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Motivation. The quantization process

Functions as operators

Let (Ω,Σ, µ) be a measure space where µ is σ-finite. Given a
function f ∈ L∞(Ω), it defines an operator acting on the Hilbert
space L2(Ω) in the following way:

Mf (g)(x) = f (x) · g(x), ∀g ∈ L2(Ω).

Mf is linear and bounded with norm ‖f ‖L∞ . Its adjoint is Mf .

L∞(Ω) is a commutative Banach algebra (with the sum and
the composition).
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Motivation. The quantization process

The inclusion

J : L∞(Ω) ↪→ B(L2)

f 7−→ Mf

is an isometric ∗-homomorfism of Banach algebras.

J (L∞(Ω)) is closed in the weak operator topology of B(L2).

If f = χA is an indicator function, then J (f ) is an orthogonal
projection.
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Motivation. The quantization process

Alternative definition of Lp

Assume you are given the algebra L∞ and the integral defined
over the set of simple functions S.

Define
Lp = S ‖.‖p, 1 ≤ p <∞.

Idea: generalize this situation to some class of
noncommutative algebras that are not necessarily L∞ spaces.
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Noncommutative Lp spaces

Von Neumann Algebras

The correct notion for noncommutative L∞ space is that of von
Neumann algebras:

Definition

Let H be a Hilbert space. A subalgebra M of B(H) is called a von
Neumann Algebra (VNA) if

1 1 ∈M.

2 x ∈M⇔ x∗ ∈M.

3 M is closed in the weak operator topology.
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Noncommutative Lp spaces

Properties of VNAs

Theorem (von Neumann, 1929/1930, [2])

Let M a ∗-subalgebra of B(H) cointaining 1. The following
statements are equivalent:

1 M is closed in the weak operator topology.

2 M es closed in the strong operator topology.

3 M =M′′, where M′′ stands for the bicommutant of M.

If an operator x belongs to a VNA M then the following operators
are also in M:

Its adjoint x∗.

Its modulus |x | = (x∗x)
1
2 .

Its spectral projections.

The operator f (|x |), if f : R→ R is Borel measurable and
bounded on σ(|x |).
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Noncommutative Lp spaces

Normal semifinite faithful traces

The positive cone of a VNA is

M+ = {x ∈M : 〈xh, h〉 ≥ 0 ∀h ∈ H} = {x ∈M : x = y∗y}.

A trace τ is a generalized linear positive functional on M such
that τ(x∗x) = τ(xx∗).

τ is normal if for all increasing bounded net {xj}j∈J ⊂M+,

τ(sup
j∈J

xj) = sup
j∈J

τ(xj) (Monotone Convergence).

τ is semifinite if for all nonzero x ∈M+, there exists
0 6= y ∈M+ such that y ≤ x and τ(y) <∞.

τ is faithful if, for x ∈M+, τ(x) = 0⇔ x = 0.

Definition

Let M be a VNA, and assume τ is a n.s.f. trace on M. The pair
(M, τ) is called a noncommutative measure space.
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Noncommutative Lp spaces

Set
S+(M) = {x ∈M+ : τ(s(x)) <∞},

where the support s(x) is defined as the minimal projection such
that s(x)xs(x) = x , and S(M) = span{S+(M)}.

For general operators x , we have left and right supports,
which we denote l(x) and r(x).

S(M) is the set of operators whose supports are majorised by
a projection of finite trace.

S(M) is a noncommutative analogue of the space of bounded
functions whose support has finite measure.

Recall that, for x ∈M, we have the formula

|x |p =

∫
σ(|x |)

λpde|x |(λ) ∈ S(M).
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Noncommutative Lp spaces

Definition

Define ‖x‖p = τ(|x |p)
1
p , 0 < p <∞, and

Lp = S(M) ‖ · ‖p.

We put for convenience L∞(M) =M.

Lp is a Banach space, 1 ≤ p <∞.

For 0 < p < 1, ‖ · ‖p is a p-norm on Lp(M).
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Noncommutative Lp spaces

Basic properties of Lp

Noncommutative Lp spaces inherit certain properties from classical
ones:

Minkowski inequality. If p ≥ 1,

‖x + y‖p ≤ ‖x‖p + ‖y‖p, x , y ∈ Lp(M).

Hölder inequality: if 1/r = 1/p + 1/q,

‖xy‖r ≤ ‖x‖p‖x‖q, x ∈ Lp(M), y ∈ Lq(M).

Duality:

(Lp(M))∗ = Lp′ , p > 1,
1

p
+

1

p′
= 1.

(L1(M))∗ = L∞(M).

Interpolation.
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Noncommutative Lp spaces

Measurable operators

A linear operator x (not necessarily bounded) is affiliated to
M if it commutes with the operators in M′:

xy = yx if y ∈M′.

An operator x is said to be τ -measurable if it is affiliated to
M if for all δ > 0, there exists a projection e such that
e(H) ⊂ D(x) (the domain of x) and τ(1− e) < δ.

