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Introduction

Definition

A pseudo-Riemannian manifold (M, g) is (locally)
homogeneous if for any two points p, g € M, there exists a
(local) isometry ¢, mapping p to g.
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Introduction

Definition

A pseudo-Riemannian manifold (M, g) is (locally)
homogeneous if for any two points p, g € M, there exists a
(local) isometry ¢, mapping p to g.

Homogeneous and locally homogeneous manifolds are among
the most investigated objects in Differential Geometry.

It is a natural problem to classify all homogeneous
pseudo-Riemannian manifolds (M, g) of a given dimension.
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Introduction

Definition

A pseudo-Riemannian manifold (M, g) is (locally)
homogeneous if for any two points p, g € M, there exists a
(local) isometry ¢, mapping p to g.

Homogeneous and locally homogeneous manifolds are among
the most investigated objects in Differential Geometry.

It is a natural problem to classify all homogeneous
pseudo-Riemannian manifolds (M, g) of a given dimension.

This problem has been intensively studied in the
low-dimensional cases.
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Introduction

Different approaches to the classification problem:
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Introduction

Different approaches to the classification problem:

“Algebraic”: to classify all pairs (g, h), formed by a Lie algebra
g C so(p,g) and an isotropy subalgebra b, such that
dim(g/h) =p +q =dimM.
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Introduction

Different approaches to the classification problem:

“Algebraic”: to classify all pairs (g, h), formed by a Lie algebra
g C so(p,g) and an isotropy subalgebra b, such that

dim(g/h) =p +q =dimM.

“Geometric”: to understand which kind of geometric properties
are true for the (locally) homogeneous pseudo-Riemannian
manifolds of a given dimension.
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Introduction

Different approaches to the classification problem:

“Algebraic”: to classify all pairs (g, h), formed by a Lie algebra
g C so(p,g) and an isotropy subalgebra b, such that

dim(g/h) =p +q =dimM.

“Geometric”: to understand which kind of geometric properties
are true for the (locally) homogeneous pseudo-Riemannian
manifolds of a given dimension.

Three and four-dimensional cases provide some nice examples
of these two different approaches.
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Introduction

Simply connected 3D homogeneous Riemannian manifolds:
the possible dimensions of the isometry group are
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Simply connected 3D homogeneous Riemannian manifolds:
the possible dimensions of the isometry group are 6 (real space
forms),
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Simply connected 3D homogeneous Riemannian manifolds:
the possible dimensions of the isometry group are 6 (real space
forms),4 (essentially, the Bianchi-Cartan-Vranceanu spaces)
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Simply connected 3D homogeneous Riemannian manifolds:
the possible dimensions of the isometry group are 6 (real space
forms),4 (essentially, the Bianchi-Cartan-Vranceanu spaces) or
3 (Riemannian Lie groups).
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Simply connected 3D homogeneous Riemannian manifolds:
the possible dimensions of the isometry group are 6 (real space
forms),4 (essentially, the Bianchi-Cartan-Vranceanu spaces) or
3 (Riemannian Lie groups).

On the other hand, a 3D locally homogeneous Riemannian
manifold is either locally symmetric, or locally isometric to a
three-dimensional Riemannian Lie group [Sekigawa, 1977].

Giovanni Calvaruso Four-dimensional homogeneous Lorentzian manifolds



Introduction

Simply connected 3D homogeneous Riemannian manifolds:
the possible dimensions of the isometry group are 6 (real space
forms),4 (essentially, the Bianchi-Cartan-Vranceanu spaces) or
3 (Riemannian Lie groups).

On the other hand, a 3D locally homogeneous Riemannian
manifold is either locally symmetric, or locally isometric to a
three-dimensional Riemannian Lie group [Sekigawa, 1977].

The Lorentzian analogue of the latter result also holds
[Calvaruso, 2007], leading to a classification of 3D
homogeneous Lorentzian manifolds, which has been used by
several authors to study the geometry of these spaces.
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Introduction

Riemannian homogeneous 4-spaces were explicitly classified
accordingly to the different Lie subalgebras g C so(4) [Ishihara,
1955].
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Riemannian homogeneous 4-spaces were explicitly classified
accordingly to the different Lie subalgebras g C so(4) [Ishihara,
1955].

The pseudo-Riemannian analogue of this classification was
obtained by Komrakov [2001], who gave an explicit local
description of all four-dimensional homogeneous
pseudo-Riemannian manifolds with nontrivial isotropy.
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Riemannian homogeneous 4-spaces were explicitly classified
accordingly to the different Lie subalgebras g C so(4) [Ishihara,
1955].

The pseudo-Riemannian analogue of this classification was
obtained by Komrakov [2001], who gave an explicit local
description of all four-dimensional homogeneous
pseudo-Riemannian manifolds with nontrivial isotropy.

The downside of Komrakov's classification is that one finds 186
different pairs (g, ), with g C so(p,q) and
dim(g/h) =p +q =4,
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Introduction

Riemannian homogeneous 4-spaces were explicitly classified
accordingly to the different Lie subalgebras g C so(4) [Ishihara,
1955].

The pseudo-Riemannian analogue of this classification was
obtained by Komrakov [2001], who gave an explicit local
description of all four-dimensional homogeneous
pseudo-Riemannian manifolds with nontrivial isotropy.

The downside of Komrakov’s classification is that one finds 186
different pairs (g, ), with g C so(p,q) and

dim(g/h) = p + g = 4, and each of these pairs admits a family
of invariant pseudo-Riemannian metrics, depending of a
number of real parameters varying from 1 to 4.
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On the other hand, a locally homogeneous Riemannian
4-manifold is either locally symmetric, or locally isometric to a
Lie group equipped with a left-invariant Riemannian metric
[Bérard-Bérgery, 1985].
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On the other hand, a locally homogeneous Riemannian
4-manifold is either locally symmetric, or locally isometric to a
Lie group equipped with a left-invariant Riemannian metric
[Bérard-Bérgery, 1985].

This leads naturally to the following

QUESTION:

To what extent a similar result holds for locally homogeneous
Lorentzian four-manifolds?
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Introduction

Self-adjoint operators

Let (.,.) denote an inner product on a real vector space V and
Q : V — V a self-adjoint operator.
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Self-adjoint operators

Let (.,.) denote an inner product on a real vector space V and
Q : V — V a self-adjoint operator.

It is well known that when (., .) is positive definite, there exists
an orthonormal basis of eigenvectors for Q.
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Self-adjoint operators

Let (.,.) denote an inner product on a real vector space V and
Q : V — V a self-adjoint operator.

It is well known that when (., .) is positive definite, there exists
an orthonormal basis of eigenvectors for Q.

However, if (., .) is only nondegenerate, then such a basis may
not exist!
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Self-adjoint operators

Let (.,.) denote an inner product on a real vector space V and
Q : V — V a self-adjoint operator.

It is well known that when (., .) is positive definite, there exists
an orthonormal basis of eigenvectors for Q.

However, if (., .) is only nondegenerate, then such a basis may
not exist!

In the Lorentzian case, self-adjoint operators are classified
accordingly with their eigenvalues and the associated
eigenspaces (Segre types).
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In dimension 4, the possible Segre types of the Ricci operator
Q are the following:
© Segre type [111,1]: Q is symmetric and so, diagonalizable.
In the degenerate cases, at least two of the Ricci
eigenvalues coincide.
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In dimension 4, the possible Segre types of the Ricci operator
Q are the following:
© Segre type [111,1]: Q is symmetric and so, diagonalizable.
In the degenerate cases, at least two of the Ricci
eigenvalues coincide.
@ Segre type [11,zZ]: Q has two real eigenvalues (coinciding
in the degenerate case) and two c.c. eigenvalues.

Giovanni Calvaruso Four-dimensional homogeneous Lorentzian manifolds



Introduction

In dimension 4, the possible Segre types of the Ricci operator
Q are the following:
© Segre type [111,1]: Q is symmetric and so, diagonalizable.
In the degenerate cases, at least two of the Ricci
eigenvalues coincide.
@ Segre type [11,zZ]: Q has two real eigenvalues (coinciding
in the degenerate case) and two c.c. eigenvalues.
© Segre type [11, 2]: Q has three real eigenvalues (some of
which coincide in the degenerate cases), one of which has
multiplicity two and each associated to a one-dimensional
eigenspace.
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In dimension 4, the possible Segre types of the Ricci operator
Q are the following:
© Segre type [111,1]: Q is symmetric and so, diagonalizable.
In the degenerate cases, at least two of the Ricci
eigenvalues coincide.
@ Segre type [11,zZ]: Q has two real eigenvalues (coinciding
in the degenerate case) and two c.c. eigenvalues.
© Segre type [11, 2]: Q has three real eigenvalues (some of
which coincide in the degenerate cases), one of which has
multiplicity two and each associated to a one-dimensional
eigenspace.
© Segre type [1,3]: Q has two real eigenvalues (which
coincide in the degenerate case), one of which has
multiplicity three and each associated to a
one-dimensional eigenspace.
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There exists a pseudo-orthonormal basis {es, .., €4}, with e4 time-like,
with respect to which Q takes one of the following canonical forms:
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There exists a pseudo-orthonormal basis {es, .., €4}, with e4 time-like,
with respect to which Q takes one of the following canonical forms:

e Segre type [111,1]: Q = diag(a,b,c,d).
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There exists a pseudo-orthonormal basis {es, .., €4}, with e4 time-like,
with respect to which Q takes one of the following canonical forms:

e Segre type [111,1]: Q = diag(a,b,c,d).

a 00 o0
e Segre type [11,zZ]: Q = 8 8 2 _Od ,d#0.
0 0d c
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Theorem

There exists a pseudo-orthonormal basis {es, .., €4}, with e4 time-like,
with respect to which Q takes one of the following canonical forms:

e Segre type [111,1]: Q = diag(a,b,c,d).

a 00 o0
e Segre type [11,zZ]: Q = 8 8 2 _Od ,d#0.
0 0d c
b 0 O 0
e Segre type [11,2]: Q = 8 8 1 3 a _01
00 1 a-1
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Theorem

There exists a pseudo-orthonormal basis {es, .., €4}, with e4 time-like,
with respect to which Q takes one of the following canonical forms:

e Segre type [111,1]: Q = diag(a,b,c,d).

a 0 0 O
e Segre type [11,zZ]: Q = 8 8 2 _Od ,d#0.
0 0d c
b 0 0 0
e Segre type [11,2]: Q = 8 8 1 3 a _01
00 1 a-1
b 00 O
e Segre type [1,3]: Q = 8 i ; _01
0 0
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Nondeg. Segre types [111,1] [11,22Z] [11,2] [1,3]
Degenerate S. types [11(1,1)] | [(11),zZ] | [1(1,2)] | [(1,3)]
[(11)1,1] [(11),2]
[(11)(2,1)] [(11,2)]
[1(11,1)]
[(111),1]
[(111,1)]
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Nondeg. Segre types [111,1] [11,22Z] [11,2] [1,3]
Degenerate S. types [11(1,1)] | [(11),zZ] | [1(1,2)] | [(1,3)]
[(11)1,1] [(11),2]
[(11)(2,1)] [(11,2)]
[1(11,1)]
[(111),1]
[(111,1)]

QUESTION:

For which Segre types of the Ricci operator,

Giovanni Calvaruso Four-dimensional homogeneous Lorentzian manifolds



Introduction

Nondeg. Segre types [111,1] [11,22Z] [11,2] [1,3]
Degenerate S. types [11(1,1)] | [(11),zZ] | [1(1,2)] | [(1,3)]
[(11)1,1] [(11),2]
[(11)(2,1)] [(11,2)]
[1(11,1)]
[(111),1]
[(111,1)]

QUESTION:

For which Segre types of the Ricci operator, is a locally
homogeneous Lorentzian four-manifold necessarily either
Ricci-parallel, or locally isometric to some Lorentzian Lie
group?
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4D non-reductive homogeneous spaces

Differently from the Riemannian case, a homogeneous
pseudo-Riemannian manifold (M, g) needs not to be reductive.
Non-reductive homogeneous pseudo-Riemannian 4-manifolds
were classified by Fels and Renner [Canad. J. Math., 2006].

