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INTRODU

DEFINITION*

Let p(x) be a positive Borel measure on the real line and {p,-(x)}j"io, pm = 1 be a set of

functions such that p;(x)du(x) has finite moments, j = 0, ..., M. Denote
M .

di

£ — (x)

j:ZO P/(X) ax

We say that {Qn}, n € N, is a sequence of orthogonal polynomials with respect to the differential
operator £M) if deg(Qn) < nand

[ £M1@nPE)du(x) =0 ™

for any polynomial P(x) such that deg(P) < n— 1.

(%) A. Aptekarev, G. Lépez Lagomasino and F. Marcellan, Orthogonal polynomials with respect to a differential operator, existence and uniqueness. Rocky

Mountain J. Math., 32, (2002) 467—-481.
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EXISTENCE AND U /

Denote by £ the Jacobi differential operator on the space P, with «, 3 > —1, where

Lifl=01=x)"+(B—a—(a+8+2)X)F, feP,
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EXISTENCE AND UNICITY

Denote by £ the Jacobi differential operator on the space P, with «, 3 > —1, where

Lifl=01=x)"+(B—a—(a+8+2)X)F, feP,

THEOREM

Let n be a fixed positive integer number. Equation (1) have a unique, except an additive constant,
monic polynomial solution Q, of degree n if and only if

/ Ln(X) e 5(x) = 0.
R

where L, L pand dpa, g(x) = (1 — x)* (1 + x)? dx
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CLASSIFICATION OF THE MEASURES

COROLLARY

Let dpa,5(x) = (1 — x)* (1 + x)Pdx and p be a finite nonnegative Borel measures on R, such
that dpa, g(x) = p(x)du(x) with p € L2(u) p-a.e. on R.

If m € Z, the sequence {Qn} exists for n > m < p(x) is a non negative polynomial on [—1, 1] of
degree m.
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CLASSIFICATION OF THE MEASURES

COROLLARY

Let dpa,5(x) = (1 — x)* (1 + x)Pdx and p be a finite nonnegative Borel measures on R, such
that dpa, g(x) = p(x)du(x) with p € L2(u) p-a.e. on R.

If m € Z, the sequence {Qn} exists for n > m < p(x) is a non negative polynomial on [—1, 1] of
degree m.

DEFINITION

u belongs to the class Pm(pq,3) where m € Z, if
@ u(x) is a finite nonnegative Borel measure supported on R

@ there exist a polynomial p(x) of degree m, such that dpiq g(x) = p(x)dp(x).
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CLASSIFICATION OF THE MEASURES

EXAMPLE

@ du(x) = (1 — x)>k=(1 4 x)P~ksdx, where k. and ks are nonnegative integers such that
o —ky >—1and 8 — kg > —1. Hence i1 € Pka+k6(a, B).
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CLASSIFICATION OF THE MEASURES

EXAMPLE
@ du(x) = (1 — x)>k=(1 4 x)P~ksdx, where k. and ks are nonnegative integers such that
o —ky >—1and 8 — kg > —1. Hence i1 € Pka+k6(a, B).

(1=x)*(1+x)7°

@ du(x) = 1

w € Pa(a, B).

dx, note that in this example u is not a Jacobi measure. Hence
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DEFINITION OF THE Qp(Z) PO

If & € Pm(ta,s) and n > mthen

m
Ln(2) = Pn(2) + Z b(n,nfk)Pnfk(z)y
k=1
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DEFINITION OF THE Qp(Z)

If & € Pm(ta,s) and n > mthen

Ln(Z) = Pn(Z) + Z b(n,nfk)Pnfk(z)y

k=1
Hence
~ T B(n,n—k)
Qn(2) = Pa(2) + An Y =12 Pp_(2)
K—1 )\n—k
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DEFINITION OF THE Qp(Z) POLYNOMIALS

If & € Pm(ta,s) and n > mthen

Ln(Z) = Pn(Z) + Z b(n,nfk)Pnfk(z)y

k=1
Hence
- T B(n,n—k)
Qn(2) = Pa(2) + An Y =12 Pp_(2)
=1 Ank
DEFINITION

Let 1 € Pm(1a,p) and {¢n} a sequence of complex numbers. We define Qn L (£, i1, {¢n}) for
each n > m as the monic polynomial solution of the initial value problem
{ Lyl = Xnln, n>m,
y(cn) 07

and we say that {Qn}, for n > m, is the sequence of monic orthogonal polynomials with respect
to the pair (L, i, {¢n}) such that Qn(¢n) = 0.
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DEFINITION

Let 1 € Pm(1a,p) and {¢n} a sequence of complex numbers. We define Qn L (£, i1, {¢n}) for
each n > m as the monic polynomial solution of the initial value problem

{ Y

and we say that {Qn}, for n > m, is the sequence of monic orthogonal polynomials with respect
to the pair (L, i, {¢n}) such that Qn(¢n) = 0.

