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MOTIVATION. THE QUANTIZATION PROCESS

FUNCTIONS AS OPERATORS

Let (Q, %, ) be a measure space where p is o-finite. Given a
function f € Lo(£2), it defines an operator acting on the Hilbert

space Lp(2) in the following way:
M (g)(x) = f(x) - g(x), Vg € L2(Q).

Mg is linear and bounded with norm |[|f|[. . Its adjoint is Mz
o L(R) is a commutative Banach algebra (with the sum and
the composition).
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MOTIVATION. THE QUANTIZATION PROCESS

The inclusion

J: Lo(2) — B(L)
f — Mf

is an isometric *-homomorfism of Banach algebras.
o J(Loo(2)) is closed in the weak operator topology of B(Ly).

e If f = xa is an indicator function, then [J(f) is an orthogonal
projection.
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ALTERNATIVE DEFINITION OF Lp

@ Assume you are given the algebra L., and the integral defined
over the set of simple functions S.

@ Define
Lp =8 H-Hp’ 1<p< oo

o Idea: generalize this situation to some class of
noncommutative algebras that are not necessarily L, spaces.
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VON NEUMANN ALGEBRAS

The correct notion for noncommutative L., space is that of von
Neumann algebras:
DEFINITION

Let H be a Hilbert space. A subalgebra M of B(#) is called a von
Neumann Algebra (VNA) if

QO 1lecM
Q@ xeM& x" e M.
@ M is closed in the weak operator topology.
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PROPERTIES OF VNAS

THEOREM (VON NEUMANN, 1929/1930, [2])

Let M a x-subalgebra of B(#) cointaining 1. The following
statements are equivalent:

@ M is closed in the weak operator topology.
@ M es closed in the strong operator topology.
@ M = M", where M” stands for the bicommutant of M.

v

If an operator x belongs to a VNA M then the following operators
are also in M:

o lts adjoint x*.

Its modulus |x| = (x*x)%.

Its spectral projections.

The operator f(|x|), if f : R — R is Borel measurable and
bounded on o(|x|).

(]
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NORMAL SEMIFINITE FAITHFUL TRACES

The positive cone of a VNA is
Mi={xeM:(xh,h) >0Vhe H} ={xe M:x=y"y}
A trace T is a generalized linear positive functional on M such
that 7(x*x) = 7(xx*).
e 7 is normal if for all increasing bounded net {x;};jc7 C M,

7(sup xj) = sup 7(x;) (Monotone Convergence).
jeJg JjeJ
e 7 is semifinite if for all nonzero x € M, there exists
0+#y € My such that y < x and 7(y) < 0.
e 7 is faithful if, for x e My, 7(x) =0 x =0.

Let M be a VNA, and assume 7 is a n.s.f. trace on M. The pair
(M, 7) is called a noncommutative measure space.
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NONCOMMUTATIVE L, SPACES

Set
SHM) = {x € My : 7(s(x)) < oo},
where the support s(x) is defined as the minimal projection such
that s(x)xs(x) = x, and S(M) = span{S;(M)}.
@ For general operators x, we have left and right supports,
which we denote /(x) and r(x).

@ S(M) is the set of operators whose supports are majorised by
a projection of finite trace.

e S(M) is a noncommutative analogue of the space of bounded
functions whose support has finite measure.

Recall that, for x € M, we have the formula

yxyP:/ Nde (M) € S(M).
(1)
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Define ||x||, = T(|x|”)%, 0 < p< oo, and

L, =S(M) T,

We put for convenience Loo(M) = M.
o L, is a Banach space, 1 < p < oc.
e For0<p<1,|-|pisa p-normon Ly(M).
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BASIC PROPERTIES OF L,

Noncommutative L, spaces inherit certain properties from classical
ones:

@ Minkowski inequality. If p > 1,
X +yllp < lIxllp + llyllps x,y € Lp(M).
o Holder inequality: if 1/r=1/p+1/q,
by ll- < lixllplixllg: x € Lp(M), y € Lg(M).

o Duality:

1 1
LM*:L/,p>1,7+f:l.
(Lp(M))" = Lp b o

/

(Ly(M))" = Loo(M).

o Interpolation.



NONCOMMUTATIVE Lp SPACES AND CALDERON-ZYGMUND THEORY
NONCOMMUTATIVE Lp SPACES

MEASURABLE OPERATORS

@ A linear operator x (not necessarily bounded) is affiliated to
M if it commutes with the operators in M’:

xy =yxifye M.

