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Introduction

Jaunay lake is a water reservoir of 3.700.000 m? located at the North-West of
France and it has been exploited for recreational activities and human consumption.
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Figure 1: Geographic situation

Figure 2: Real aspect of the lake

The company Vendée Eau owns a water treatment plant located at a distance of 20 km
from the lake, which is in charge of the water intake, its purification and its distribution
to neighboring. This results in a reduction of the lake volume, which becomes alarming
in dry seasons when this volume decreases to half of its capacity.
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Figure 3: Situation of Company Vendée Eau



1. Problem description

Vendée Eau is trying to solve the volume problem refilling the lake with reused
water coming from the water treatment plant.
The objective is to find the optimal location of the removal and refilling pipes in order
to minimize the pollutant in the recreational area, taking into account that the value
in this area must be lower than C,,,,. This value C,,,, is imposed by the company.
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Figure 4: Lake layout - 1

Also, there are some restrictions related to the pipe’s location. One of them must be
located near the water treatment plant. Based on that, we suppose it must be in the
area that is shown in the following figure.
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Figure 5: Lake layout - 2



1.1.

Steps to solve the problem

For solving this problem, we will use the following steps:

1.
2.
3.
4.

d.

Mathematical Modelling

Numerical Simulation (with COMSOL)
Optimization (with GOP)

Results

Conclusions

Using the tools Comsol Multiphysics, Matlab and GOP.



2. Mathematical modelling

In order to make the study easier, and observing that the pollutant is made in
this model only of chlorine, which we know that remains in the surface of the lake,
we considered a 2D model instead of a 3D one, supposing that the pollutant has a
constant depth of 1m.

2.1. Geometry of the domain

This is the first step in the mathematical model. The dimensions of the lake are
the following ones:

» Length: 6150 m
s Mean width: 200 m

6150 (m)

N

200(m)])

Figure 6: Dimensions of the lake

To obtain the geometry we start from a Matlab code, provided by our coordina-
tors, which contains all the points of our domain. Using the Matlab function boundary
we obtain those placed on the boundary.

The boundary function works as follows, executing k =boundary(z,y) Matlab re-
turns a vector of point indices representing a single conforming 2 — D boundary around
the points (z,y).

Then we export that values from Matlab to Comsol and draw the geometry as
an interpolation curve that passes throught all these points.
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Figure 7: Lake in Comsol

Physical description of the pipes

= Both pipes have a 3 m radius.

an

» The speed at which water is removed and refilled is 0.1228 m/s.

Figure 8: Radius and Speed of the Lake
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2.3. Mathematical Model

The mathematical model is based on the following equation:

dc
% _ div(DVe + @
5 div(DVc + tc)

Which represents how the contaminant displace throught the lake in relation to:

» The value of it’s coefficient difussion (DV¢). Bearing in mind that the pollution
will tend to spread to less contaminated areas.

= A velocity field (ic), known as advection, created by:

e A laminar flow (@), which is base on the Navier Stokes equations. In physics
it describes the motion of viscous fluid substances. These balance equations
arise from applying Newton’s second law to fluid motion, together with the
assumption that the stress in the fluid is the sum of a diffusing viscous
term (proportional to the gradient of velocity) and a pressure term-hence
describing viscous flow.

e The wind (¢), which is a time-dependent function.

e The velocity field can be written as:
Uy + drag - v,
Uy +drag - vy

It is important to take in account the drag factor, which represents the percentage of
the wind that really affects the movement of the contaminant.

The model must be completed with:

» Initial conditions: ¢ = c¢y; where ¢y is the initial concentration of the contaminant
in the lake.

= Boundary conditions:
e ¢ = (. Condition for the beginning of the lake which represents that the

water is entering from the river with no pollution.

e —n - DVe = 0. Condition for the ending of the lake which represents that
the water is going through, leaving the lake.

e —n-N =0. Where N = DVec¢ + we. This last condition is for the rest of
the boundary, considering it as a wall.

= Pump’s restrictions:

® ¢ = ¢;,. Restriction for the refilling pump which represents the fact that
the lake is being filled with contaminant water. Where ¢;, is the initial
concentration.

e —n - DVe = 0. Restriction for the removal pump which represents, as the
same boundary condition, that the water is leaving the lake.



2.4. Data

= The data values used to solve the problem have been given by Vendée Eau.

Simulation &0 days
Time
River's Velocity 00023148 m/s
Pump s Radio 3 m
ﬂu 5“ g/
D 0.04 m? .
drag 0.002 =
Cin 190 my fmz
Comes 250 .

Figure 9: Data values

s The datawind have been extracted from the Copernicus Marine Environ-
ment Monitoring Service.