Giovanni Calvaruso Four-dimensional homogeneous Lorentzian manifolds



4D non-reductive homogeneous spaces

Differently from the Riemannian case, a homogeneous
pseudo-Riemannian manifold (M, g) needs not to be reductive.
Non-reductive homogeneous pseudo-Riemannian 4-manifolds
were classified by Fels and Renner [Canad. J. Math., 2006].

Starting from the description of the Lie algebra of the transitive
groups of isometries, such spaces have been classified into 8
classes: A1, Ay, Az (admitting both Lorentzian and neutral
signature invariant metrics), A4, As (admitting invariant
Lorentzian metrics) and B4, B,, B3 (admitting invariant metrics
of neutral signature).
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4D non-reductive homogeneous spaces

Differently from the Riemannian case, a homogeneous
pseudo-Riemannian manifold (M, g) needs not to be reductive.
Non-reductive homogeneous pseudo-Riemannian 4-manifolds
were classified by Fels and Renner [Canad. J. Math., 2006].

Starting from the description of the Lie algebra of the transitive
groups of isometries, such spaces have been classified into 8
classes: A1, Ay, Az (admitting both Lorentzian and neutral
signature invariant metrics), A4, As (admitting invariant
Lorentzian metrics) and B4, B,, B3 (admitting invariant metrics
of neutral signature).

Recently, we obtained an explicit description of invariant
metrics on these spaces, which allowed us to make a thorough
investigation of their geometry.
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4D non-reductive homogeneous spaces

Let M = G/H a homogeneus space, g the Lie algebra of G and

b the isotropy subalgebra.
The quotient m = g/h identifies with a subspace of g,

complementar to h (not necessarily invariant).
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4D non-reductive homogeneous spaces

Let M = G/H a homogeneus space, g the Lie algebra of G and
b the isotropy subalgebra.

The quotient m = g/h identifies with a subspace of g,
complementar to h (not necessarily invariant).

The pair (g, h) uniquely determines the isotropy representation

p:b—=glm),  px)(y)=[Xylm VX €bhyecm
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4D non-reductive homogeneous spaces

Let M = G/H a homogeneus space, g the Lie algebra of G and
b the isotropy subalgebra.

The quotient m = g/h identifies with a subspace of g,
complementar to h (not necessarily invariant).

The pair (g, h) uniquely determines the isotropy representation

p:b—=glm),  px)(y)=[Xylm VX €bhyecm

Invariant pseudo-Riemannian metrics on M correspond to
nondegenerate bilinear symmetric forms g on m, such that

p(X)'og+gop(x)=0 Vxch.
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4D non-reductive homogeneous spaces

Such a form g on m uniquely determines the corresponding
Levi-Civita connection, described by A : g — gl(m), such that

/\(X)(ym): %[va]n1+V(X>Y)> vay 697
wherev : g x g — m is determined by

29(V(X,Y),Zm) = 9(Xm, [2,¥Y]m) + 9(Ym, [z, X]m), VX,y,Z €g.

Giovanni Calvaruso Four-dimensional homogeneous Lorentzian manifolds



4D non-reductive homogeneous spaces

Such a form g on m uniquely determines the corresponding
Levi-Civita connection, described by A : g — gl(m), such that

AX)(Ym) = 306, ¥Im +V(XY),  Vxye€g,
wherev : g x g — m is determined by
29(V(X,¥);:Zm) = 9(Xm; [2,Y]m) + 9 (Ym; [2,X]m), ¥V X,y,Z € 0.
The curvature tensor corresponds to R : m x m — gl(m), such
that
R(x,y) = [AX), AlY)] = A([x, y]);

for all x,y € m.
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4D non-reductive homogeneous spaces

Such a form g on m uniquely determines the corresponding
Levi-Civita connection, described by A : g — gl(m), such that

/\(X)(ym): %[va]n1+V(X>Y)> vay 697
wherev : g x g — m is determined by
29(V(X,¥);:Zm) = 9(Xm; [2,Y]m) + 9 (Ym; [2,X]m), ¥V X,y,Z € 0.
The curvature tensor corresponds to R : m x m — gl(m), such

that
R(X,y) = [A(X), A(y)] = A(Ix,¥]),
for all x,y € m.
The Ricci tensor p of g, with respect to a basis {u;} of m, is
given by

o(ui, up) ZRH ur, U;), i.j=1,.,4.
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4D non-reductive homogeneous spaces

Al) g = ay is the decomposable 5-dimensional Lie algebra
sl(2,R) @ s(2).There exists a basis {ey, ...,es} of a1, such that
the non-zero products are

[e1,e2] = 2e5, [er,e3] = —2e3, [ep,e3]=e1, [es,€5] =64
and h = Span{h; = e3 + e4}.
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4D non-reductive homogeneous spaces

Al) g = ay is the decomposable 5-dimensional Lie algebra
sl(2,R) @ s(2).There exists a basis {ey, ...,es} of a1, such that
the non-zero products are

[e1,€2] = 2€2, [e1,€3] = —2e3, [e2,€3]=e€1, [e4,€5]=¢€4
and h = Span{h; = e3 + e4}. So, we can take

m = Span{u; = €1,Up = €3,U3 = €5,Us = €3 — €4}
and have the following isotropy representation for hy:

Hi(up) = ug, Hi(uz) = —uy, Hi(us) = —3us, Hi(ug) = 0.
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4D non-reductive homogeneous spaces

Al) g = ay is the decomposable 5-dimensional Lie algebra
sl(2,R) @ s(2).There exists a basis {ey, ...,es} of a1, such that
the non-zero products are

[e1,e2] =2e;5, [e1,e3]=—2e3, [ez,e3]=e€e1, [es, €5 =¢€y
and h = Span{h; = e3 + e4}. So, we can take
m = Span{u; = ej,Uy = €,U3 = €s5,Us = €3 — €4}
and have the following isotropy representation for hy:
Hi(up) = ug, Hi(uz) = —uy, Hi(us) = —3us, Hi(ug) = 0.

Consequently, with respect to {u;}, invariant metrics g are

a 0 —% 0
0O b ¢ a

g= a2 ¢ d 0 , a(a—4d)#0.
0O a 0 O
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4D non-reductive homogeneous spaces

A2) g = a, is the one-parameter family of 5-dimensional Lie

algebras:
[e1,e5] = (v +1)eq, [er,e4] = ey, [e2,e5] = aey,
[e3,e4] = €2, [e3,e5] = (a — 1)es, [es,es5] = ey,

where o € R, and h = Span{h; = e, }. Hence, we can take

m = Span{u; = €1,U; = €,U3 = €3,Us = €s}.
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4D non-reductive homogeneous spaces

A2) g = a, is the one-parameter family of 5-dimensional Lie

algebras:
[e1,e5] = (v +1)eq, [er,e4] = ey, [e2,e5] = aey,
[e3,e4] = €2, [e3,e5] = (a — 1)es, [es,es5] = ey,

where o € R, and h = Span{h; = e, }. Hence, we can take
m = Span{u; = €1,U; = €,U3 = €3,Us = €s}.

With respect to {u;}, invariant metrics have the form

0 0 -a O
0O a 0 O

9= _a 0 b ¢ ad #0.
0 0 c d
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4D non-reductive homogeneous spaces

A3) g = ag is described by

[e1,e4] = 2eq, [e2,e3] = €1, [e2,€4] = €2,
[e27 e5] = —¢e€g, [637 64] = €3, [637 65] = €y,

with e = +1 and h = Span{h; = e3}. Thus,

m = Span{u; = €1,Uy = €p,U3 = €4,Uy = €5}
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4D non-reductive homogeneous spaces

A3) g = ag is described by

[e1,e4] = 2eq, [e2,e3] = €1, [e2,€4] = €2,
[e27 e5] = —¢e€g, [637 64] = €3, [637 65] = €y,

with e = +1 and h = Span{h; = e3}. Thus,
m = Span{u; = e1,Uy = €,U3 = €4,Us = €5}

and with respect to {u; }, invariant metrics are given by

0
8 , ab#0.
a

o oo O
O T O O
o 0 o0Ow
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4D non-reductive homogeneous spaces

A4) g = a4 is the 6-dimensional Schroedinger Lie algebra
sl(2,R) x n(3), where n(3) is the 3D Heisenberg algebra.

[e1,e2] =2e5, [e1,e3] = —2e3, [er,e3] =61, [e1,€4] = ey,
[e1,e5] = —e5, [e2,e5] = ey, [e3,€4] = €5, [€4,€5] =€p

and h = Span{h; = e3 + eg, h, = es}. Therefore, we take

m = Span{u; = €1,Up = €p,U3 = €3 — €,Us = €4}

Giovanni Calvaruso Four-dimensional homogeneous Lorentzian manifolds



4D non-reductive homogeneous spaces

A4) g = a4 is the 6-dimensional Schroedinger Lie algebra
sl(2,R) x n(3), where n(3) is the 3D Heisenberg algebra.

[e1,e2] =2e5, [e1,e3] = —2e3, [er,e3] =61, [e1,€4] = ey,
[e1,e5] = —e5, [e2,e5] = ey, [e3,€4] = €5, [€4,€5] =€p

and h = Span{h; = e3 + eg, h, = es}. Therefore, we take
m = Span{u; = €1,Up = €p,U3 = €3 — €,Us = €4}

and from the isotropy representation for hy, h,, we conclude
that with respect to {u; }, invariant metrics are of the form

a 0 o0
a#0.

