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1 Definition and first examples

Definition
A pair (G,τ) is called topological group if G is a group and
τ is a topology on G such that multiplication

G×G −→G, (x ,y) 7→ xy

and inversion
G −→G, x 7→ x−1

are continuous.

Examples
1 R
2 discrete groups
3 antidiscrete groups
4 topological vector spaces
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Proposition
Subgroups and products of topological groups are
topological groups.

Examples
1 Rn, RI (I an arbitrary set)
2 Z
3 Rn×Zm
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Proposition

Let H be a normal subgroup of a topological group (G,τ)
and let π : G→G/H denote the canonical projection. We
endow G/H with the quotient topology
{Õ ⊆G/H : π−1(Õ) ∈ τ}.

Then π is continuous and open
and G/H is a topological group.

Examples
1 R/Z∼= {z ∈ C : |z| ≤ 1}=: T.
2 SX (the group of bijections of X with the topology

induced by SX ↪→ X X )
3 Gl(n,K ) (K ∈ {R,C}), SL(n,K )

4 O(n,R), SO(n,R)
5 U(n,C), SU(n,C)
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Proposition

Let (G,τ) be a topological group. For every a ∈G, the
following mappings are homeomorphisms:

1 la : G→G, x 7→ ax (left translation),

2 ra : G→G, x 7→ xa (right translation),
3 ca : G→G, x 7→ axa−1 (conjugation),
4 inv : G→G, x 7→ x−1 (inversion).

In particular, every topological group is a homogeneous
space.

Remark
Every open subgroup H of a topological group G is closed.
Indeed: G \H =

⋃
x∈G\H xH is open.
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As in the case of topological spaces, group topologies can
be characterized by a neighborhood basis at e:

Lemma

Let G be a group and let U be a non-empty filter in G
satisfying:

1 e ∈ U for all U ∈U .
2 For every U ∈U exists V ∈U such VV ⊆ U.
3 For every U ∈U exists V ∈U such V−1 ⊆ U.
4 For every U ∈U and every a ∈G there exists V ∈U

such aVa−1 ⊆ U.
Then there exists a unique group topology τ on G such that
U is a neighborhood basis of the unit element. (G,τ) is a
Hausdorff space if and only if

⋂
U∈U U = {e}.

Corollary
A group topology τ is determined by a neighborhood basis
U (e) at the neutral element e.
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Theorem (Bouziad 1998)
Let G be a group and τ a topology on G which is
Čech–complete (e.g. complete and metrizable). If all left
and right translations are continuous, then (G,τ) is a
topological group.

Example

Let (R,τ) be the Sorgenfrey-line. Then addition
(R,τ)× (R,τ)→ (R,τ) is continuous (not only all the
translations!). However, inversion is discontinuous.
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Proposition
Every T1 topological group is regular.

Proof Let (G,τ) be a topological group and let C be a
closed subset of G and y ∈G \C.Since C is closed, there
exists an open neighborhood V of y with V ∩C = /0.
Since G→G, x 7→ yx is a homeomorphism, there exists a
neighborhood W of e such that yW ⊆ V . Observe, that yW
is a neighborhood of y !
By the continuity of the multiplication at (e,e), there is an
open neighborhood U of e such that U ·U ⊆W .
W.l.o.g. we may assume that U is symmetric (i.e. U = U−1),
since otherwise we may replace U by U ∩U−1.
We have yU ·U ⊆ yW ⊆ V . We claim that yU and BU are
disjoint:
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is a neighborhood of y !
By the continuity of the multiplication at (e,e), there is an
open neighborhood U of e such that U ·U ⊆W .
W.l.o.g. we may assume that U is symmetric (i.e. U = U−1),
since otherwise we may replace U by U ∩U−1.
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We claim that yU and BU are disjoint:

Assume, there exist u1,u2 ∈ U and b ∈ B such that
yu1 = bu2. Then

B 3 b = yu1u−1
2 ∈ yU ·U−1 = yU ·U ⊆ V ,

a contradiction. Hence it suffices to show that yU and BU
are open.
yU is open, since x → yx is a homeomorphism and
BU =

⋃
b∈B bU is open by the same reason.
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Theorem
Let (G,τ) be a topological group with neighborhood basis
U at e. For U ∈U we define

UL := {(x ,y) ∈G×G : x−1y ∈ U} and
UR := {(x ,y) ∈G×G : yx−1 ∈ U} .