OPERNICUS

ARINE ENVIRONMENT MONITORING SERVICE

Figure 10: Copernicus Marine Environment Monitoring Service



Here it is an example of how this web site works:
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Figure 11: Example of Copernicus Marine Environment Monitoring Service

To obtain the data values of an specific area it is only necessary to enter its
coordinates and a period of time, then the data values will be available for down-
loading.
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3. Numerical Simulation

3.1. Comsol

COMSOL Multiphysics is a software that models and simulates scientific and engi-
neering problems.

COoOMSOL "!’\
MULTIPHYSICS® ™

Figure 12: Logo of Comsol Multiphysics software

First of all, as it can be seen in the [Figure 13| the value of the parameters that had

been provided by the company was included.
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Figure 13: Graphical User Interface of Comsol

After the process that has been previously stated, regarding the definition of the
domain, the coordinates have been imported and drawn. Additionally, since we do not
know what will the solution to our problem be, the refilling and removal pumps have
been randomly placed.

Secondly, the problem has been modeled. That is, we have defined the equations,
the boundary conditions as well as the initial conditions.
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Figure 14: Modeling problem with Comsol

Finally, the mesh of the domain has been carried out. After defining the time unit,
which in this case is the day, and the time interval, which was set in 2 months, we have
proceeded to carry out the simulation.
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Figure 15: Mesh for solving numerically the problem

Since the bombs have been randomly placed, we have decided to show two situ-
ations in which it is shown that randomness does not provide a feasible solution. In
the first example, it can be seen how the concentration exceeds the maximum value
imposed by the company.

12



Max concentration value: 340.69 mg/m?

ouT

Figure 16: Random solution 1

Similarly, if we consider other coordinates for the pumps, the concentration again
exceeds the allowed limit.

Max concentration value: 464.81 mg/m?

ouT

Figure 17: Random solution 2

3.2. Matlab

The next step is start working with MATLAB, converting the COMSOL code that
contains the matemathical model into the MATLAB function

J = LakeS(Xim Y;na Xouta }/out)a (31)

where the output J is an approximation of the following quantity

/OT //Q o,y 1) do dy dt, (3.2)

which is the integral of the concentration of the pollutant in the considered time
(sixty days), and in space, specifically in the critical area €., that is the recreational

area, shown in [Figure 18|
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Figure 18: Image of the critical area ).

As input, this MATLAB function needs the coordinates of the position of the two
pumps, which are indicated with (X;,, Y;,) for the refilling pump, and (X,u, Yout), for
the removal pump.

To simplify the problem, we decided to locate the two pumps inside the lake; to do
this, we created another MATLAB function, inlake(zq,yq,X,Y), which controls if the
point with coordinates (z,,y,) is inside the lake, whose boundary are descripted by
the two vectors X and Y. The output of this function is actually the output of the
MATLAB function inpolygon(zq,yq,X,Y), on which the function inlake is based; this
output is a boolean expression of 1, if the point (zq, yq) is inside the polygon expressed
by the two vectors X and Y, or 0 otherwise.

Inpolygon=0
X

Figure 19: Example of how the function inpolygon works.
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4. Optimization

The concentration value ¢, as well as the MATLAB function lakes, strictly depends
on where the two pumps are located, ie from the values of (X;,, Yin), (Xout, Your). In
this section, we will define, analize and solve the optimization problem that will give
us back the best position of the two pumps in order to minimize the value of the
concentration of the pollutant in the recreational area in two months.

4.1. Definition of the optimization problem

At first, we define the optimization problem, which can be written as follows:

min J(p), (4.1)

pEQ

J(p) = /OT //C cp(z,y,t) do dy dt, (4.2)

with whom we search the minimum of the concentration of the pollutant depending
from the position of the pipes.

where

We choose to find the solution in Q = O x Qy C R*, the restricted domain rep-
resented in [Figure 20 due to several conditions and observations: referring to y, the
company itself expressely asked to locate one of the two pumps in the first part of the
lake, near to the water treatment plant; regarding (s, after several random tries, we
saw that the pollutant accumulates mostly in this area, which is also the area object
of our study. For this reasons, and due to the lack of time, we focus on this restricted
domain, instead of study the problem in the whole lake.

=
/,f /
o

Figure 20: Image of the considered domain 2.

4.2. Solve with GOP

Once we have defined the optimization problem to solve, we proceed to get a solution
approach. We have donde this by using GOP (which stands for Global Optimization
Platform), an optimization software developed by the group MOMAT from the UCM
that regroups various class of determinist and stochastic optimization problems. In
particular, we have used a genetic algorithm to get the approximation.