(]
I
oo

b a
a 0
00

N O O O
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4D non-reductive homogeneous spaces

Ab) g = as is the 7-dimensional Lie algebra described by

[e1,€2] = 2e2, [e1,€3] = —2e3, [e1,€5] = —e€5, [e1,€6] = €,
[e2,€3] = €1, [e2,€s5] = e, [e3,e6] = €5,  [€4,€87] =264
[es,e6] = €4, [€5,€7] = es, [es, €7] = €6.

The isotropy is h = Span{h; = e; +e7,hy, = ez — ey, hg = es}.

So,

m = Span{u; = €; —e7,Up = €3,Uz = €3 +€4,Us = €6}

and find the isotropy representation for hy,i = 1,2, 3.
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4D non-reductive homogeneous spaces

A5) g = as is the 7-dimensional Lie algebra described by

[e1,e2] = 2e;, [e1,e3] = —2e3, [e1,€5] = —€s5, [€1,€6] =€,

[ez,e3] = €1, [e2,€5] = e, [e3,e6] = €5, [€4,€7] = 2€4
[es, e6] = ey, [es, e7] = es, [es, €7] = €.

The isotropy is h = Span{h; = e; +e7,hy, = ez — ey, hg = es}.

So,

m = Span{u; = €; —e7,Up = €3,Uz = €3 +€4,Us = €6}

and find the isotropy representation for hy,i = 1,2, 3. Then,
invariant metrics are of the form

a 000
00 20
9“lo 200 a7 0.
000 2
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4D non-reductive homogeneous spaces

Segre types of the Ricci operator

—2a ! 0 a~! 0
0 —2a71 0 0
Al: 0 0 0 0 [1(1,2)],
16d(a+4d) 2 -1
~Raad) —a 22
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4D non-reductive homogeneous spaces

Segre types of the Ricci operator

—2a! 0 al o0
0 —2a=! 0 0
AlL: 0 0 0 0 [1(2,2)],
16d(a+4d) 2 -1
~Raad) —a 22
3a? b(3a—2
3 0 _% 0
| O o o | [aL2)]
| o —3a? 0 [(111,1)],
0o o o -
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4D non-reductive homogeneous spaces

Segre types of the Ricci operator

-3 b—l 0 0 d+§b
ai
0 -3p1 0 0 [(11,2)],
A3: 1
0 0 —3b~ 0 [(111,1)],
0 0 0 —3p1
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4D non-reductive homogeneous spaces

Segre types of the Ricci operator

—3p~1 0 0 d+§b
ai
0 —3p1t 0 0 [(11,2)],
A3: 1
0 0 —3b~ 0 [(111,1)],
0 0 0 —3b!
—3a! 0 0 0
0 -3a! o0 0 [(11,2)],
A4: 5b 1
0 -2 —3a 0 [(111,1)],
0 0 0 —3a!

Giovanni Calvaruso Four-dimensional homogeneous Lorentzian manifolds



4D non-reductive homogeneous spaces

Segre types of the Ricci operator

—3p~1 0 0 d+§b
ai
0 —3p1t 0 0 [(11,2)],
A3: 1
0 0 —3b~ 0 [(111,1)],
0 0 0 —3b!
—3a! 0 0 0
0 -3a! o0 0 [(11,2)],
A4: 5b 1
0 -2 —3a 0 [(111,1)],
0 0 0 —3a!

12
A5 — —Id[(111,1)]
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4D non-reductive homogeneous spaces

Segre types of the Ricci operator

When the Ricci operator is of Segre type [(111, 1)], the metric
is Einstein (in particular, Ricci-parallel).
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4D non-reductive homogeneous spaces

Segre types of the Ricci operator

When the Ricci operator is of Segre type [(111, 1)], the metric
is Einstein (in particular, Ricci-parallel).

On the other hand, there exist non-reductive homogeneous
Lorentzian 4-manifolds with Ricci operator of Segre type either
[1(1,2)] or [(11,2)] (which are not Ricci-parallel).
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4D non-reductive homogeneous spaces

Segre types of the Ricci operator

When the Ricci operator is of Segre type [(111, 1)], the metric
is Einstein (in particular, Ricci-parallel).

On the other hand, there exist non-reductive homogeneous
Lorentzian 4-manifolds with Ricci operator of Segre type either
[1(1,2)] or [(11,2)] (which are not Ricci-parallel).

Thus, for such Segre types of the Ricci operator,
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4D non-reductive homogeneous spaces

Segre types of the Ricci operator

When the Ricci operator is of Segre type [(111, 1)], the metric
is Einstein (in particular, Ricci-parallel).

On the other hand, there exist non-reductive homogeneous
Lorentzian 4-manifolds with Ricci operator of Segre type either
[1(1,2)] or [(11,2)] (which are not Ricci-parallel).

Thus, for such Segre types of the Ricci operator, a result similar
to the one of Bérard-Bérgery cannot hold!!!
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4D non-reductive homogeneous spaces

Geometry of non-reductive examples

A geodesic v through a point of a homogeneous
pseudo-Riemannian manifold is said to be homogeneous if it is
a orbit of a one-parameter subgroup.

Giovanni Calvaruso Four-dimensional homogeneous Lorentzian manifolds



4D non-reductive homogeneous spaces

Geometry of non-reductive examples

A geodesic v through a point of a homogeneous
pseudo-Riemannian manifold is said to be homogeneous if it is
a orbit of a one-parameter subgroup.

A homogeneous pseudo-Riemannian manifold is a g.o. space if
any of its geodesics through a point is homogeneous.
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4D non-reductive homogeneous spaces

Geometry of non-reductive examples

A geodesic v through a point of a homogeneous
pseudo-Riemannian manifold is said to be homogeneous if it is
a orbit of a one-parameter subgroup.

A homogeneous pseudo-Riemannian manifold is a g.o. space if
any of its geodesics through a point is homogeneous.

Low-dimensional Riemannian g.o. spaces are naturally
reductive.
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4D non-reductive homogeneous spaces

Geometry of non-reductive examples

A geodesic v through a point of a homogeneous
pseudo-Riemannian manifold is said to be homogeneous if it is
a orbit of a one-parameter subgroup.

A homogeneous pseudo-Riemannian manifold is a g.o. space if
any of its geodesics through a point is homogeneous.
Low-dimensional Riemannian g.o. spaces are naturally
reductive.

However, there exist non-reductive (pseudo-Riemannian) g.o.
4-spaces.
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4D non-reductive homogeneous spaces

Non-reductive Ricci solitons

A Ricci soliton is a pseudo-Riemannian manifold (M, g),
together with a vector field X, such that

£X9+Q:Ag7

where L is the Lie derivative, o the Ricci tensor and A € R.
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4D non-reductive homogeneous spaces

Non-reductive Ricci solitons

A Ricci soliton is a pseudo-Riemannian manifold (M, g),
together with a vector field X, such that

£X9+Q:Ag7

where L is the Lie derivative, o the Ricci tensor and A € R.
The Ricci soliton is expanding, steady or shrinking depending
onA<0,A=0,1>0.
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4D non-reductive homogeneous spaces

Non-reductive Ricci solitons

A Ricci soliton is a pseudo-Riemannian manifold (M, g),
together with a vector field X, such that

£X9+Q:Ag7

where L is the Lie derivative, o the Ricci tensor and A € R.

The Ricci soliton is expanding, steady or shrinking depending
onA<0,A=0,1>0.

Ricci solitons are the self-similar solutions of the Ricci flow

S8t = ~20(1).

Einstein manifolds are trivial Ricci solitons.
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4D non-reductive homogeneous spaces

Non-reductive Ricci solitons

There exist plenty of examples of 4D homogeneous Ricci
solitons, both Lorentzian and of neutral signature (2, 2).

In particular, for non-reductive Lorentzian four-manifolds, we
have the following.
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4D non-reductive homogeneous spaces

Non-reductive Ricci solitons

There exist plenty of examples of 4D homogeneous Ricci
solitons, both Lorentzian and of neutral signature (2, 2).

In particular, for non-reductive Lorentzian four-manifolds, we
have the following.

Theorem

An invariant Lorentzian metric of a 4D non-reductive
homogeneous manifold M = G/H is a nontrivial Ricci soliton if
and only if one of the following conditions holds:
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4D non-reductive homogeneous spaces

Non-reductive Ricci solitons

There exist plenty of examples of 4D homogeneous Ricci
solitons, both Lorentzian and of neutral signature (2, 2).

In particular, for non-reductive Lorentzian four-manifolds, we
have the following.

Theorem

An invariant Lorentzian metric of a 4D non-reductive
homogeneous manifold M = G/H is a nontrivial Ricci soliton if
and only if one of the following conditions holds:

. . . . 2
(@) M is of type Al and g satisfies b = 0. In this case, A = —%.
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4D non-reductive homogeneous spaces

Non-reductive Ricci solitons

There exist plenty of examples of 4D homogeneous Ricci
solitons, both Lorentzian and of neutral signature (2, 2).

In particular, for non-reductive Lorentzian four-manifolds, we
have the following.

Theorem

An invariant Lorentzian metric of a 4D non-reductive
homogeneous manifold M = G/H is a nontrivial Ricci soliton if
and only if one of the following conditions holds:

. . . . 2
(@) M is of type Al and g satisfies b = 0. In this case, A = —%.

(b) M is of type A2, g satisfies b # 0 and o # 2. In this case,
)= 302

d -
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4D non-reductive homogeneous spaces

Non-reductive Ricci solitons

There exist plenty of examples of 4D homogeneous Ricci
solitons, both Lorentzian and of neutral signature (2, 2).

In particular, for non-reductive Lorentzian four-manifolds, we
have the following.

Theorem

An invariant Lorentzian metric of a 4D non-reductive
homogeneous manifold M = G/H is a nontrivial Ricci soliton if
and only if one of the following conditions holds:

(a) M is of type Al and g satisfies b = 0. In this case, A = —g.

(b) M is of type A2, g satisfies b # 0 and o # 2. In this case,
)= 302

.
(c) M is of type A4 and g satisfies b = 0. In this case, A = —g.




4D non-reductive homogeneous spaces

Non-reductive Ricci solitons

Several rigidity results hold for homogeneous Riemannian Ricci
solitons.
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4D non-reductive homogeneous spaces

Non-reductive Ricci solitons

Several rigidity results hold for homogeneous Riemannian Ricci
solitons.

In particular, all the known examples of Ricci solitons on
non-compact homogeneous Riemannian manifolds are
isometric to some solvsolitons, that is, to left-invariant Ricci
solitons on a solvable Lie group.
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4D non-reductive homogeneous spaces

Non-reductive Ricci solitons

Several rigidity results hold for homogeneous Riemannian Ricci
solitons.

In particular, all the known examples of Ricci solitons on
non-compact homogeneous Riemannian manifolds are
isometric to some solvsolitons, that is, to left-invariant Ricci
solitons on a solvable Lie group.

Obviously, non-reductive Ricci solitons are not isometric to
solvsolitons.

