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The Calderón problem
The Calderón problem consists in recovering the conductivity of a
medium by non-invasive measurements (voltage-current measurements).
Assume:
I The medium is modeled by (bounded) Ω ⊂ R3.

I The (isotropic) conductivity in Ω is represented by

γ : Ω −→ [1/γ0, γ0].

A voltage on the boundary (f : ∂Ω −→ R) induces:
I a potential in the interior u : Ω −→ R satisfying

div(γ∇u) = 0, u|∂Ω = f ;

I a current through the boundary described by γ∂νu|∂Ω (ν is the outer
normal vector).

Measurements: the voltage-to-current map (Dirichlet-to-Neumann map):

Λγ : f 7−→ γ
∂u
∂ν

∣∣∣∣
∂Ω

.

Problem: determine γ from Λγ .
Applications: medical imaging and geophysical prospection.
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Some natural questions

This problem was proposed by Calderón in 1980 and some natural
question related are:
I Uniqueness:

Given γ1, γ2 and Λ1,Λ2, can one ensure that

Λ1 = Λ2 ⇒ γ1 = γ2?

I Stability:
Given γ1, γ2 and Λ1,Λ2, can one get an estimate as

‖γ1 − γ2‖L∞(Ω) ≤ F (‖Λ1 − Λ2‖)?

I Partial data:
Applications in geophysical prospection requires to know γ from
partial knowledge of Λγ .
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Auxiliary problem and first partial data result
Auxiliary problem when γ is smooth:
I Associated equation

div(γ∇u) = 0 ⇔ −(∆ + q)v = 0

q = γ−
1
2 ∆γ

1
2 , v = γ

1
2 u.

I Recovering q from

Λq : v |∂Ω 7−→
∂v
∂ν

∣∣∣∣
∂Ω

.

Theorem (Bukhgeim & Uhlmann, Comm. PDEs 2002)

Given q1, q2 : Ω −→ C. If (Λq1 f )|Γ = (Λq2 f )|Γ for all f , then q1 = q2. Γ
is the half of the boundary.

End of the proof:

F(q1 − q2)(ξ) = 0, ∀ξ ∈ neigh(ξ0).

Since q1−q2 has compact support, F(q1−q2) is analytic. Then q1 = q2.
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Second partial data result

Theorem (Kenig, Sjöstrand & Uhlmann, Ann. of Math.
2007)

Given q1, q2 : Ω −→ C. If (Λq1 f )|Γ1 = (Λq2 f )|Γ1 for all f supported in
Γ2, then q1 = q2. Γ1 might be arbitrarily small but Γ1 ∪ Γ2 = ∂Ω.

End of the proof:

R(q1 − q2)(H) = 0, ∀H ∈ neigh(H0).

With H0 normal to the boundary of the support of q1 − q2. Then
q1 = q2.

I Radon transform:
Ru(H) =

∫
H

u dAH .

I Why can we conclude q1 = q2?
Because there is some analyticity behind.

I What kind of analyticity?
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Analytic wave front set
I Wave packet transform (Córdoba & Fefferman, Comm. PDEs

1978): h ∈ (0, 1]

Wu(x , ξ) =

∫
Rn

e
i
h (x−y)·ξ e−

1
2h |x−y |2u(y) dy .

I u is analytic in neigh(x0) if and only if, for any ξ0 6= 0, there are
C , c > 0 such that

|Wu(x , ξ)| ≤ Ce−
c
2h , ∀(x , ξ) ∈ neigh(x0, ξ0), ∀h ∈ (0, 1]. (1)

I If u 6= 0 and x0 ∈ ∂(supp u), then there exists ξ1 6= 0 such that (1)
does not hold.

I Definition: (x0, ξ0) ∈WFa(u) if (1) does not hold for any
neigh(x0, ξ0). (There is an equivalent definition without W.)

Theorem (Micro-local Holmgren Theorem, Kashiwara)
If x0 ∈ supp u ⊂ {ω0 · (x − x0) ≤ 0}, then (x0, ω0) ∈WFa(u).
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Radon transform & WFa(u)

Theorem (Micro-local Helgason Theorem)
If Ru(H) = 0 for all H ∈ neigh{ω0 · (x − x0) = 0}, then
(x0, ω0) /∈WFa(u).