The set of τ -measurable operators is called L0(M).

Alternative definition of Lp

Lp = {x ∈ L0(M) : ‖x‖p <∞}.
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Noncommutative Lp spaces

Pathologies

One cannot ’evaluate’ functions at points.

No triangle inequality. Substitute: given x , y ∈ B(H), there
exist isometries u, v ∈ B(H) such that

|x + y | ≤ u|x |u∗ + v |y |v∗.

0 ≤ x ≤ y does not imply in general xα ≤ yα (it does if
α ≤ 1).

x 7→ xp is not operator convex if α > 2.
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Examples

1- Commutative and semicommutative cases

Classical Lp spaces are noncommutative Lp spaces.

Let (Ω,Σ, µ) be a classical measure space, and (M, τ) a
noncommutative measure space. Consider

A = L∞(Ω, µ)⊗M,

the von Neumann algebra tensor product of L∞(Ω, µ) and M.
A is a VNA which is isomorphical to the Bochner space
Lp(Ω; Lp(M)). The trace

∫
⊗τ of a vector valued function

f ∈ A is defined as(∫
⊗τ
)

(f ) =

∫
Ω
τ(f )dµ.
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Examples

2- Schatten classes

M = B(H).
Given an orthogonal basis {ψj}j∈J , we define the trace

τ :M+ −→ R+

x 7−→ Tr(x) =
∑
j∈J

< ψj , xψj >,

Tr is a n.s.f. trace on B(H).
A positive operator x of finite trace is compact, i.e

x(h) =
∞∑
n=1

λn(x)〈ψn, h〉ψn, h ∈ H,

and so Tr(x) =
∑∞

n=1 λn(x). Consequently,

Lp(M) =

{
x compact :

∞∑
n=1

λn(|x |p) =
∞∑
n=1

(λn(|x |))p is finite

}
.
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Examples

Noncommutative torus

Let u and v be unitary operators acting on H and satisfying

uv = e2πiθvu,

with θ irrational. Define

Bθ = {Polynomials in variables u, u∗, v , v∗}.

Its closure in the weak operator topology is a VNA, Mθ, and is
called noncommutative torus assocciated to the rotation of angle
θ. It can be seen that Mθ does not depend on u and v .
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Trace on Mθ

In Bθ we define the Fourier coeficients in the natural way: if
x =

∑n,m
j ,k=1 αjkujvk , then x̂(j , k) = αjk .

The trace τθ is defined so that (Mθ, τθ) generalizes the
definition of the classical torus:

τθ : Bθ −→ C
x 7−→ x̂(0, 0)

The definition can be extended to a n.s.f. trace such that
τθ(1) = 1.
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Calderón-Zygmund theory

Calderón-Zygmund operators

Work in the semicommutative case, A = L∞(Ω)⊗M.

Definition (Calderón-Zygmund scalar kernel)

A function K : R2n \ {(x , y) ∈ Rn × Rn : x = y} → R is called a
Calderón-Zygmund kernel if it verifies:

|K (x , y)| ≤ CK

|x − y |k
.

|K(x , y)− K(x , y ′)|+ |K(y , x)− K(y ′, x)| ≤ CK
|y − y ′|δ

|x − y |k+δ
if |y − y ′| ≤

1

2
|x − y |.

Let K be a Calderón-Zygmund kernel. The operator T is formally
defined by

Tf (x) =

∫
Rn

K (x , y)f (y)dy .
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Calderón-Zygmund theory

Known results

Lp boundedness of Calderón-Zygmund operators in the
commutative case (Calderón-Zygmund , [1]).

Calderón-Zygmund decomposition for semicommutative case
(Parcet, [3]).

Consequence: Lp boundedness of semicommutative
Calderón-Zygmund operators with doubling measures (Parcet,
[3]).
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Calderón-Zygmund theory

Open problems

Semicommutative case with nondoubling measures.

Fully noncommutative case.



Noncommutative Lp spaces and Calderón-Zygmund theory

Calderón-Zygmund theory

References

[1] A. P. Calderón, A. Zygmund, On the existence of certain singular
integrals, Acta Mathematica 88, (1952) 85-139.

[2] J. von Neumann, Zur Algebra der Funktionaloperationen und Theorie
der normalen Operatoren, Math. Ann. 102, (1929) 370-427.

[3] J. Parcet, Pseudo-localization of singular integrals and
noncommutative Calderón-Zygmund theory, J. Funct. Anal. 256 (2009),
509-593.

[4] G. Pisier, Q. Xu, Noncommutative Lp Spaces, Handbook of the
Geometry of Banach Spaces 2, eds. W. B. Johnson, J. Lindenstrauss,
North Holland, 2003.

[5] Q. Xu, Noncommutative Lp spaces, book in preparation.



Noncommutative Lp spaces and Calderón-Zygmund theory

Calderón-Zygmund theory

THANK YOU!
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