Giovanni Calvaruso Four-dimensional homogeneous Lorentzian manifolds



Classification results

Theorem

Let (M, g) be a locally homogeneous Lorentzian four-manifold.

If the Ricci operator of (M, g) is neither of Segre type [1(1, 2)]
nor of Segre type [(11,2)],
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Classification results

Theorem

Let (M, g) be a locally homogeneous Lorentzian four-manifold.
If the Ricci operator of (M, g) is neither of Segre type [1(1, 2)]
nor of Segre type [(11,2)], then (M, g) is either Ricci-parallel or
locally isometric to a Lie group equipped with a left-invariant
Lorentzian metric.
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Classification results

Theorem

Let (M, g) be a locally homogeneous Lorentzian four-manifold.
If the Ricci operator of (M, g) is neither of Segre type [1(1, 2)]
nor of Segre type [(11,2)], then (M, g) is either Ricci-parallel or
locally isometric to a Lie group equipped with a left-invariant
Lorentzian metric.

As there exist four-dimensional non-reductive homogeneous
Lorentzian four-manifolds, with Ricci operator of Segre type
either [1(1, 2)] or [(11, 2)], which are neither Ricci-parallel nor
locally isometric to a Lie group,
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Classification results

Theorem

Let (M, g) be a locally homogeneous Lorentzian four-manifold.
If the Ricci operator of (M, g) is neither of Segre type [1(1, 2)]
nor of Segre type [(11,2)], then (M, g) is either Ricci-parallel or
locally isometric to a Lie group equipped with a left-invariant
Lorentzian metric.

As there exist four-dimensional non-reductive homogeneous
Lorentzian four-manifolds, with Ricci operator of Segre type
either [1(1, 2)] or [(11, 2)], which are neither Ricci-parallel nor
locally isometric to a Lie group, the above result is optimal.
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Classification results

Given a 4D (locally) homogeneous Lorentzian manifold (M, g),
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Classification results

Given a 4D (locally) homogeneous Lorentzian manifold (M, g),

the Ricci operator Q of (M, g) has the same Segre type at any
point and constant eigenvalues.
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Classification results

Given a 4D (locally) homogeneous Lorentzian manifold (M, g),

the Ricci operator Q of (M, g) has the same Segre type at any
point and constant eigenvalues.

We can build a (local) pseudo-orthonormal basis {e;}, such that

@ the Ricci operator takes one of the canonical forms for the
corresponding Segre type,
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Classification results

Given a 4D (locally) homogeneous Lorentzian manifold (M, g),

the Ricci operator Q of (M, g) has the same Segre type at any
point and constant eigenvalues.

We can build a (local) pseudo-orthonormal basis {e;}, such that
@ the Ricci operator takes one of the canonical forms for the
corresponding Segre type,

@ and the components of R, VR, V2R ...VKR... remain
constant.
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Classification results

Let I‘!J? denote the coefficients of the Levi-Civita connection of
(M, g) with respect to {e;}, that is,

k
Vei ej — Z r” ek,
k

Since Vg = 0, we have:
= —gecll, Vijk=1,....4,

where ey = ey =e3 = —g4 = 1.
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Classification results

Let It denote the coefficients of the Levi-Civita connection of
(M, g) with respect to {e;}, that is,

k
Vei ej — Z r” ek,
k

Since Vg = 0, we have:

M= —gele Vigk=1...4,

where ey = ey =e3 = —g4 = 1.

The curvature of (M, g) can be then completely described in
terms of I}
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Classification results

Nondegenerate Ricci operator

A simply connected, complete homogeneous Lorentzian
four-manifold (M, g) with a nondegenerate Ricci operator,
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Classification results

Nondegenerate Ricci operator

Theorem

A simply connected, complete homogeneous Lorentzian
four-manifold (M, g) with a nondegenerate Ricci operator, is

isometric to a Lie group equipped with a left-invariant
Lorentzian metric.
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Classification results

Nondegenerate Ricci operator

Theorem

A simply connected, complete homogeneous Lorentzian
four-manifold (M, g) with a nondegenerate Ricci operator, is
isometric to a Lie group equipped with a left-invariant
Lorentzian metric.

Proof: There are four distinct possible forms for the
nondegenerate Ricci operator Q of (M, g).

Using a case-by-case argument, we showed that for any of
them, (M, g) is isometric to a Lie group.
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Classification results

Example: suppose that Q is of type [11, 2].
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Classification results

Example: suppose that Q is of type [11, 2].

Consider a pseudo-orthonormal frame field {eq, ...,e4} on
(M, g), with respect to which the components of Ric, VRic are
constant, with Q taking its canonical form.
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Classification results

Example: suppose that Q is of type [11, 2].

Consider a pseudo-orthonormal frame field {eq, ...,e4} on
(M, g), with respect to which the components of Ric, VRic are
constant, with Q taking its canonical form.

Denoted by {w'} the coframe dual to e; with respect to g, by the
definition of the Ricci tensor we get

Ric = ! ®w! 4+ qow?® @ w? + (1 + g3)w® ® w3
_2w3 ° w4 + (1 o CI3)w4 ® w4’

where g; # q; wheni # j.
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Classification results

4
So, VRic=2)" (rﬁl(q1 — o)t ow? @k
k=1
+ (M - T3 (14093 —q))wlowd @uk
+ (M, - T (14091 — g3))wt ow? @k
(Mho —T3,(1+ g3 — 92))w? o w® @ WX
+(rs, - rk2 1+0s — 03))w? o w* @ Wk

—|—rk3w ow® @ wk —2rk3w 0wt ® Wk

B W-bw
/\/\/\/\

Hwtow? @w )
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Classification results

4
So, VRic =2 (My(a1 — da)ut 0 w? @ f
k=1
+ (M - T3 (14093 —q))wlowd @uk
+ (M, - T (14091 — g3))wt ow? @k
Ty = T2,(1+d3 — g2))w? 0 w® ® WX
+ (S, — M1+ 02 — g3))w? 0w @ Wk
+ ( k2

—|—rk3w ow® @ wk —2rk3w 0wt ® Wk

B W-bw
/\/\/\/\

Hwtow? @w )

The constancy of the components of VRic then implies that F}}
is constant for all indices i, j, k.
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Classification results

4
So, VRic=2)" (rﬁl(q1 — o)t ow? @k
k=1
+ (M - T3 (14093 —q))wlowd @uk
+ (M, - T (14091 — g3))wt ow? @k
(Mho —T3,(1+ g3 — 92))w? o w® @ WX
+(rs, - rk2 1+0s — 03))w? o w* @ Wk

—|—rk3w ow® @ wk —2rk3w 0wt ® Wk

B W-bw
/\/\/\/\

Hwtow? @w )

The constancy of the components of VRic then implies that F}}
is constant for all indices i,j,k. So, (M, g) has a Lie group
structure with a left-invariant Lorentzian metric.
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Classification results

A similar argument works for a “good” degenerate Segre type:
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Classification results

A similar argument works for a “good” degenerate Segre type:

Theorem

Let (M, g) be a simply connected, complete four-dimensional
homogeneous Lorentzian manifold. If the Ricci operator of
(M, g) is of degenerate type [(11)(1,1)], then either (M, g) is
Ricci-parallel, or it is a Lie group equipped with a left-invariant
Lorentzian metric.
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Classification results

A similar argument works for a “good” degenerate Segre type:

Theorem

Let (M, g) be a simply connected, complete four-dimensional
homogeneous Lorentzian manifold. If the Ricci operator of
(M, g) is of degenerate type [(11)(1,1)], then either (M, g) is
Ricci-parallel, or it is a Lie group equipped with a left-invariant
Lorentzian metric.

If the Ricci operator is of degenerate Segre type [(111,1)], then
(M, g) is Einstein and so, Ricci-parallel.
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Classification results

For the remaining degenerate forms of the Ricci operator,
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Classification results

For the remaining degenerate forms of the Ricci operator, we
cannot prove directly that a corresponding homogeneous
Lorentzian 4-manifold is either a Lie group or Ricci-parallel.
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Classification results

For the remaining degenerate forms of the Ricci operator, we
cannot prove directly that a corresponding homogeneous
Lorentzian 4-manifold is either a Lie group or Ricci-parallel.

However, this conclusion can be proved indirectly,
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Classification results

For the remaining degenerate forms of the Ricci operator, we
cannot prove directly that a corresponding homogeneous
Lorentzian 4-manifold is either a Lie group or Ricci-parallel.

However, this conclusion can be proved indirectly,checking that
homogeneous Lorentzian four-manifolds with non-trivial
isotropy, having such a Ricci operator, if not Ricci-parallel,
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Classification results

For the remaining degenerate forms of the Ricci operator, we
cannot prove directly that a corresponding homogeneous
Lorentzian 4-manifold is either a Lie group or Ricci-parallel.

However, this conclusion can be proved indirectly,checking that
homogeneous Lorentzian four-manifolds with non-trivial
isotropy, having such a Ricci operator, if not Ricci-parallel,
either do not occur, or are also isometric to some Lie groups.
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Classification results

For the remaining degenerate forms of the Ricci operator, we
cannot prove directly that a corresponding homogeneous
Lorentzian 4-manifold is either a Lie group or Ricci-parallel.
However, this conclusion can be proved indirectly,checking that
homogeneous Lorentzian four-manifolds with non-trivial
isotropy, having such a Ricci operator, if not Ricci-parallel,
either do not occur, or are also isometric to some Lie groups.
The starting point is, once again, Komrakov's classification and
description of homogeneous pseudo-Riemannian 4-manifolds
with nontrivial isotropy.
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Classification results

For the remaining degenerate forms of the Ricci operator, we
cannot prove directly that a corresponding homogeneous
Lorentzian 4-manifold is either a Lie group or Ricci-parallel.
However, this conclusion can be proved indirectly,checking that
homogeneous Lorentzian four-manifolds with non-trivial
isotropy, having such a Ricci operator, if not Ricci-parallel,
either do not occur, or are also isometric to some Lie groups.
The starting point is, once again, Komrakov's classification and
description of homogeneous pseudo-Riemannian 4-manifolds
with nontrivial isotropy.

REINET

Also the result of Bérard-Bérgery was not obtained by direct
proof, but using some classification results.
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Classification results

e Segre types [(11),zZ] and [(1, 3)] never occur.
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Classification results

e Segre types [(11),zZ] and [(1, 3)] never occur.

e All examples occurring for Segre types [11(1, 1)], [(11)1, 1],
[(111),1] and [(11), 2], are indeed locally isometric to some Lie
groups.
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Classification results

e Segre types [(11),zZ] and [(1, 3)] never occur.

e All examples occurring for Segre types [11(1, 1)], [(11)1, 1],
[(111),1] and [(11), 2], are indeed locally isometric to some Lie
groups.

e Examples with Ricci operator of Segre type [1(11,1)] are
either Ricci-parallel, or locally isometric to a Lie group.
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Classification results

e Segre types [(11),zZ] and [(1, 3)] never occur.

e All examples occurring for Segre types [11(1, 1)], [(11)1, 1],
[(111),1] and [(11), 2], are indeed locally isometric to some Lie
groups.

e Examples with Ricci operator of Segre type [1(11,1)] are
either Ricci-parallel, or locally isometric to a Lie group.

