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1. Spaces 1.1 Morrey spaces 1.2 Besov spaces 1.3 Besov-Morrey sp

Morrey spaces on R”

Definition

Definition 1
0<g<p<oo, Morreyspace M,q(R"): f € LP(R") with

1/q

IFIMpa®) =  sup  RES / )9 dy| < o
x€R",R>0 B(x,R)

Rem.

> Ch. Morrey (1938), J. Peetre (1969), different notation/concepts,
local/global approach

0 .
> M, q(R") = {i i]i%") Zi Z ~ g < p refined (local) integrability
P ) -

> p=00 - Mpq4(R") = Lo(R")

Convention: all spaces on R" in the sequel
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1. Spaces 1.1 Morrey spaces 1.2 Besov spaces 1.3 Besov-Morrey sp

Morrey spaces

Basic properties

» (quasi-) Banach spaces (Banach spaces for g > 1)
> Lp=Mpp— Mp g — Mpg, if 0<@<qa<p
> Lpoo = Mpg, 0<g<p<oo

Rem. Stummel(-Kato) classes S, o: f € Li*® with

1/q
i = | q|y _ |a—n _
iy neafe) =l ((sup [ i)y ay) =0

Ragusa/Zamboni (2001): 0<g<p<oo, ni <a<n

~ Mp,q — Su.q’ na,qf(g) S C€%_£Hf‘Mp,q
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(Weighted) Besov Spaces B; (R", w), w € A
I1LaE, )l = ([ IFapweoax) e, o< p<oo
Rl‘l

0<p<oo, 0<r<oo, seR, (g;); smooth dyadic partition of unity

w)l}); 16

1185, (R, w)|| = || @ |F (¢, FF)ILo(R

Rem.

>B;,,,O<p7r§oo,s>n(%—1)+,mEN,m>s: i
1 r
s —sr m r dt
171851l ~ 1L+ (/ £ sup |AT|Ly| t)
0 [h|<t

BSo,co =C®, s > 0 Holder-Zygmund spaces
> A =Upsr Ap WGAp,l<p<oo,%+§:1:

(Tl;\/,aw(x) dx>1/p (E/BW(X)""/P dx>w <A
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1. Spaces 1.1 Morrey spaces 1.2 Besov spaces 1.3 Besov-Morrey sp

Weighted Spaces of type B, ,(R", w), w € A
Sequence spaces

n
m € Z", v € Z: n-dimensional dyadic cube Q, ,» = [] [’27777 mé'jl)

vn i=1
X =27 Xoym W(Q) = [ow(y)dy
0<p<oo,0<r<oo,wé€dy, cd€R, A={\n}jmCC

A={Am}mezn € gp(W)

= = | 3 Amomto)]| ~ (3 Pl w(@om)) < o

mezn mezn

)\Gbg’,(w)

= N = [{Z2 | Emdita},, o] <o
o e w0
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Weighted Besov Spaces B; (R", w), w € Ay

Wavelet characterisation
Proposition 2 (H./Skrzypczak, 2008)
O0<p<oo,0<r<oo,wée€As,, seR

2"—1
B, (w) isomorphic to  £p(w) @ @ by (w), o=s+
j=1

3>

Rem. Daubechies wavelets
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1. Spaces 1.1 Morrey spaces 1.2 Besov spaces 1.3 Besov-Morrey sp

Besov-Morrey spaces on R”

Definition & basic properties

Definition 3
0<g<p<oo 0<r<oo, seR, (p;); dyadic partition of unity

Besov-Morrey space MBpg(R"):  f € §'(R") with

|F MB35l = || 2 |7 (i Ol Mol ler| < o0

Rem. different approaches, notation, ..., e.g. Kozono/Yamazaki (1994),
Mazzucato (2003), Tang/Xu (2005), Sawano/Tanaka (2007-),
Yuan/Sickel/Yang (2010-), ...

> independence of (¢;);, quasi-Banach spaces (Banach for q,r > 1)

» MBy, =B;,, S MBsy, — &, first embedding dense if r < oo
> MBSEn o MBSE, >0, MBS < MBSE  ifn <n
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1. Spaces 1.1 Morrey spaces 1.2 Besov spaces 1.3 Besov-Morrey sp

Besov-Morrey spaces on R”

Sequence spaces & Wavelet characterisation
0<g<p<oo,0<r<oo,ogeR, AX={A\m}imCC
o,r
A € Mbgp

= megl = {2® <00

ST
‘%ﬂ J, XJ,m| p:q jeNo‘

1
N H{zf(v:) sup 270G (3 |A,mq)"} 0,
J

v<j

ke Qj'.:neCZ;;,k
Proposition 4 (Sawano, 2008) o1
n
MB; isomorphic to £, & (P Mbyg, o=s+3
j=1
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mbeddings 2.1 Unweighted Embedding 2.2 Weighted Embedding

