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For a ∈ Σ(A) = A0 +A1 +A2 +A3 and t > 0, s > 0

K̄(t, s; a) = inf
{
‖a0‖A0 + t‖a1‖A1 + s‖a2‖A2 + ts‖a3‖A3 : a =

3∑
j=0

aj , aj ∈ Aj
}
,

J̄(t, s; a) = max
{
‖a‖A0 , t‖a‖A1 , s‖a‖A2 , ts‖a‖A3

}
, a ∈ ∆(A) = A0 ∩A1 ∩A2 ∩A3.
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A(α,β),q;J ↪→ A(α,β),q;K .
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Ā2−(α+β),q

A1

A0

A0

A1



Ordered Banach couples: A0 ↪→ A1. Put A = {A0, A1, A1, A0}

K̄(t, s; a) = min{1, ts}K
( min{t, s}

min{1, ts} , a
)
, a ∈ A1.

J̄(t, s; a) = max{1, ts}J
( max{t, s}

max{1, ts} , a
)
, a ∈ A0.

@
@

@
@

@
@
@
◦

◦

◦

◦
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(A0, A1, A1, A0)(α,β),q;K =

{
(A0, A1)α+β,q if β < 1− α,
(A0, A1)2−(α+β),q if 1− α < β.



When β = 1− α we obtain limiting real interpolation spaces

(A0, A1)1,q =
{
a ∈ A1 : ‖a‖1,q =

 ∞∫
1

(
t−1K(t, a)

)q dt
t

 1
q

<∞
}



When β = 1− α we obtain limiting real interpolation spaces

(A0, A1)1,q =
{
a ∈ A1 : ‖a‖1,q =

 ∞∫
1

(
t−1K(t, a)

)q dt
t

 1
q

<∞
}

B F. Cobos, L.M. Fernández-Cabrera, J. Mart́ın, Proc. Royal Soc. Edinburgh 138A
(2008) 1179-1195.



When β = 1− α we obtain limiting real interpolation spaces

(A0, A1)1,q =
{
a ∈ A1 : ‖a‖1,q =

 ∞∫
1

(
t−1K(t, a)

)q dt
t

 1
q

<∞
}

B F. Cobos, L.M. Fernández-Cabrera, J. Mart́ın, Proc. Royal Soc. Edinburgh 138A
(2008) 1179-1195.

B M.E. Gomez, M. Milman, J. London Math. Soc. 34 (1986) 305-316.

B M. Milman, Springer Lect. Notes 1580, 1994.



When β = 1− α we obtain limiting real interpolation spaces

(A0, A1)1,q =
{
a ∈ A1 : ‖a‖1,q =

 ∞∫
1

(
t−1K(t, a)

)q dt
t

 1
q

<∞
}

B F. Cobos, L.M. Fernández-Cabrera, J. Mart́ın, Proc. Royal Soc. Edinburgh 138A
(2008) 1179-1195.

B M.E. Gomez, M. Milman, J. London Math. Soc. 34 (1986) 305-316.

B M. Milman, Springer Lect. Notes 1580, 1994.

The reason for cutting the integral is that

K(t, a) ∼ t‖a‖A1 for 0 < t ≤ 1.

Therefore, (∫ 1

0

[t−1K(t, a)]q
dt

t

)1/q

= (

∫ 1

0

dt

t
)1/q‖a‖A1 =∞.



When β = 1− α we obtain limiting real interpolation spaces

(A0, A1)1,q =
{
a ∈ A1 : ‖a‖1,q =

 ∞∫
1

(
t−1K(t, a)

)q dt
t

 1
q

<∞
}

B F. Cobos, L.M. Fernández-Cabrera, J. Mart́ın, Proc. Royal Soc. Edinburgh 138A
(2008) 1179-1195.

B M.E. Gomez, M. Milman, J. London Math. Soc. 34 (1986) 305-316.

B M. Milman, Springer Lect. Notes 1580, 1994.

The reason for cutting the integral is that

K(t, a) ∼ t‖a‖A1 for 0 < t ≤ 1.

Therefore, (∫ 1

0

[t−1K(t, a)]q
dt

t

)1/q

= (

∫ 1

0

dt

t
)1/q‖a‖A1 =∞.

Moreover, using that A0 ↪→ A1 one can show that

‖a‖θ,q ∼
(∫ ∞

1

[t−θK(t, a)]q
dt

t

)1/q
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In particular, we have (L∞, L1)0,∞ = Lexp
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• Limiting spaces for general Banach couples.

• Connection of the new spaces with methods associated to the unit square.
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The space Ā0,q;K = (A0, A1)0,q;K is formed by all those a ∈ A0 +A1 having a finite
norm
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The space Ā0,q;K = (A0, A1)0,q;K is formed by all those a ∈ A0 +A1 having a finite
norm
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THEOREM.-Let Ā = (A0, A1) be a Banach couple, let 0 < α < 1 and let 1 ≤ q ≤ ∞ .
Then we have with equivalent norms

(A0, A1, A1, A0)(α,α),q;K =
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∫∞

0
v(t) dt

t
then a0 =

∫ 1

0
v(t) dt

t
∈ A0 because∫ 1

0

‖v(t)‖A0

dt

t
≤
∫ 1

0

J(t, v(t))
dt

t
<∞ .

Writing u(t) = v(t) + a0χ(1,e)(t) for 1 ≤ t <∞ , we get that a =
∫∞

1
u(t)dt/t with
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‖a‖Ā0,q;J
≤ CJ(t, a) , a ∈ A0 ∩A1 , 0 < t <∞ ,
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∫∞

0
v(t) dt

t
then a0 =

∫ 1

0
v(t) dt

t
∈ A0 because∫ 1

0

‖v(t)‖A0

dt

t
≤
∫ 1

0

J(t, v(t))
dt

t
<∞ .

Writing u(t) = v(t) + a0χ(1,e)(t) for 1 ≤ t <∞ , we get that a =
∫∞

1
u(t)dt/t with(∫ ∞

1

J(t, u(t))q
dt

t

)1/q

.

(∫ ∞
1

J(t, v(t))q
dt

t

)1/q

+ ‖a0‖A0

≤
(∫ ∞

1

J(t, v(t))q
dt

t

)1/q

+

∫ 1

0

J(t, v(t))
dt

t
.
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• For the proof, some other auxiliary interpolation spaces are required. Restriction
q 6= 1 is due to one of the intermediate results.



COROLLARY.- Let (Ω, µ) be a σ-finite measure space. Then
(L∞, L1, L1, L∞)(α,α),∞;J

=


L1/2α,∞ ∩ L∞,∞(logL)−1 if 0 < α < 1/2 ,

L(1,∞)(logL)−1 ∩ L∞,∞(logL)−1 if α = 1/2 ,

L1/(2−2α),∞ ∩ L∞,∞(logL)−1 if 1/2 < α < 1 ,

and
(L∞, L1, L1, L∞)(α,1−α),∞;J

=


L1/(1−2α),∞ ∩ L(1,∞)(logL)−1 if 0 < α < 1/2 ,

L∞,∞(logL)−1 ∩ L(1,∞)(logL)−1 if α = 1/2 ,

L1/(2α−1),∞ ∩ L(1,∞)(logL)−1 if 1/2 < α < 1 .

Here

Lp,q(logL)b

=

{
f : ‖f‖Lp,q(logL)b =

(∫ ∞
0

(t1/p(1 + | log t|)bf∗(t))q dt
t

)1/q

<∞

}

and we define L(p,q)(logL)b similarly but replacing f∗ by f∗∗.