The description of a homogeneous space M as a coset space
G/H does not exclude the fact that M is also isometric to a Lie
group (EXAMPLE: the standard three-sphere).
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Classification results

We report now the details for one example in Komrakov’s list.
The homogeneous space is M = G/H, where g = m @ b is the
5D (reductive) Lie algebra

(¥) [e1,u1] =us, [e1,us] =—uy, [ug,us] =es + uy,

with h =span(e;) and m =span(uy, .., Us).
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Classification results

We report now the details for one example in Komrakov’s list.
The homogeneous space is M = G/H, where g = m @ b is the
5D (reductive) Lie algebra

(¥) [e1,u1] =us, [e1,us] =—uy, [ug,us] =es + uy,

with h =span(e;) and m =span(uy, .., Us).
To show that M is isometric to a Lie group, it suffices to prove

the existence of a 4D subalgebra g’ of g, such that the
restriction of the map g — ToM to g’ is still surjective.
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Classification results

We report now the details for one example in Komrakov’s list.
The homogeneous space is M = G/H, where g = m @ b is the
5D (reductive) Lie algebra

(¥) [e1,u1] =us, [e1,us] =—uy, [ug,us] =es + uy,

with h =span(e;) and m =span(uy, .., Us).
To show that M is isometric to a Lie group, it suffices to prove

the existence of a 4D subalgebra g’ of g, such that the
restriction of the map g — ToM to g’ is still surjective.

This last condition implies that g’ = m + ¢(m), where ¢ : m — b
is a h-equivariant linear map.
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Classification results

As the isotropy subalgebra is spanned by eq, (*) yields that a
linear map ¢ : m — b is h-equivariant when ¢(u;) = p(uz) = 0.
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Classification results

As the isotropy subalgebra is spanned by eq, (*) yields that a

linear map ¢ : m — b is h-equivariant when ¢(u;) = p(uz) = 0.
Hence,

g =m+ p(m) = span(uy, Uy + Cz€1, U3, Uy + C4€1),
for two real constants ¢, C4.
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Classification results

As the isotropy subalgebra is spanned by eq, (*) yields that a
linear map ¢ : m — b is h-equivariant when ¢(u;) = p(uz) = 0.
Hence,

g =m+ p(m) = span(uy, Uy + Cz€1, U3, Uy + C4€1),
for two real constants c5, cj4.

Then, again from (*), we find that g’ is a subalgebra when
c, = 1 (for any value of c,).
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Classification results

As the isotropy subalgebra is spanned by eq, (*) yields that a
linear map ¢ : m — b is h-equivariant when ¢(u;) = p(uz) = 0.
Hence,

g =m+ p(m) = span(uy, Uy + Cz€1, U3, Uy + C4€1),
for two real constants ¢y, C4.
Then, again from (*), we find that g’ is a subalgebra when
c, = 1 (for any value of c,).
Setting for instance

Vi = Ug,Vz = €1 + Uz,V3 = U3, Vg = Ug,

we conclude that M is locally isometric to the 4D simply
connected Lie group corresponding to the Lie algebra
g/ :Span(vla Vo, Vs, V4)1
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Classification results

As the isotropy subalgebra is spanned by eq, (*) yields that a
linear map ¢ : m — b is h-equivariant when ¢(u;) = p(uz) = 0.
Hence,

g =m+ p(m) = span(uy, Uy + Cz€1, U3, Uy + C4€1),
for two real constants ¢, 4.
Then, again from (*), we find that g’ is a subalgebra when
c, = 1 (for any value of c,).
Setting for instance

Vi = Ug,Vz = €1 + Uz,V3 = U3, Vg = Ug,

we conclude that M is locally isometric to the 4D simply
connected Lie group corresponding to the Lie algebra
g’ =span(vy, Vv, V3, V,), explicitly described by

[Vi,Vo] = —=v3, [vi,V3] = Vo, [V2,V3] = —Vi.
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Classification results

Ricci-parallel homogeneous spaces

A 4D Ricci-parallel homogeneous Riemannian manifold
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Classification results

Ricci-parallel homogeneous spaces

A 4D Ricci-parallel homogeneous Riemannian manifold is
either Einstein,

Giovanni Calvaruso Four-dimensional homogeneous Lorentzian manifolds



Classification results

Ricci-parallel homogeneous spaces

A 4D Ricci-parallel homogeneous Riemannian manifold is
either Einstein, or locally reducible and isometric to a direct

product of manifolds of constant curvature (hence, locally
symmetric).
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Classification results

Ricci-parallel homogeneous spaces

A 4D Ricci-parallel homogeneous Riemannian manifold is
either Einstein, or locally reducible and isometric to a direct
product of manifolds of constant curvature (hence, locally
symmetric).

Theorem

If (M, g) is a 4D Ricci-parallel homogeneous Lorentzian
manifold,
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Classification results

Ricci-parallel homogeneous spaces

A 4D Ricci-parallel homogeneous Riemannian manifold is
either Einstein, or locally reducible and isometric to a direct
product of manifolds of constant curvature (hence, locally
symmetric).

Theorem

If (M, g) is a 4D Ricci-parallel homogeneous Lorentzian
manifold, then its Ricci operator is of one of the following
degenerate Segre types: [(111,1)], [(11)(1, 1)], [1(11, 1)],
[(111), 1], [(11,2)].
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Ricci-parallel homogeneous spaces

Let (M, g) be a 4D Ricci-parallel homogeneous Lorentzian
manifold and Q its Ricci operator.
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Ricci-parallel homogeneous spaces

Theorem

Let (M, g) be a 4D Ricci-parallel homogeneous Lorentzian
manifold and Q its Ricci operator.

o If Q is of Segre type [(111,1)], then (M, g) is Einstein.
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Classification results

Ricci-parallel homogeneous spaces

Theorem

Let (M, g) be a 4D Ricci-parallel homogeneous Lorentzian
manifold and Q its Ricci operator.

o If Q is of Segre type [(111,1)], then (M, g) is Einstein.

e If Q is of Segre type [(11)(1, 1)], then (M, g) is locally
reducible and isometric to a direct product M?(k) x M5 (k’).
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Classification results

Ricci-parallel homogeneous spaces

Theorem

Let (M, g) be a 4D Ricci-parallel homogeneous Lorentzian
manifold and Q its Ricci operator.

o If Q is of Segre type [(111,1)], then (M, g) is Einstein.

e If Q is of Segre type [(11)(1, 1)], then (M, g) is locally
reducible and isometric to a direct product M?(k) x M5 (k’).

e If Q is of Segre type [(111), 1], then (M, g) is locally reducible
and isometric to a direct product M3(k) x R;.
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Classification results

Ricci-parallel homogeneous spaces

Theorem

Let (M, g) be a 4D Ricci-parallel homogeneous Lorentzian
manifold and Q its Ricci operator.

o If Q is of Segre type [(111,1)], then (M, g) is Einstein.

e If Q is of Segre type [(11)(1, 1)], then (M, g) is locally
reducible and isometric to a direct product M?(k) x M5 (k’).

e If Q is of Segre type [(111), 1], then (M, g) is locally reducible
and isometric to a direct product M3(k) x R;.

e If Q is of Segre type [1(11,1)], then (M, g) is locally reducible
and isometric to a direct product R x M3 (k).
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Classification results

Ricci-parallel homogeneous spaces

Theorem

Let (M, g) be a 4D Ricci-parallel homogeneous Lorentzian
manifold and Q its Ricci operator.

o If Q is of Segre type [(111,1)], then (M, g) is Einstein.

e If Q is of Segre type [(11)(1, 1)], then (M, g) is locally
reducible and isometric to a direct product M?(k) x M5 (k’).

e If Q is of Segre type [(111), 1], then (M, g) is locally reducible
and isometric to a direct product M3(k) x R;.

e If Q is of Segre type [1(11, 1)], then (M, g) is locally reducible
and isometric to a direct product R x M3 (k).

e If Q is of Segre type [(11,2)], then (M, g) is a Lorentzian
Walker manifold and Q is two-step nilpotent.
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Conformally flat 4D homogeneous Lorentzian spaces

A pseudo-Riemannian manifold (M, g) is (locally) conformally
flat if g is locally conformal to a flat metric.
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Conformally flat 4D homogeneous Lorentzian spaces

A pseudo-Riemannian manifold (M, g) is (locally) conformally
flat if g is locally conformal to a flat metric. The curvature of a
conf. flat metric is completely determined by its Ricci curvature.
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Conformally flat 4D homogeneous Lorentzian spaces

A pseudo-Riemannian manifold (M, g) is (locally) conformally
flat if g is locally conformal to a flat metric. The curvature of a
conf. flat metric is completely determined by its Ricci curvature.

A conformally flat (locally) homogeneous Riemannian manifold
is (locally) symmetric.
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Conformally flat 4D homogeneous Lorentzian spaces

A pseudo-Riemannian manifold (M, g) is (locally) conformally
flat if g is locally conformal to a flat metric. The curvature of a
conf. flat metric is completely determined by its Ricci curvature.

A conformally flat (locally) homogeneous Riemannian manifold
is (locally) symmetric.

Moreover, it admits as univeral covering either a space form
R", S"(k),H"(—k), or one of Riemannian products

R x S"1(k),R x H"~%(—k), SP(k) x H"P(—k).
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Conformally flat 4D homogeneous Lorentzian spaces

A pseudo-Riemannian manifold (M, g) is (locally) conformally
flat if g is locally conformal to a flat metric. The curvature of a
conf. flat metric is completely determined by its Ricci curvature.

A conformally flat (locally) homogeneous Riemannian manifold
is (locally) symmetric.

Moreover, it admits as univeral covering either a space form
R" S"(k),H"(—k), or one of Riemannian products

R x S"1(k),R x H"~%(—k), SP(k) x H"P(—k).

In pseudo-Riemannian settings, the problem of classifying
conformally flat homogeneous manifolds is more complicated
and interesting, as conformally flat homogeneous
pseudo-Riemannian manifolds need not to be symmetric.
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Conformally flat 4D homogeneous Lorentzian spaces

The classification of 4D conf. flat homogeneous
pseudo-Riemannian manifolds starts from the admissible Segre
types of the Ricci operator.
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Conformally flat 4D homogeneous Lorentzian spaces

The classification of 4D conf. flat homogeneous
pseudo-Riemannian manifolds starts from the admissible Segre
types of the Ricci operator.