Then (UL)U∈U and (UR)U∈U define vicinities for uniformities
L and R on G. Both induce the topology τ.
If G is abelian or compact then L = R.

Corollary
Every T1 topological group is T3 1

2
.
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Theorem (Birkhoff, Kakutani 1936)

Let (G,τ) be a topological group. Then the following
assertions are equivalent:

G is metrizable ⇐⇒ G is first countable and T1.

In this case, there exists a left (right-) invariant metric which
induced the topology. A metric d is called left invariant if
d(x ,y) = d(ax ,ay) for all a ∈G.
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Is it possible to find a left and right invariant metric?

Example

Consider the matrix group Sl(2,R) and An =

( 1
n

1
n

0 n

)
,

Bn =

(
n 1

n
0 1

n

)
.Then AnBn =

(
1 2

n2

0 1

)
−→

(
1 0
0 1

)
and

BnAn =

(
1 2
0 1

)
.

Assume now, there exists a left and right invariant metric d
on Sl(2,R). Then

d(AnBn,E)
li
= d(Bn,A−1

n )
ri
= d(BnAn,E),

which is impossible.
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2 Connectedness in topological groups

Proposition
The connected component C of e in a topological group is a
closed normal subgroup

Proof.
Since C×C is connected, also C ·C is connected and
contains e, so C ·C ⊆ C.The inclusion C ⊆ C ·C trivially
holds.Since inversion is continuous, C−1 is connected and
contains e, hence C−1 ⊆ C.Applying the inversion once
again, we obtain C ⊆ C−1.These arguments show that C is
a subgroup. Since conjugation is also continuous, aCa−1 is
connected and contains e, hence aCa−1 ⊆ C.
Since connected components are always closed, the
assertion follows.
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Proposition
G/C is totally disconnected.

Proposition
Let G be a compact totally disconnected group. Then there
exists a neighborhood basis consisting of open (and hence
closed and hence compact) normal subgroups.

Corollary
Let G be a totally disconnected compact group. Then G can
be embedded into a product of finite groups.
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Proof.
Let (Ni)i∈I be neighborhood basis at e consisting of open
normal subgroups.

Consider the mapping

ϕ : G −→∏
i∈I

G/Ni , x 7−→ xNi .

Since G→G/Ni , x 7→ xNi is continuous for every i , ϕ is
continuous.
ker(ϕ) =

⋂
i∈I Ni = {e}.

ϕ(Nj) = ϕ(G) ∩ {eG/Nj
}× ∏

i∈I\{j}
G/Ni ,

which shows that ϕ is an embedding.
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3 An introduction to Pontryagin duality theory

Definition
Let (G,τ) be a topological group. By G∧ we denote the set
of all continuous homomorphisms G→ T and call this group
dual group or character group of G.

The elements of G∧

are named continuous characters.

Remark
Obviously, G∧ is an abelian group (under pointwise
addition). The commutator subgroup of G is contained in
the kernel of every continuous character.
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Examples

The following mappings are topological isomorphisms:
1 R→ R∧, t 7→ (x 7→ exp(2π ixt))

2 Z→ T∧, k 7→ (z 7→ zk )

3 T→ Z∧, z 7→ (k 7→ zk )

Theorem (Gel’fand, Raikov)
Let G be a locally compact abelian (LCA) group. For every
x ∈G \{e} there exists a continuous character χ ∈G∧ such
that χ(x) 6= 1.
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Since quotients of LCA groups w.r.t. closed subgroups are
again LCA, we have:

Corollary
Let H be a closed subgroup of a LCA group. For every
x ∈G \H there exists a character χ ∈G∧ with χ(H) = {1}
and χ(x) 6= 1.