Back to the proof of Kenig, Sjöstrand & Uhlmann:
I R(q1 − q2)(H) = 0 for all H ∈ neigh{ω0 · (x − x0) = 0}. Then

(x0, ω0) /∈WFa(q1 − q2).
I x0 ∈ supp (q1 − q2) ⊂ {ω0 · (x − x0) ≤ 0}. Then

(x0, ω0) ∈WFa(q1 − q2).
I Since x0 /∈ supp (q1 − q2), then q1(x) = q2(x) near x0.

Our contribution consists in quantifying this argument. Difficulties:
I The above argument is completely qualitative.
I Proofs of the Micro-local Helgason Theorem base on a different

characterization of WFa (as far as we know), which does not seem
promising to quantify.
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Our contribution consists in quantifying this argument. Difficulties:
I The above argument is completely qualitative.
I Proofs of the Micro-local Helgason Theorem base on a different

characterization of WFa (as far as we know), which does not seem
promising to quantify.



Main results

Theorem (C, Ruiz & Dos Santos Ferreira)
M ≥ 1, L > 0 and H0 = {ω0 · (x − y0) = 0}. There exists
C = C (n,M, L), such that

‖q1 − q2‖L∞(neigh(x0)) ≤
C

| log ‖R(q1 − q2)‖neigh(H0) |1/4
,

with q1, q2 satisfying:
(a) y0 ∈ supp qj and supp qj ⊂ {x ∈ Rn : (x − y0) · ω0 ≤ 0} for j = 1, 2.
(b) ‖qj‖L∞(E) + ‖1Eqj‖ < M for j = 1, 2. E = {x ∈ H ∈ neigh(H0)}.
(c) inf{K > 0 : |qj(x)− qj(y)| ≤ K |x − y | ∀x , y} < L, for j = 1, 2.

Theorem (C, Ruiz & Dos Santos Ferreira)
Given q1, q2 as above and Λ1,Λ2. The following estimate holds:

‖q1 − q2‖L∞(neigh(x0)) ≤ F (‖(Λ1 − Λ2)|Γ1‖) .

F is a log log-type modulus of continuity.
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Segal-Bargmann and Wave packet transforms:

T u(ζ) =

∫
Rn

e−
1
2h (ζ−x)2u(x) dx , T u(ζ) = e

1
2h |Im ζ|2Wu(Re ζ,−Im ζ).

A simple formula: (H = {ω · (x − y0) = s})

T u(ζ) =
h

n−1
2 (1 + (−1)n−1)

4(2π)
n−1

2

∫
R

∫
Sn−1

Dn−1
s e−

1
2h (ω·(ζ−y0)−s)2 Ry0u(s, ω) dA ds

+
h

n−1
2 (1 + (−1)n)

4(2π)
n−1

2

∫
R

∫
Sn−1

Dn−1
s H

(
e−

1
2h (ω·(ζ−y0)−�)2

)
(s)Ry0u(s, ω) dA ds.

Quantitative version of Micro-local Helgason Theorem (complex
integration to count oscillations):

|T q(ζ)| ≤ C
h

n
2

(1 + |Re ζ − y0|+ |Im ζ|)n e
1
2h |Im ζ|2

[
‖Rq‖neigh(H0) + ‖q‖ e−

c
2h

]
,

for all ζ ∈ neighCn (y0 + iω0) with H0 = {ω0 · (x − y0) = 0}.
Oscillations might make T vanish for non-small q. Restriction of T to
real values gives convolution with a Gaussian.
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Using the maximum principle for sub-harmonic functions, we can enlarge
the controlled range of T .

e−
1
2h |Im ζ|2 |T q(ζ)| < C ‖Rq‖κneigh(H0) ,

for all ζ ∈ neighCn (y0 + i0). Here 0 < κ < 1 and

h =
c

log(‖Rq‖κneigh(H0))
−1 .

Assumed Lipschitz smoothness to q, convolution with the Gaussian gives

‖q‖L∞(G) ≤ C
(
h−

n
2 ‖T q|Rn‖L∞(G) + Lqh

λ
4 + Mq e−

1
4h1/2

)
,

for all h ∈ (0, 1].

Hence

‖q1 − q2‖L∞(neigh(x0)) ≤
C

(log ‖R(q1 − q2)‖neigh(H0))
1/4 .
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Summing up

I Formulated the Calderón problem with partial data. Associated
equation when γ is smooth.

I Analyticity plays an important role in uniqueness (Analytic wave
front set).

I Introduced wave packet and Radon transforms.
I Stated our contribution to the stability of this problem

I Segal-Bargmann transform.
I Formula relating T and R.
I Counting oscillations.
I Maximum principle.

I Thank you for your attention!
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