Theorem [Honda-Tsukada]

An n(> 3)-dimensional conformally flat homogeneous
pseudo-Riemannian manifold Mg with diagonalizable Ricci
operator is locally isometric to either:
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Conformally flat 4D homogeneous Lorentzian spaces

The classification of 4D conf. flat homogeneous
pseudo-Riemannian manifolds starts from the admissible Segre
types of the Ricci operator.

Theorem [Honda-Tsukada]

An n(> 3)-dimensional conformally flat homogeneous
pseudo-Riemannian manifold Mg with diagonalizable Ricci
operator is locally isometric to either:

(i) a pseudo-Riemannian space form;
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Conformally flat 4D homogeneous Lorentzian spaces

The classification of 4D conf. flat homogeneous
pseudo-Riemannian manifolds starts from the admissible Segre
types of the Ricci operator.

Theorem [Honda-Tsukada]

An n(> 3)-dimensional conformally flat homogeneous
pseudo-Riemannian manifold Mg with diagonalizable Ricci
operator is locally isometric to either:

(i) a pseudo-Riemannian space form;

(i) a product manifold of two space forms of constant
curvature k £ 0 and —k, or
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Conformally flat 4D homogeneous Lorentzian spaces

The classification of 4D conf. flat homogeneous
pseudo-Riemannian manifolds starts from the admissible Segre
types of the Ricci operator.

Theorem [Honda-Tsukada]

An n(> 3)-dimensional conformally flat homogeneous
pseudo-Riemannian manifold Mg with diagonalizable Ricci
operator is locally isometric to either:
(i) a pseudo-Riemannian space form;
(i) a product manifold of two space forms of constant
curvature k £ 0 and —k, or

(iii) A product manifold of an (n — 1)-dimensional
pseudo-Riemannian manifold of constant curvature k # 0
and a one-dimensional manifold.
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Conformally flat 4D homogeneous Lorentzian spaces

Theorem

Let (M, g) denote a 4D conformally flat homogeneous
Lorentzian manifold. Then, there exists a pseudo-orthonormal
frame field {eq, e, €3,€4}, with e4 time-like, such that Q takes
one of the following forms:
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Conformally flat 4D homogeneous Lorentzian spaces

Theorem

Let (M, g) denote a 4D conformally flat homogeneous
Lorentzian manifold. Then, there exists a pseudo-orthonormal
frame field {eq, e, €3,€4}, with e4 time-like, such that Q takes
one of the following forms:

() If the minimal polynomial of Q does not have repeated roots:
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Conformally flat 4D homogeneous Lorentzian spaces

Theorem

Let (M, g) denote a 4D conformally flat homogeneous
Lorentzian manifold. Then, there exists a pseudo-orthonormal
frame field {eq, e, €3,€4}, with e4 time-like, such that Q takes
one of the following forms:

() If the minimal polynomial of Q does not have repeated roots:

(la) diag(r,...,—r);
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Conformally flat 4D homogeneous Lorentzian spaces

Theorem

Let (M, g) denote a 4D conformally flat homogeneous
Lorentzian manifold. Then, there exists a pseudo-orthonormal
frame field {eq, e, €3,€4}, with e4 time-like, such that Q takes
one of the following forms:

() If the minimal polynomial of Q does not have repeated roots:
(la) diag(r,...,—r);

t 0 O O

(Ib) 0O £t 0 O s #0,
0 0 r s | r24s?2=t%
0 0 —-s r
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Conformally flat 4D homogeneous Lorentzian spaces

Calvaruso ogeneous Lorent:



Conformally flat 4D homogeneous Lorentzian spaces

(1) If the minimal polynomial of Q has a double root:

+r O 0 0
0 &r 0 0
0 0 r+5 -5 ’
0 O 5 -3
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Conformally flat 4D homogeneous Lorentzian spaces

(1) If the minimal polynomial of Q has a double root:

+r O 0 0
0 4r 0 0
0 0 r+5 -5 ’
0O O 5 r—3

(111) 1If the minimal polynomial of Q has a triple root:

4r 0 0 O
0o r ¥ o0

2
0 F a ¥
0 0 —¥ o0
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Conformally flat 4D homogeneous Lorentzian spaces

Consequently, the possible Segre types of the Ricci operator Q
for a 4D conformally flat homogeneous Lorentzian manifold,
are the following:

Case la Ib Il i
Non degenerate type — [11,zZ] — [1,3]
Degenerate types [(11)(1,1)] | [(11),11] | [(11),2] | [(1,3)]
[1(11,1)] [1(1,2)]
[(111), 1] [(11,2)]
[(111,1)]

Giovanni Calvaruso Four-dimensional homogeneous Lorentzian manifolds



Conformally flat 4D homogeneous Lorentzian spaces

At any point p € M and for any index k, consider the Lie
algebra

a(k,p) = {Y €s0(q,n—q) : Y.R(p) = Y.VR(p) = --- = Y.VKR(p) = 0}.
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Conformally flat 4D homogeneous Lorentzian spaces

At any point p € M and for any index k, consider the Lie
algebra

a(k,p) = {Y €s0(q,n—q) : Y.R(p) = Y.VR(p) = --- = Y.VKR(p) = 0}.

This Lie algebra measures the “isotropy” of the curvature
tensor and its first k derivatives at the point p € M,

Giovanni Calvaruso Four-dimensional homogeneous Lorentzian manifolds



Conformally flat 4D homogeneous Lorentzian spaces

At any point p € M and for any index k, consider the Lie
algebra

a(k,p) = {Y €s0(q,n—q) : Y.R(p) = Y.VR(p) = --- = Y.VKR(p) = 0}.

This Lie algebra measures the “isotropy” of the curvature
tensor and its first k derivatives at the point p € M, and is
associated to the Lie subgroup G c SO(qg,n — q) of linear
isometries ¢ : T,M — TpM, satisfying ¢*(V'R(p)) = V'R(p),
fori =0,...,k.
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Conformally flat 4D homogeneous Lorentzian spaces

At any point p € M and for any index k, consider the Lie
algebra

a(k,p) = {Y €s0(q,n—q) : Y.R(p) = Y.VR(p) = --- = Y.VKR(p) = 0}.

This Lie algebra measures the “isotropy” of the curvature
tensor and its first k derivatives at the point p € M, and is
associated to the Lie subgroup G c SO(qg,n — q) of linear
isometries ¢ : T,M — TpM, satisfying ¢*(V'R(p)) = V'R(p),
fori =0,...,k.

For a homogeneous pseudo-Riemannian manifold, g(k, p) is
isomorphic to g(k,p’) for every p,p’ € M and k > 0.
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Conformally flat 4D homogeneous Lorentzian spaces

At any point p € M and for any index k, consider the Lie
algebra

a(k,p) = {Y €s0(q,n—q) : Y.R(p) = Y.VR(p) = --- = Y.VKR(p) = 0}.

This Lie algebra measures the “isotropy” of the curvature
tensor and its first k derivatives at the point p € M, and is
associated to the Lie subgroup G c SO(qg,n — q) of linear
isometries ¢ : T,M — TpM, satisfying ¢*(V'R(p)) = V'R(p),
fori =0,...,k.

For a homogeneous pseudo-Riemannian manifold, g(k, p) is
isomorphic to g(k,p’) for every p,p’ € M and k > 0.

Theorem

Let (M, g) be a 4D conformally flat pseudo-Riemannian
four-manifold. At any point p € M, we have that g(0,p) = {0}
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Conformally flat 4D homogeneous Lorentzian spaces

At any point p € M and for any index k, consider the Lie
algebra

a(k,p) = {Y €s0(q,n—q) : Y.R(p) = Y.VR(p) = --- = Y.VKR(p) = 0}.

This Lie algebra measures the “isotropy” of the curvature
tensor and its first k derivatives at the point p € M, and is
associated to the Lie subgroup G c SO(qg,n — q) of linear
isometries ¢ : T,M — TpM, satisfying ¢*(V'R(p)) = V'R(p),
fori =0,...,k.

For a homogeneous pseudo-Riemannian manifold, g(k, p) is
isomorphic to g(k,p’) for every p,p’ € M and k > 0.

Theorem

Let (M, g) be a 4D conformally flat pseudo-Riemannian
four-manifold. At any point p € M, we have that g(0,p) = {0}
if and only if Qp is non-degenerate.
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Conformally flat 4D homogeneous Lorentzian spaces

Calvaruso



Conformally flat 4D homogeneous Lorentzian spaces

Corollary

Let (M, g) be a 4D conformally flat homogeneous
pseudo-Riemannian manifold. If the Ricci operator Q of (M, g)
is non-degenerate, then (M, g) is locally isometric to a Lie
group equipped with a left-invariant pseudo-Riemannian metric.
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Conformally flat 4D homogeneous Lorentzian spaces

Corollary

Let (M, g) be a 4D conformally flat homogeneous
pseudo-Riemannian manifold. If the Ricci operator Q of (M, g)
is non-degenerate, then (M, g) is locally isometric to a Lie
group equipped with a left-invariant pseudo-Riemannian metric.

Theorem

Let (M, g) be a conformally flat homogeneous Lorentzian
four-manifold. If the Ricci operator Q of (M, g) is not
diagonalizable and non-degenerate, then Q can only be of
Segre type [11,2Z].
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Conformally flat 4D homogeneous Lorentzian spaces

A 4D conformally flat homogeneous Lorentzian manifold, with
Q of Segre type [11,2zZ],
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Conformally flat 4D homogeneous Lorentzian spaces

Theorem

A 4D conformally flat homogeneous Lorentzian manifold, with

Q of Segre type [11,zZ], is locally isometric to the unsolvable
Lie group SL(2,R) x R,
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Conformally flat 4D homogeneous Lorentzian spaces

Theorem

A 4D conformally flat homogeneous Lorentzian manifold, with
Q of Segre type [11,zZ], is locally isometric to the unsolvable
Lie group SL(2,R) x IR, equipped with a left invariant
Lorentzian metric, admitting a pseudo-orthonormal basis

{e1, €7, e3,e,} for the Lie algebra, such that the Lie brackets
take one of the following forms:
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Conformally flat 4D homogeneous Lorentzian spaces

Theorem

A 4D conformally flat homogeneous Lorentzian manifold, with
Q of Segre type [11,zZ], is locally isometric to the unsolvable
Lie group SL(2,R) x IR, equipped with a left invariant
Lorentzian metric, admitting a pseudo-orthonormal basis

{e1, €7, e3,e,} for the Lie algebra, such that the Lie brackets
take one of the following forms:

i) [e1,e2] =2a(ces —€4), [e1,€3] = —caez, [€1,€s] = aey,
[627 93] = —€ae1, [e37 e4] = ael7
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Conformally flat 4D homogeneous Lorentzian spaces

Theorem

A 4D conformally flat homogeneous Lorentzian manifold, with
Q of Segre type [11,zZ], is locally isometric to the unsolvable
Lie group SL(2,R) x IR, equipped with a left invariant
Lorentzian metric, admitting a pseudo-orthonormal basis