2. Embeddings of spaces on R”
2.1 Unweighted case
2.2 Some weighted case
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2. Embeddings 2.1 Unweighted Embedding 2.2 Weighted Embedding

Embeddings of Besov-Morrey spaces: the unweighted case

The ‘classical’ Besov space situation

s,-GR,O<r,~§oo,O<p,~§oo,i:1,2,(5:sl—p—”1fSQer—"2
des < B, < B
if, and only if,

p1 < p2

and

(et 2-(2-2)
J€No r rn  n/+

The embedding idgg is never compact.
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2. Embeddings 2.1 Unweighted Embedding 2.2 Weighted Embedding

Embeddings of Besov-Morrey spaces: the unweighted case

Sequence space version

Proposition 5
SER 0<qg <pi<oo,0<r<oo,i=12, i:<l—l)
+

idmm : MbE" — Mb2:"2

P1,91 P2,92
if, and only if,
2 1
pP1 S P2, i < i
P2 p1
and

{2*15} € Ly
JE€Ng

The embedding id,,, is never compact.
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2. Embeddings 2.1 Unweighted Embedding 2.2 Weighted Embedding

Embeddings of Besov-Morrey spaces: the unweighted case

Function spaces

Theorem 6
SSER,0<qgi<pi<oo,0<r<o0,i=1,2, ri*: <%_711>+
idmw - /\/IB;:;II = MBSE:%
if, and only if, . q
p) 1
p]. S p27 7 S 7
P2 P1
and

{2‘f5} €l
Jj€Np
The embedding idpyy is never compact.

Rem. partial result by Sawano/Sugano/Tanaka (2009)
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2. Embeddings 2.1 Unweighted Embedding 2.2 Weighted Embedding

Embeddings of Besov-Morrey spaces: the unweighted case

Some consequences

sseER0<r<o0,0<qg <pi<o,i=1,2

, , q2 q1 —js
MBG o MBRE = m<p < {27 }j €Ly

. S1,rn S2,r2 s S;
> g1 > G20 MBplg, — MBpy g, < Bpi,n = Bpg,rz

_ . s1 52,2 S1 S2
> p1=qu Bpl,rl = MBP27¢72 — BP1,r1 - sz,fz
_ . S1,n So S1,n . ps; S2
> p2 - q2 MBp1,q1 — Bp2,r2 < MBpl»ql - Bpl,rl — Bp27r27
in particular,
s1,n 2 _
MBPLCII - sz,rz P1=4q1

Rem. seR 0<r<oo,0<g<p<oo MBy,+ U B,

o,v,u
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2. Embeddings 2.1 Unweighted Embedding 2.2 Weighted Embedding

SER 0<pj,ri<oo, i=12 1 :(i_i)+,pfl*:(i_

T r rn p2

w(x) = [x|* € As <= a > —n

idgg : By 1 (IX%) = By,

if, and only if,

and

(108,
Jj€Np

The embedding idjz is compact if, and only if, § > > >

1

P1

Embeddings of Besov-Morrey spaces: some weighted case
An example (H./Skrzypczak, 2008)

)+
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2. Embeddings 2.1 Unweighted Embedding 2.2 Weighted Embedding

Embeddings of Besov-Morrey spaces: some weighted case

An example

Proposition 7
SER 0<r<o00,i=120<p1 <00, 0<qr < pp <00,

a>—n
id BM - BPl Fl(‘x|a) - MB;; 2722
if, and only if,
o n
I 2 R
p1— p*
and

{2_J(5_E) }jENo € b

The embedding idf,, is compact if, and only if, § > i >
id®,, is compact if, and only if, idZg is compact.
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2. Embeddings 2.1 Unweighted Embedding 2.2 Weighted Embedding

Embeddings of Besov-Morrey spaces: some weighted case

The general criterion

Proposition 8

0<p1<o0,0<p<p<o,seR 0<rr<o00 we Ay

idgy : Bpy, (W)

P1,n

if, and only if,
n(L-L)(j-v | Qjym
2 sup2 {(
{ v<j (QJJW
kecz"

)> QJ m C Qy k} ‘éu*

Rem. p> = g2: H./Skrzypczak (2008), Kiihn/Leopold/Sickel /Skrzypczak (2006),

also criterion for compactness
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3. Outlook

» continuity / compactness of

idpm : MBpy g, (w1) = MB; g, (w2)

i.e., when g; < p;, i=1,2
» more general / other weight classes

» situation on bounded domains: continuity, compactness,

entropy numbers, approximation numbers, applications ...
» limiting / sharp embeddings
» spaces of type MFpq, ...

» Thank you very much for your attention!
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