Proof.
Let π : G→G/H denote the canonical projection.Then
π(x) 6= eG/H and hence there exists a character χ̃ ∈ (G/H)∧

such that χ̃(π(x)) 6= 1. Since χ := χ̃ ◦π is a character of G
and χ(H) = {1} and χ(x) 6= 1, the assertion follows.

Corollary
A subgroup H of a LCA group G is dense iff
H⊥ := {χ ∈G∧ : χ(H) = {1}} = {1}.
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Example (Kronecker)

Let a = (a1, . . . ,an) ∈ Rn be elements of Rn and put

H = Zn + 〈{a}〉.

Then H is dense in Rn iff (1,a1, . . . ,an) are linearly
independent over Q.

Proof.

We have to calculate H⊥. Since Zn ⊆ H, we have
H⊥ ⊆ (Zn)⊥ ∼= Zn. Let k = (k1, . . . ,kn) ∈ H⊥. This means
exp(2π ik ·a) = exp(2π i ∑

n
j=1 kjaj) = 1 ⇐⇒ ∑

n
j=1 kjaj ∈ Z.

Then k 6= 0 iff (1,a1, . . . ,an) are linearly dependent over
Q.
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We want to endow the character group with the
compact–open topology:

Proposition

Let (G,τ) be a Hausdorff group. The sets of the form

P(K ,W ) = {χ ∈G∧ : χ(K )⊆W}

where K is a compact subset of G and W is an open
neighborhood of 1 in T form a neighborhood basis of a
group topology on G∧.

Proposition

If G is


compact abelian
locally compact abelian
discrete abelian

then G∧ is
discrete abelian
locally compact abelian
compact abelian

.
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Since G∧ is a topological group (obviously abelian and
Hausdorff), we can form G∧∧ := (G∧)∧. It is called second
character group or bidual group.

Definition
Let G be an abelian Hausdorff group. We define

αG : G −→G∧∧, x 7−→ αG(x) : χ 7→ χ(x).

The topological group G is called (Pontryagin) reflexive if
αG is a topological isomorphism.

Question
Is a group G reflexive if G and G∧∧ are topologically
isomorphic?
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Theorem (Pontryagin, van Kampen)

Every LCA group is reflexive.

Theorem (Smith, 1952)
Every Banach space is Pontryagin reflexive.

Theorem (Kaplan, 1948)
Products of reflexive groups are reflexiv.
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Theorem (Pontryagin, van Kampen)

Let (G,τ) be a LCA group. Then G is topologically
isomorphic to Rn×H where H is an abelian group which
has a compact and open subgroup H and n ∈ N0.

If G is a connected LCA group then G is topologically
isomorphic to Rn×K where n ∈ N0 and K is a compact and
connected group.
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Since the dual of a compact abelian group is discrete and
vice versa, compact abelian groups can be studied via their
character groups. The following holds:

Theorem
For a compact / discrete abelian group G the following

holds:
G is ⇐⇒ G∧ is
divisible torsion free
connected torsion free

Example

The character group Q∧ is a connected (and divisible)
compact group.



Workshop of
Young

Researchers

Außenhofer

Definition and
first examples

Connectedness
in topological
groups

An
introduction to
Pontryagin
duality theory

Free abelian
topological
groups

Since the dual of a compact abelian group is discrete and
vice versa, compact abelian groups can be studied via their
character groups. The following holds:

Theorem
For a compact / discrete abelian group G the following

holds:

G is ⇐⇒ G∧ is
divisible torsion free
connected torsion free

Example

The character group Q∧ is a connected (and divisible)
compact group.



Workshop of
Young

Researchers

Außenhofer

Definition and
first examples

Connectedness
in topological
groups

An
introduction to
Pontryagin
duality theory

Free abelian
topological
groups

Since the dual of a compact abelian group is discrete and
vice versa, compact abelian groups can be studied via their
character groups. The following holds:

Theorem
For a compact / discrete abelian group G the following

holds:
G is ⇐⇒ G∧ is
divisible torsion free
connected torsion free

Example

The character group Q∧ is a connected (and divisible)
compact group.