{e1, €7, e3,e,} for the Lie algebra, such that the Lie brackets
take one of the following forms:

i) [e1,e2] =2a(ces —€4), [e1,€3] = —caez, [€1,€s] = aey,
[627 93] = —€ae1, [e37 e4] = ael7

II) [el, e2] = 204(663 aF 84), [el, 93] = eaey, [el, 94] = o€y,
[e2, €3] = caey, [€2,€4] = ey,

where o # 0 is a real constant and ¢ = +1.
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Conformally flat 4D homogeneous Lorentzian spaces

For case i), in the new basis
{€1=e1, &y =6y, €3 =e3—cey, €5 =e3 +cey4}
of g, the nonvanishing Lie brackets are

[61,€2] = 2ca€3, [€1,83] = —2caly, [€2,€3] = —2caly.
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Conformally flat 4D homogeneous Lorentzian spaces

For case i), in the new basis
{1 =e1, €, =65, €3 =€3 —cey, 64 =€3+cey}
of g, the nonvanishing Lie brackets are
[1,87] = 2c€3, [61,€3] = —2caly, [€7,€3] = —2c0€;.
Similarly, for case ii), in the basis
{él =€y, éz =€y, ég = €3 + €€y, é4 = €3 — 664},
the nonvanishing Lie brackets are

[él, éz] = 25()éé37 [él, ég] = 2caey, [éz, é3] = 2€(Jéé1.
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Conformally flat 4D homogeneous Lorentzian spaces

For case i), in the new basis

{é1=e1, &2 =€y, €3 =63 —cey, & = €3+ cey4}
of g, the nonvanishing Lie brackets are

[1,87] = 2c€3, [61,€3] = —2caly, [€7,€3] = —2c0€;.

Similarly, for case ii), in the basis

{él =€y, éz =€y, ég = €3 t+ €€y, é4 =e3 — 664},
the nonvanishing Lie brackets are

[€1,85] = 2cé€3, [€1,8€3] = 2ce,, [€7,63] = 2cé;.

Thus, G is indeed SL(2,R) x R.
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Conformally flat 4D homogeneous Lorentzian spaces

For a conformally flat homogeneous Lorentzian 4-manifold, with
degenerate Ricci operator Q, either the isotropy is trivial, or
nontrivial.
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Conformally flat 4D homogeneous Lorentzian spaces

For a conformally flat homogeneous Lorentzian 4-manifold, with
degenerate Ricci operator Q, either the isotropy is trivial, or
nontrivial.

Let (M, g) be a conformally flat homogeneous, not locally
symmetric, Lorentzian 4-manifold, with degenerate Ricci
operator Q.
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Conformally flat 4D homogeneous Lorentzian spaces

For a conformally flat homogeneous Lorentzian 4-manifold, with
degenerate Ricci operator Q, either the isotropy is trivial, or
nontrivial.

Let (M, g) be a conformally flat homogeneous, not locally
symmetric, Lorentzian 4-manifold, with degenerate Ricci
operator Q. Then, Q is of Segre type either [(11,2)] or [(1, 3)].
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Conformally flat 4D homogeneous Lorentzian spaces

Segre type [(1, 3)] only occurs in cases with trivial isotropy.
More precisely, (M, g) is locally isometric to the solvable Lie
group R x E(1, 1), whose Lie algebra g is described by

[e1, 5] = (c1 —V2¢cy)e; + %eg —(c1 — V2cy)eq

[e1,e3] = — V283 — g€y,

[e1,e4] = (Cl + \fcz)ez + @‘33 — (c1+V2c2)eq
[e2,€4] = ——ez +

[e2, €3] = —[es, e4] = *3\@)9 + 56,63 + 31}@56 4,

where ¢ = + /4\/§c1c§ — 1, for any real constants c,,c, # 0,

such that 4v/2c;c3 — 1 > 0.
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Conformally flat 4D homogeneous Lorentzian spaces

Segre type [(11,2)] occurs both in cases with trivial isotropy (in
particular, for G = R x H) and in cases with nontrivial isotropy.
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Conformally flat 4D homogeneous Lorentzian spaces

Segre type [(11,2)] occurs both in cases with trivial isotropy (in
particular, for G = R x H) and in cases with nontrivial isotropy.

There exist several examples of conformally flat homogeneous
Lorentzian 4-manifolds with nontrivial isotropy, not locally
symmetric, having Q of Segre type [(11, 2)].
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Conformally flat 4D homogeneous Lorentzian spaces

Segre type [(11,2)] occurs both in cases with trivial isotropy (in
particular, for G = R x H) and in cases with nontrivial isotropy.

There exist several examples of conformally flat homogeneous
Lorentzian 4-manifolds with nontrivial isotropy, not locally
symmetric, having Q of Segre type [(11, 2)].

EXAMPLE: M = G/H,
g=m® h = Span(uy, ..,us) ® Span(hy, hy, h3), described by

[e1,€2] = —€3, [e1,€3] = €2, [e1, Up] = Us,
[el’ U4] = —Uz, [e17 U2] = Uy, [e2a U3] = —Uuy,
[e3,uz] =ug, [e3,U4] = —uy,

[ug,uz] =uy, [up,e3] =pez+uy, [us,us] =pes—ug, p#0.
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4D Lorentzian Lie groups

There is a one-to-one correspondence between Lie algebras
admitting a positive definite inner product and the ones
admitting a Lorentzian inner product.
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4D Lorentzian Lie groups

There is a one-to-one correspondence between Lie algebras
admitting a positive definite inner product and the ones
admitting a Lorentzian inner product.

Thus, simply connected 4D Lorentzian Lie groups coincide with
the Riemannian ones. They are:
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4D Lorentzian Lie groups

There is a one-to-one correspondence between Lie algebras
admitting a positive definite inner product and the ones
admitting a Lorentzian inner product.

Thus, simply connected 4D Lorentzian Lie groups coincide with
the Riemannian ones. They are:

@ either direct products SU(2) x R or éT_(Z,R) x R
(unsolvable);
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4D Lorentzian Lie groups

There is a one-to-one correspondence between Lie algebras
admitting a positive definite inner product and the ones
admitting a Lorentzian inner product.

Thus, simply connected 4D Lorentzian Lie groups coincide with
the Riemannian ones. They are:

@ either direct products SU(2) x R or éT_(Z,R) x R
(unsolvable); or

@ one of the following solvable Lie groups:
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4D Lorentzian Lie groups

There is a one-to-one correspondence between Lie algebras
admitting a positive definite inner product and the ones
admitting a Lorentzian inner product.

Thus, simply connected 4D Lorentzian Lie groups coincide with
the Riemannian ones. They are:

@ either direct products SU(2) x R or éT_(Z,R) x R
(unsolvable); or

@ one of the following solvable Lie groups:

(a) non-trivial semi-direct products R x E(2) and R x E(1,1),

Giovanni Calvaruso Four-dimensional homogeneous Lorentzian manifolds



4D Lorentzian Lie groups

There is a one-to-one correspondence between Lie algebras
admitting a positive definite inner product and the ones
admitting a Lorentzian inner product.

Thus, simply connected 4D Lorentzian Lie groups coincide with
the Riemannian ones. They are:

@ either direct products SU(2) x R or éT_(Z,R) x R
(unsolvable); or
@ one of the following solvable Lie groups:

(a) non-trivial semi-direct products R x E(2) and R x E(1,1),
(b) non-nilpotent semi-direct products R x H
(H=the Heisenberg group),
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4D Lorentzian Lie groups

There is a one-to-one correspondence between Lie algebras
admitting a positive definite inner product and the ones
admitting a Lorentzian inner product.

Thus, simply connected 4D Lorentzian Lie groups coincide with
the Riemannian ones. They are:

@ either direct products SU(2) x R or éT_(Z,R) x R
(unsolvable); or
@ one of the following solvable Lie groups:

(a) non-trivial semi-direct products R x E(2) and R x E(1,1),
(b) non-nilpotent semi-direct products R x H

(H=the Heisenberg group),
(c) all semi-direct products R x R3.
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4D Lorentzian Lie groups

4D Riemannian (+ Lorentzian) Lie algebras are all of the form
g = v & g3, with the following
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4D Lorentzian Lie groups

4D Riemannian (+ Lorentzian) Lie algebras are all of the form
g = v & g3, with the following

Important difference:
If (,) is positive definite on g = ¢ @ g3, then so is (, )|g,.
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4D Lorentzian Lie groups

4D Riemannian (+ Lorentzian) Lie algebras are all of the form
g = v & g3, with the following

Important difference:
If (,) is positive definite on g = ¢ @ g3, then so is (, )|g,.

If (,) is Lorentzian on g = v @ g3, then (, )|, is
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4D Lorentzian Lie groups

4D Riemannian (+ Lorentzian) Lie algebras are all of the form
g = v & g3, with the following

Important difference:
If (,) is positive definite on g = ¢ @ g3, then so is (, )|g,.

If (,) is Lorentzian on g = v @ g3, then (, )|, is
@ either positive definite —[Milnor];
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4D Lorentzian Lie groups

4D Riemannian (+ Lorentzian) Lie algebras are all of the form
g = v & g3, with the following

Important difference:
If (,) is positive definite on g = ¢ @ g3, then so is (, )|g,.

If (,) is Lorentzian on g = v & g3, then (, )|y, is
@ either positive definite —[Milnor];
@ Lorentzian —[Rahmani],[Cordero-Parker];
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4D Lorentzian Lie groups

4D Riemannian (+ Lorentzian) Lie algebras are all of the form
g = v & g3, with the following

Important difference:
If (,) is positive definite on g = ¢ @ g3, then so is (, )|g,.