Anlpn, n>m,
07

We have then Qn(z) = Qn(2) — Qn(¢n)
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RECURRENCE RELATION FOR Qy,(Z2)

THEOREM

Letm e Zy, p € Pm(pa,g)- Then if R(z) is any primitive of p(z), for each n > (2m + 1) the
sequence of polynomials Q;,(z) satisfy the relation

m+1
R(z)Q4\(2) = > 0(R.n,n—k)Q, (2)

k=—m—1

J. Borrego et al. (UC3M)
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RECURRENCE RELATION FOR Qp(Z)

THEOREM

Letm € Zy and . € Pm(pq,p), for each n > 3m + 1 the sequence {@n(z)} satisfies that

2m+1

H(Z)an(z) = Z ﬂ(n,n—k)an—k(z)
k=—2m—1

where H(z) is any primitive of the function p?(z), R(z) is any primitive of the function p(z)
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STRONG ASYMPTOTIC BEHAVIOR AND LOCATION OF ZEROS OF THE On(Z) POLYNOMIALS

THEOREM
Letm e Z; and p € Pm(pa,3)- Then

On(z)
P ’B) (2) rigo ¥ ®(0,2)

uniformly on compact subsets of C \ [-1, 1] where C = C|J{co} and

m

Z —Vj
e = I oe—en

ém

The function ¢m (p, 2) is the Szegb'’s function

m 11" log(p(t))
2 exp( /1\/1—t2dt>.
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STRONG A PTOTIC BEHAVIOR AND LOCATION OF ZEROS OF THE On(Z) POLYNOMIALS

THEOREM
Letm e Z; and p € Pm(pa,3)- Then

On(z)
P ’B) (2) 3 ¥ ®(0,2)

uniformly on compact subsets of C \ [-1, 1] where C = C|J{co} and

m

Z —Vj
e = I oe—en

m 11" log(p(t))
2 exp( /1\/1—t2dt>.

The function ¢m (p, 2) is the Szegb'’s function

ém

© The set of accumulation points of the zeros of the sequence of polynomials {(3,,} is [—1,1]
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N-TH ROOT ASYMPTOTIC BEHAVIOR THE Qn(Z) POLYNOMIALS

COROLLARY
Let m € Zy and p € Pm(pta,3)- Then

1 -
N PSUINT B S 7 i
e

)

uniformly on closed subsets of C \ [-1, 1].
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ASYMPTOTIC BEHAVIOR OF THE Qp(Z) POLYNOMIALS

COROLLARY
Let m € Zy and p € Pm(pa,p)- If {¢n} is a sequence of complex number with limit
¢ eC\[-1,1]. Then

°

Z—vj

Z) = 4 \/Lp(Z) («P(Z)—1)°‘ (so(z)+1)ﬁ

n—co 2(z-1) 2(z+1)

T s

©(2) — o(vi)’

J. Borrego et al. (UC3M)
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ASYMPTOTIC BEHAVIOR OF THE Qp(Z) POLYNOMIALS

COROLLARY

Let m € Zy and p € Pm(pa,p)- If {¢n} is a sequence of complex number with limit
¢ eC\[-1,1]. Then

° z) — 2 \/LP(Z) (@(Z)—1)a (g(z)+1)ﬁ

Z—vj
n—o0 2(z-1) (z+1)

s #(2) — o)’

o ]

k

Qn11(2) ¥(2)
Qn(Z) j

)
n—oo 2

J. Borrego et al. (UC3M)
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ASYMPTOTIC BEHAVIOR OF THE Qp(Z) POLYNOMIALS

COROLLARY

Let m € Zy and p € Pm(pa,p)- If {¢n} is a sequence of complex number with limit
¢ eC\[-1,1]. Then

o
Z) 2 [P(@) (e =1\* (@ +1\° 7 z-v
§¢\/ (e (Ee) I o=
o
Qii(2) — ¢(2)
Qn(2) EZT
o

Via = 2

n—oo

uniformly on compact subsets of {z € C : |z| > A({) + 1}, where for z € C we denote
A(z)= sup |z—x|.

xe[—1,1]

J. Borrego et al. (UC3M)

OP WITH RESPECT TO A JACOBI DO

SEPTEMBER 2011



ZERO LOCATION OF THE Qp(Z) POLYNOMIALS

THEOREM

Let me Zy and p € Pm(pa,3), Where o, 8 > —1. If {¢n} is a sequence of complex number with
limit ¢ € C\ [—1, 1], then the accumulation points of zeros of {Qx} are located on the set
E = &(¢)U[-1, 1], where £(¢) is the ellipse

E(¢):={zeC:z=cosh(nc +1i6),0 <8 <27},
and n¢ :=Infe(Q)] =In ¢ + /2 —1|.
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e
.
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HYDRODYNAMICAL INTERPRETATION OF THE ZEROS

DEFINITION

Let w; € C be given. We say that w; is a source point with strength m; > 0 if the complex
potential is given by the expression

Vi(z) := mjlog (2—17w,)
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HYDRODYNAMICAL INTERPRETATION OF THE ZEROS

DEFINITION

Let w; € C be given. We say that w; is a source point with strength m; > 0 if the complex
potential is given by the expression

Vi(z) := mjlog (2—17w,)

V(z) = Z Iog + a Iog ,BIog
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AMICAL INTERPRETATION OF THE ZEROS

Problem. Let {xy, X, ..., Xn} be the set of zeros of the nth orthogonal polynomial (Ls)
with respect to a nonnegative Borel measure . € Py with n > 1. Suppose given a
flow, with complex potential equal to V(z). Build a n — 1 system (location of the
source points wy, ..., Wn_1) such that the stagnation points are attained at the points
z=x;,withi=1,2,...,n.
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HYDRODYNAMICAL INTERPRETATION OF THE ZEROS

Problem. Let {xy, X, ..., Xn} be the set of zeros of the nth orthogonal polynomial (Ls)
with respect to a nonnegative Borel measure . € Py with n > 1. Suppose given a
flow, with complex potential equal to V(z). Build a n — 1 system (location of the
source points wy, ..., Wn_1) such that the stagnation points are attained at the points
z=x;,withi=1,2,...,n.

Answer.The flow of an incompressible two—dimensional fluid, due to a (n — 1) system
located in the critical points of the n-th orthogonal polynomial with respect to (L, 1)
with . € Py and complex potential equal to V(z) has its n stagnation points in the

n — 1 critical points of the nth orthogonal polynomial w.r.t. .
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YNAMICAL INTERPRETATION OF THE ZEROS
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