Workshop of
Young

Researchers

Außenhofer

Definition and
first examples

Connectedness
in topological
groups

An
introduction to
Pontryagin
duality theory

Free abelian
topological
groups

Since the dual of a compact abelian group is discrete and
vice versa, compact abelian groups can be studied via their
character groups. The following holds:

Theorem
For a compact / discrete abelian group G the following

holds:
G is ⇐⇒ G∧ is
divisible torsion free
connected torsion free

Example

The character group Q∧ is a connected (and divisible)
compact group.



Workshop of
Young

Researchers

Außenhofer

Definition and
first examples

Connectedness
in topological
groups

An
introduction to
Pontryagin
duality theory

Free abelian
topological
groups

Let us have a closer look at connected compact groups:

Definition
A torsion free abelian group G is called an L–group if for
every finite subset F ⊆G there exists a finitely generated
subgroup H such that G/H is torsion free.

Theorem (Pontryagin)

G is a connected abelian compact group is locally
connected iff G∧ is a L–group.

Example

The group Q is not a L–group, hence Q∧ is not locally
connected.
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Definition (Whitehead)
A torsion free abelian group G is called a W–group iff every
homomorphism χ : G→ T can be lifted over R, i.e. there
exists a homomorphism ϕ : G→ R such that exp(2π iϕ) = χ.

Theorem (Dixmier)
For a connected compact abelian group G the following
assertions are equivalent:

1 G is pathwise connected.
2 G is locally pathwise connected.
3 G∧ is a W–group.

Remark
Every W–group is a L–group.
The discrete group ZN is an L–group, but not a W–group.
Every free abelian group is a W–group.
In ZFC it is undecidable whether every W–group is free.



Workshop of
Young

Researchers

Außenhofer

Definition and
first examples

Connectedness
in topological
groups

An
introduction to
Pontryagin
duality theory

Free abelian
topological
groups

Definition (Whitehead)
A torsion free abelian group G is called a W–group iff every
homomorphism χ : G→ T can be lifted over R, i.e. there
exists a homomorphism ϕ : G→ R such that exp(2π iϕ) = χ.

Theorem (Dixmier)
For a connected compact abelian group G the following
assertions are equivalent:

1 G is pathwise connected.

2 G is locally pathwise connected.
3 G∧ is a W–group.
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Every free abelian group is a W–group.
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Definition
A torsion free abelian group G is called an S–group if every
finite subset F is contained in a finitely generated free
subgroup which splits.

Theorem (Hofmann, Morris, Poguntke)

For a compact connected abelian group G the following
assertions are equivalent:

1 G∧ is an S–group.
2 The mapping CHom(G,R)→G∧ is a projection onto its

image (the arc component of e).
3 The arc-component is locally arcwise connected.

Remark

Every W–group is an S–group. ZN is an S–group.
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4 Free abelian topological groups

Definition
Let X be a completely regular space. A topological group
(A(X ),τ) is called free abelian topological group over X if
the following holds:

1 A(X ) is algebraically the free abelian topological group
generated by the set X .

2 There exists a (topological) embedding η : X → A(X )
such that η(X ) is a basis for the free abelian
topological group and η(X ) is closed in (A(X ),τ).

3 For every continuous mapping f : X → H where H is an
abelian topological group, the unique homomorphism
f ′ : A(X )→ H which satisfies f ′ ◦η = f is continuous.
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Theorem (Markov 1945)

For every completely regular space X, the free abelian
topological group (A(X ),τ) exists and is unique up to
topological isomorphism. (A(X ),τ) is a Hausdorff space.
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Proposition (Pestov)

A(X )∧→ C (X ,T), χ 7→ χ ◦η is a continuous isomorphism
when C (X ,T) is endowed with the compact–open topology.

If G is e.g. paracompact, then the above mapping is also
open.
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Theorem (Pestov, L.A.,Galindo, Hernandez)

Let X be compact. Then A(X ) is reflexive iff X is punctiform,
i.e. every connected compact subset of X is a singleton.

Theorem (L.A.)

If X is compact, then A(X )∧ ∼= C (X ,T) is reflexive.

Question
Ist the character group of every abelian metrizable group
reflexive?
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Thank you for your attention!
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