@ An operator x is said to be 7-measurable if it is affiliated to
M if for all § > 0, there exists a projection e such that
e(H) C D(x) (the domain of x) and 7(1 —e) < 6.

@ The set of T-measurable operators is called Ly(M).

ALTERNATIVE DEFINITION OF Lp

L, = {x € Lo(M) : ||x]lp < oo}.
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PATHOLOGIES

@ One cannot 'evaluate’ functions at points.
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PATHOLOGIES

@ One cannot 'evaluate’ functions at points.

e No triangle inequality. Substitute: given x,y € B(#), there
exist isometries u, v € B(H) such that

X+ y] < ulx]u® + vy lv®,
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PATHOLOGIES

@ One cannot 'evaluate’ functions at points.

e No triangle inequality. Substitute: given x,y € B(#), there
exist isometries u, v € B(H) such that

X+ y] < ulx]u® + vy lv®,

@ 0 < x <y does not imply in general x* < y® (it does if
a<1).
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PATHOLOGIES

One cannot 'evaluate’ functions at points.

(]

No triangle inequality. Substitute: given x,y € B(H), there
exist isometries u, v € B(H) such that

X+ y] < ulx]u® + vy lv®,

0 < x <y does not imply in general x* < y® (it does if
a<1).

@ x — xP is not operator convex if a > 2.
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1- COMMUTATIVE AND SEMICOMMUTATIVE CASES

o Classical L, spaces are noncommutative L, spaces.

o Let (2, X, 1) be a classical measure space, and (M, 7) a
noncommutative measure space. Consider

the von Neumann algebra tensor product of L. (£, 1) and M.
A is a VNA which is isomorphical to the Bochner space
Lp(2 Lp(M)). The trace [ ®7 of a vector valued function

f € Ais defined as

</®T> () = /QT(f)du.
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2- SCHATTEN CLASSES

o M = B(H).
e Given an orthogonal basis {;}jc7, we define the trace

T:M+ — R+

x — Tr(x Z<¢J,ij

JjET

e Tris a n.s.f. trace on B(H).
@ A positive operator x of finite trace is compact, i.e

X(h) = Z)‘n(xxwm h)pn, h € H,
n=1

and so Tr(x) = Y72, An(x). Consequently,

Lp(M) = {x compact : E:)\,,(|x|’J Z a(|x]))" is finite} .

n=1 n=1
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NONCOMMUTATIVE TORUS

Let u and v be unitary operators acting on H and satisfying

with @ irrational. Define
By = {Polynomials in variables u, u*, v, v*}.

Its closure in the weak operator topology is a VNA, My, and is
called noncommutative torus assocciated to the rotation of angle
0. It can be seen that My does not depend on u and v.
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TRACE ON M,

@ In By we define the Fourier coeficients in the natural way: if
X = Z}t’/:n:l ajkuka, then )?(j, k) = Qjk.

e The trace 7y is defined so that (Mg, 79) generalizes the
definition of the classical torus:

T9:By — C
x +— X(0,0)

@ The definition can be extended to a n.s.f. trace such that
T9(1) = 1.
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CALDERON-ZYGMUND OPERATORS

Work in the semicommutative case, A = Lo (Q) ® M.

DEFINITION (CALDERON-ZYGMUND SCALAR KERNEL)

A function K : R?"\ {(x,y) € R" x R" : x = y} — R is called a
Calderén-Zygmund kernel if it verifies:

Ck
Kx,y)| £ ——.
|K(x, y)l x— y[F

ly —y'I°

|K(x,y) = K(x, )| + |K(y, x) = K(y/, X)|<CK‘ Pz if [y —y'[ <> IX—yI-

Let K be a Calderdn-Zygmund kernel. The operator T is formally
defined by

700 = | KG)f()dy.
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KNOWN RESULTS

o L, boundedness of Calderén-Zygmund operators in the
commutative case (Calderén-Zygmund , [1]).

o Calderén-Zygmund decomposition for semicommutative case
(Parcet, [3]).

o Consequence: L, boundedness of semicommutative
Calderén-Zygmund operators with doubling measures (Parcet,

31)-
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OPEN PROBLEMS

@ Semicommutative case with nondoubling measures.

e Fully noncommutative case.
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