ = 0.
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If µ(Ω) <∞ then (L∞, L1)0,q =

L∞,q(logL)−1 =

{
f :
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0

( 1
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In particular, we have (L∞, L1)0,∞ = Lexp
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Let 0 < α < 1 and 1 ≤ q ≤ ∞. Then we have, with equivalent norms,

(A0, A1, A1, A0)(α,1−α),q;J =


(A0, A1)1−2α,q if 0 < α < 1/2,

(A0, A1)2α−1,q if 1/2 < α < 1,

(A0, A1)0,q if α = 1/2,
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Problem .- To get rid of the assumption A0 ↪→ A1.

• Limiting spaces for general Banach couples.

• Connection of the new spaces with methods associated to the unit square.
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DEFINITION.-Let Ā = (A0, A1) be a Banach couple and let 1 ≤ q ≤ ∞. The space
Ā1,q;K = (A0, A1)1,q;K consists of all those a ∈ A0 +A1 which have a finite norm

‖a‖Ā1,q;K
= sup

0<t≤1
t−1K(t, a) +

(∫ ∞
1

(t−1K(t, a))q
dt

t

)1/q

.
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• The result shows a symmetry which cannot be observed in the ordered case.



Since Ā = (A0, A1, A1, A0) is diagonally equal, we have
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∫∞

0
v(t) dt

t
then a0 =

∫ 1

0
v(t) dt

t
∈ A0 because∫ 1

0

‖v(t)‖A0

dt

t
≤
∫ 1

0

J(t, v(t))
dt

t
<∞ .

Writing u(t) = v(t) + a0χ(1,e)(t) for 1 ≤ t <∞ , we get that a =
∫∞

1
u(t)dt/t with
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THEOREM.- Let Ā = (A0, A1) be a Banach couple, let 0 < α < 1 and let 1 < q ≤ ∞ .
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• For the proof, some other auxiliary interpolation spaces are required. Restriction
q 6= 1 is due to one of the intermediate results.



COROLLARY.- Let (Ω, µ) be a σ-finite measure space. Then
(L∞, L1, L1, L∞)(α,α),∞;J

=


L1/2α,∞ ∩ L∞,∞(logL)−1 if 0 < α < 1/2 ,

L(1,∞)(logL)−1 ∩ L∞,∞(logL)−1 if α = 1/2 ,

L1/(2−2α),∞ ∩ L∞,∞(logL)−1 if 1/2 < α < 1 ,

and
(L∞, L1, L1, L∞)(α,1−α),∞;J

=


L1/(1−2α),∞ ∩ L(1,∞)(logL)−1 if 0 < α < 1/2 ,

L∞,∞(logL)−1 ∩ L(1,∞)(logL)−1 if α = 1/2 ,

L1/(2α−1),∞ ∩ L(1,∞)(logL)−1 if 1/2 < α < 1 .

Here

Lp,q(logL)b

=

{
f : ‖f‖Lp,q(logL)b =

(∫ ∞
0

(t1/p(1 + | log t|)bf∗(t))q dt
t

)1/q

<∞

}

and we define L(p,q)(logL)b similarly but replacing f∗ by f∗∗.