In order to use the genetic algorithm implemented in GOP, we have to create two
matlab files, userinit.m and userfunc.m,

15



= userinit.m: Define initial conditions of the problem. In our case in this file we
define the domain where the two pumps can be placed, 2 = Q; x €),.

» userfunc.m: Function to be optimized. In this case, as if we just define the func-
tion J to be estimated in each evaluation of the genetic algorithm, we would
evaluate many points that are not inside our domain €2, we first check if the co-
ordinates of the pumps p = (X, Yin, Xout, Your) chosen by the genetic algorithm
are inside €2 = € x Q. Here is where we use the function inpolygon that we
created. If so, J(p) is evaluated by calling the function lakes previously defined,
in other case, the output message PONT OUTSIDE THE LAKE is displayed.

By using the function inpolygon we reduce the computacional cost, as the function
J is only evaluated if the points are inside the domain.

After we have defined these two functions, we can open and run GOP. In the
following figure the interface of GOP is shown.

E GOP Ver. 15.12.11 - License: Free user - GMU General Public License - Non profit use
1.C.0. DATA [WGTidm| CORE ALGORIMHM DATA GEMERAL ALGORMHM OPTIONS

[
100 =

GRAPHICAL OUTPUTS

RUNNING DATA SOLUTION VARIATION
GA - N*:31
Best C.p. FILES OUTPUTS

[ svti:onl| sv

I 20170622T102935

Conv. H. CONvergence

Init. value 1.09426e+06 = bestconv resuft
Cur. value TEED gvolution
Bestvaive [N =T

Start | Stop | Read | Browse  Save | Load | Del Sv. | Help | Reset | Exi

Figure 21: Interface of GOP

As we can see in the we have chosen in the Genetic Method and also
fixed some parameters as the number of generations and population or the percentage
of mutation. Once all the settings required are fixed, we only have to browse the folder
where userinit and userfunc are and press start to run the genetic algorithm.

After running the algorithm for several hours, the best solution obtained is locating
the pipes as in the following figure:

16
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Figure 22: Best solution found with GOP

For this solution, the maximum concentration of the pollutant is 234.68mg/m?,
which is below the maximum concentration allowed (250mg/m?), so the solution fulfills
the restriction imposed.
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5. Results

Now, we are going to analyse the best solution we have obtained.

= [f we do not consider the effect of wind, we get these results:

Figure 23: Evolution of pollutant without wind

e As we can see, the pollutant follows the natural course of the river.

e As might be expected, in this case drag factor is 0.

Figure 24: Streamlines without wind effect

e The streamlines show the trajectories of the Lagrangian particles of the lake
in a particular moment. Some of them are absorbed by the output pump,
and the others leave the lake.

18



» [f we include the effect of the wind in our model:

Figure 25: Evolution of pollutant considering wind force

e We can see that its influence is very relevant as we observe that the pollutant
acummulates in these parts of the lake.

e This is the reason why the algorithm locates the out pump in this area.

e The drag factor is 0.0002. We have taken it from an article of a lake in
Ontario (Canada) (see [3]) because we do not know this data of our river.

Figure 26: Streamlines considering wind effect

e In this case, because of the wind force, quiet and calm water zones (vortexes)
appear.

e This fact can be used to improve our solution, for instance, restricting the
localitation of the in pump.

19



= Finally, in the next graphic we see the temporal evolution of the maximum con-
centration of pollutant in the critical area.
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Figure 27: Temporal evolution of the maximum concentration in Q¢

It can be seen that our solution never reaches the maximum value permitted, so
the problem is solved.
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6. Conclusions

Recalling the main steps we have followed to obtain a final solution, we first studied
the geografic situation of the Jaunay lake and described the problem proposed: to refill
the lake with reused water. In order to do that, our objective was to find the optimal
location of two pipes in the lake, one to refill the lake with the contaminated water
and another to remove the pollutant, minimizing the pollutant in the recreational area
of the lake. We also had to take into account that the maximum concentration of the
pollutant could not reach a fixed maximum value. The next step was to make the
mathematical model of the problem, defining the geometry, the data and the equations
involved in COMSOL. After this we converted the COMSOL code into a MATLAB
function with the coordinates of the pumps as parameters. Finally, we stated the
optimization problem, and obtained an approximation of the optimal solution by using
a genetic algorithm implemented in GOP.

6.1. Recomendations

According to the best solution we have obtained, our final recomendations are to
locate the refilling pump at the beginning of the lake and the removal pump in the
recreational area and near the border.

6.2. Future work

As future work, a more complete and realistic model could be created including the
space variation of the wind. Also, a better solution of the optimization problem would
probably be obtained running the algorithm for longer, as our time for this was very
limited.
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