If (,) is Lorentzian on g = v & g3, then (, )|y, is
@ either positive definite —[Milnor];
@ Lorentzian —[Rahmani],[Cordero-Parker];
@ or degenerate (??7?).
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4D Lorentzian Lie groups

Proposition

Let (g,g) be an arbitrary four-dimensional Lorentzian Lie
algebra. Then, there exists a basis {e1, e,, e3,e4} of g, such
that
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4D Lorentzian Lie groups

Proposition
Let (g,g) be an arbitrary four-dimensional Lorentzian Lie
algebra. Then, there exists a basis {e1, e,, e3,e4} of g, such
that
@ g3 = Span(ey, ey, e3) is a three-dimensional Lie algebra
and e4 acts as a derivation on g3 (that is, g = v x g3, where

t = Span(es)),
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4D Lorentzian Lie groups

Proposition
Let (g,g) be an arbitrary four-dimensional Lorentzian Lie
algebra. Then, there exists a basis {e1, e,, e3,e4} of g, such
that
@ g3 = Span(ey, ey, e3) is a three-dimensional Lie algebra
and e4 acts as a derivation on g3 (that is, g = v x g3, where
t = Span(e,)), and
@ with respect to {e1, e,, e3, €4}, the Lorentzian inner product
takes one of the following forms:

(a) diag(1,1,-1,1);

| " (c)
(b) diag(1,1,1, —-1);

O OO
o oOor o
R O O O
O, OO
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4D Lorentzian Lie groups

The previous Proposition makes possible to classify 4D
Lorentzian Lie groups with some prescribed curvature
properties (e.g. Einstein, Ricci-parallel,...):

Giovanni Calvaruso Four-dimensional homogeneous Lorentzian manifolds



4D Lorentzian Lie groups

The previous Proposition makes possible to classify 4D
Lorentzian Lie groups with some prescribed curvature
properties (e.g. Einstein, Ricci-parallel,...):

@ One considers an arbitrary 4D Lorentzian Lie algebra
(g =t x g3,0), with g taking one of the forms (a),(b),(c),
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4D Lorentzian Lie groups

The previous Proposition makes possible to classify 4D
Lorentzian Lie groups with some prescribed curvature
properties (e.g. Einstein, Ricci-parallel,...):

@ One considers an arbitrary 4D Lorentzian Lie algebra
(g =t x g3,0), with g taking one of the forms (a),(b),(c),

@ calculates the curvature in terms of the coefficients of the
Lie brackets, prescribing the desired property,
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4D Lorentzian Lie groups

The previous Proposition makes possible to classify 4D
Lorentzian Lie groups with some prescribed curvature
properties (e.g. Einstein, Ricci-parallel,...):

@ One considers an arbitrary 4D Lorentzian Lie algebra
(g =t x g3,0), with g taking one of the forms (a),(b),(c),

@ calculates the curvature in terms of the coefficients of the
Lie brackets, prescribing the desired property,

@ and recognizes the obtained Lie algebra, calculating the
derived Lie algebra.
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4D Lorentzian Lie groups

Einstein examples

(@) {e }i“:1 is a pseudo-orthonormal basis, with e time-like.
In this case, G is isometric to one of the following semi-direct
products R x Gg:
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4D Lorentzian Lie groups

Einstein examples

(@) {e }i“:1 is a pseudo-orthonormal basis, with e time-like.
In this case, G is isometric to one of the following semi-direct
products R x Gg:

al) R x H, with 4 possible forms of the Lie brackets.
EXAMPLE:

[e].? e2] = 8Ael7 [e].? e3] = Ae17
[61,64] = 0Aeq, [83,94] = —2A(5(€ez — 63), e,0 ==£1.
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4D Lorentzian Lie groups

Einstein examples

(@) {e }i“:1 is a pseudo-orthonormal basis, with e time-like.
In this case, G is isometric to one of the following semi-direct
products R x Gg:

al) R x H, with 4 possible forms of the Lie brackets.
EXAMPLE:

[e].? e2] = 8Ael7 [e].? e3] = Ae17
[61,64] = 0Aeq, [83,94] = —2A(5(€ez — 63), e,0 ==£1.

a2) R x R3, with 7 possible forms of the Lie brackets.
EXAMPLE:

[e1,e4] = —(A+B)e;, [ez,e4] =Bey,+ VAZ+ AB + B2e;



4D Lorentzian Lie groups

Einstein examples

(c) {e }i“:1 is a basis, with the inner product g on g completely
determined by g(e1,e1) = g(e2.€2) = g(es,€4) = g(€s,€3) =1
and g(ej, ej) = 0 otherwise.

Giovanni Calvaruso Four-dimensional homogeneous Lorentzian manifolds



4D Lorentzian Lie groups

Einstein examples

(c) {e }i“:1 is a basis, with the inner product g on g completely
determined by g(e1,e1) = g(e2,€2) = g(e3,€4) = g(es,€3) =1
and g(ej, €j) = 0 otherwise. In this case, G is isometric to one
of the following semi-direct products R x Gas:
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4D Lorentzian Lie groups

Einstein examples

(c) {e }i“:1 is a basis, with the inner product g on g completely
determined by g(e1,e1) = g(e2, €2) = g(e3,€4) = g(€4,€3) =
and g(ej, €j) = 0 otherwise. In this case, G is isometric to one
of the following semi-direct products R x Gas:

cl) R x H, with 3 possible forms of the Lie brackets.
EXAMPLE:

[el,ez] = E(A T B)e3, [el, e4] = Ce; + Ae; + Des,
[e2,e4] = Bey +Ees, [es,e4] = Ces,
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4D Lorentzian Lie groups

Einstein examples

(c) {e }i“:1 is a basis, with the inner product g on g completely
determined by g(e1,e1) = g(e2,€2) = g(e3,€4) = g(es,€3) =1
and g(ej, €j) = 0 otherwise. In this case, G is isometric to one
of the following semi-direct products R x Gas:

cl) R x H, with 3 possible forms of the Lie brackets.
EXAMPLE:

[el,ez] = E(A T B)e3, [el, e4] = Ce; + Ae; + Des,
[e2,e4] = Bey +Ees, [es,e4] = Ces,

c2) R x R3, with 2 possible forms of the Lie brackets.
EXAMPLE:

[e1,€4] = Aey +Bes, [e2,€4] = —Aey + Ces.
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4D Lorentzian Lie groups

Einstein examples

What about case (b)?
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Einstein examples

What about case (b)? Case (b) does occur!
However, we aim to give a classification up to isomorphisms.
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4D Lorentzian Lie groups

Einstein examples

What about case (b)? Case (b) does occur!
However, we aim to give a classification up to isomorphisms.
For any solution we found in case (b) (g = ¢ x g3 with g3

Riemannian), the Lie algebra is also of the form g = ¢/ x g5 with
g5 Lorentzian, that is, of type (a).
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4D Lorentzian Lie groups

Einstein examples

What about case (b)? Case (b) does occur!

However, we aim to give a classification up to isomorphisms.
For any solution we found in case (b) (g = ¢ x g3 with g3
Riemannian), the Lie algebra is also of the form g = ¢/ x g5 with
g5 Lorentzian, that is, of type (a).

EXAMPLE:
[e1, €] = Aes, [e1,e4] = —Bes, [e2, €3] = Aey, [e3,€4] = Be;.
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4D Lorentzian Lie groups

Einstein examples

What about case (b)? Case (b) does occur!

However, we aim to give a classification up to isomorphisms.
For any solution we found in case (b) (g = ¢ x g3 with g3
Riemannian), the Lie algebra is also of the form g = ¢/ x g5 with
g5 Lorentzian, that is, of type (a).

EXAMPLE:
[e1, €] = Aes, [e1,e4] = —Bes, [e2, €3] = Aey, [e3,€4] = Be;.

Thus, [g, g] = span(ey, e3), and TL vector e4 acts as a derivation
on the Riemannian Lie algebra gz = span(ey, ez, e3).
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4D Lorentzian Lie groups

Einstein examples

What about case (b)? Case (b) does occur!

However, we aim to give a classification up to isomorphisms.
For any solution we found in case (b) (g = ¢ x g3 with g3
Riemannian), the Lie algebra is also of the form g = ¢/ x g5 with
g5 Lorentzian, that is, of type (a).

EXAMPLE:
[e1, €] = Aes, [e1,e4] = —Bes, [e2, €3] = Aey, [e3,€4] = Be;.

Thus, [g, g] = span(ey, e3), and TL vector e4 acts as a derivation
on the Riemannian Lie algebra g3 = span(e1, e,,e3). On the
other hand, SL vector e, acts on the Lorentzian Lie algebra

g5 = span(eq, €3, €4) (the Lie algebra of the Heisenberg group),
so that this example is already included in case (a).
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4D Lorentzian Lie groups

Ricci-parallel examples

@ For case (a) (a SL vector acting on a 3D Lorentzian Lie
algebra) we find non-Einstein solutions on R x H and
R x R3,
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4D Lorentzian Lie groups

Ricci-parallel examples

@ For case (a) (a SL vector acting on a 3D Lorentzian Lie
algebra) we find non-Einstein solutions on R x H and
R x R3,

@ For case (b) (a TL vector acting on a 3D Riemannian Lie
algebra) we find non-Einstein solutions on R x SL(2,R).
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4D Lorentzian Lie groups

Ricci-parallel examples

@ For case (a) (a SL vector acting on a 3D Lorentzian Lie
algebra) we find non-Einstein solutions on R x H and
R x R3,

@ For case (b) (a TL vector acting on a 3D Riemannian Lie
algebra) we find non-Einstein solutions on R x SL(2,R).

@ For case (c) (a null vector acting on a 3D degenerate Lie
algebra) we find non-Einstein solutions on R x H, R x E(2)
and R x E(1,1).
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4D Lorentzian Lie groups

Ricci-parallel examples

The only Ricci-parallel not locally symmetric examples occur
@ onR x R3:

[el, e4] = eAey, [63, 64] = Ae, (A 7£ 0),
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4D Lorentzian Lie groups

Ricci-parallel examples

The only Ricci-parallel not locally symmetric examples occur
@ onR x R3:

[el, e4] = eAey, [63, 64] = Ae, (A 7£ 0),
@ andon R x H:

[e1,€2] = Aeg, [e1,€4] = —Bey + Ce;, + Deg,
[e2,e4] = Ee; +Be, +Fes, (A2 #4B? + (C +E)?).
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4D Lorentzian Lie groups

Ricci-parallel examples

The only Ricci-parallel not locally symmetric examples occur
@ onR x R3:

[el, e4] = eAey, [63, 64] = Ae, (A 7£ 0),

@ andon R x H:

[e1,€2] = Aeg, [e1,€4] = —Bey + Ce;, + Deg,
[e2,e4] = Ee; +Be, +Fes, (A2 #4B? + (C +E)?).

These homogeneous Lorentzian manifolds are Walker
manifolds, and their Ricci operator is two-step nilpotent.
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4D Lorentzian Lie groups

Ricci-parallel examples

One can use the classification of Einstein and Ricci-parallel 4D
Lorentzian Lie groups, to deduce several geometric properties
for these examples. In particular:

Up to isomorphisms, the only (nontrivial) Ricci-parallel Ricci
solitons occur on R x H. There are both
@ symmetric examples, like:
[e1,e;] = eBey, [e1,e3] = Bey,
[e2,€4] = A(e2 —ce3), [e3,€4] =cA(e2 —ce3), A,B #0,
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Ricci-parallel examples

One can use the classification of Einstein and Ricci-parallel 4D
Lorentzian Lie groups, to deduce several geometric properties
for these examples. In particular:

Up to isomorphisms, the only (nontrivial) Ricci-parallel Ricci
solitons occur on R x H. There are both

@ symmetric examples, like:
[e17 e2] = €Be1, [e17 e3] = Bela
[e2,€4] = A(e2 —ce3), [e3,€4] =cA(e2 —ce3), A,B #0,
@ and non-symmetric examples, like:
[ela e2] = Ae37 [elv e4] = CeZ I De3?
[ez,e4] = Ae; + Fes, C(C+2A) 20#£F.
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4D Lorentzian Lie groups

iGracias por su atencion!
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