Analytic Sampling and Lagrange-Type Interpolation
Series

Paulo E. Fernandez Moncada
(Joint work with A. G. Garcia and M. A. Hernandez-Medina)

Universidad Carlos Il de Madrid
Department of Mathematics

Workshop of Young Researchers in Mathematics 2011
Universidad Complutense de Madrid

September-2011

Pefm (UC3M) Analytic Sampling and Lagrange-Type Interpolation S. September-2011 1/27



Contents

° Motivation

@ The Hilbert space #x

e Sampling in Hx

° Lagrange-type interpolation series in Hx

Pefm (UC3M) Analytic Sampling and Lagrange-Type Interpolation S.

September-2011

2/27



o Metwaton
Contents

@ Wotivation
@ The Hilbert space Hx
© sampling in 7%

0 Lagrange-type interpolation series in H



Motivation

Whittaker-Shannon-Kotelnikov sampling theorem

We consider the classical Whittaker-Shannon-Kotelnikov sampling theorem in

the Paley-Wiener space
PW, = {f € L*R)NC(R), supp [ C [-m,7]}

where fstands for the Fourier transform. Any function f in PW, can be
written as

1

]?(w)eiz‘“dw , z€C,

- Vor ) _x

with f € L?[—m, ] and the Fourier kernel (denoted K) is given by

FCZEET" . wew =% welna
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Motivation

Whittaker-Shannon-Kotelnikov sampling theorem

Expanding K with respect to the orthonormal basis {e"*/v/27 }

of
neZ
L?[—n, 7], for each = fixed and replacing in

1) = (K.J)

L2[—m,m]

results
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Motivation

Whittaker-Shannon-Kotelnikov sampling theorem

Expanding K with respect to the orthonormal basis {e¢* /v/2m}

nEZ
L?[—n, 7], for each = fixed and replacing in

1@ = (K ),
results

Whittaker-Shannon-Kotelnikov sampling theorem.

Any function f in the Paley-Wiener space PW,. can be recovered from its
samples {f(n)},, as the cardinal series

Zf sm7r n), LeC.
neL )

The convergence in the series is absolute and uniform on horizontal strips
of C.
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Motivation

Kramer sampling theorem

Kramer sampling theorem.
o Let K be a complex function defined on I x D, where I C R is
a bounded interval and D is an open subset of R.
e Foreveryte D, K(-,t) arein L*(I).
e Assume that there exists a sequence of distinct real numbers

{tn}nez, such that the sequence {K(z,t,)} is a orthogonal
basis for L2(I).
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Motivation

Kramer sampling theorem

Kramer sampling theorem.
o Let K be a complex function defined on I x D, where I C R is
a bounded interval and D is an open subset of R.
e Foreveryte D, K(-,t) arein L*(I).
e Assume that there exists a sequence of distinct real numbers

{tn}nez, such that the sequence {K(z,t,)} is a orthogonal
basis for L2(I).

Then, for any f of the form f(t) = [, F(x)K (x,t)dz, t € D, where
F € L?(I) we have
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Kramer sampling theorem

Kramer sampling theorem.

@ Let K be a complex function defined on I x D, where I C R is
a bounded interval and D is an open subset of R.

e Foreveryte D, K(-,t) arein L?(I).
e Assume that there exists a sequence of distinct real numbers

{tn}nez, such that the sequence {K(z,t,)} is a orthogonal
basis for L2(I).

Then, for any f of the form f(t) = [, F(x)K (x,t)dz, t € D, where
F € L?(I) we have

F&) =Y F(ta)Sn(t), t€ D,

with

Pefm (UC3M) Analytic Sampling and Lagrange-Type Interpolation S. September-2011

6/27



Motivation

Kramer sampling theorem

Kramer sampling theorem.
@ Let K be a complex function defined on I x D, where I C R is
a bounded interval and D is an open subset of R.
e Foreveryte D, K(-,t) arein L?(I).
e Assume that there exists a sequence of distinct real numbers

{tn}nez, such that the sequence {K(z,t,)} is a orthogonal
basis for L2(I).

Then, for any f of the form f(t) = [, F(x)K (x,t)dz, t € D, where
F € L?(I) we have
f(t) = Zf(tn)5n<t)a tebD,
with
J; K(z, t)K (2, tn)dx
fI |K (z,t)|?dz

Gp@) =
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The Hilbert space # ¢ .
The Hilbert space H.
Given a complex, separable Hilbert space H and a function

K: C—H

we define a mapping between H and the set 7(C,C) := {f : C — C} as
follows:

such that
fo(2) = (K(2),2)y z€C.

and denote by H  the linear space of all functions f,.(z) in the range space of
TK; i.e.,

Hyc = Tic(H) :{f L C—C: f(2) = (K(2),2)y, 7 € H}.
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The Hilbert space H g -

Some properties of H.

@ The space Hx endowed with the norm

11130 7= 0f {llzllg = = Tre(2)}

becomes a Hilbert Space.
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The Hilbert space H g -

Some properties of H.

@ The space Hx endowed with the norm
[f gy = {llzllgs = f = Tie(2)}-
becomes a Hilbert Space.

e The mapping T is a bijective isometry from H to H x if and only if
{K(z): z € C}is complete in H or equivalently if and only if 7 is
injective.

In particular, if there exist {z,,},, in C such that { K(z,)},—, is a basis in

n=1

H , then Tx is an antilinear isometry from H onto #H .
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The Hilbert space H g -
Some properties of H.
@ Hx is an Hilbert space of reproducing kernel (RKHS in short); i.e., the
evaluation functionals
E,: Hxk — C
fo—fQ)

are bounded. For fixed z € C, for any f € H, since f(z) = (K(z),x)y
x € H, using the Cauchy-Schwarz inequality we obtain

[F )] <Kl 2l = Co 1 f 1l
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The Hilbert space H g -

Some properties of H.

@ Hx is an Hilbert space of reproducing kernel (RKHS in short); i.e., the
evaluation functionals

E, : HK—)C
[ 1)

are bounded. For fixed z € C, for any f € H, since f(z) = (K(z),x)y
x € H, using the Cauchy-Schwarz inequality we obtain

[F )] <Kl 2l = Co 1 f 1l

e As a consequence, convergence in the norm |||, — implies pointwise
convergence which will be uniform on subsets of C where || K (-)|| is
bounded.
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The Hilbert space H g -

Some properties of H.

@ Hx is an Hilbert space of reproducing kernel (RKHS in short); i.e., the
evaluation functionals

E, : HK—)C
[ 1)

are bounded. For fixed z € C, for any f € H, since f(z) = (K(z),x)y
x € H, using the Cauchy-Schwarz inequality we obtain

[F )] <Kl 2l = Co 1 f 1l

e As a consequence, convergence in the norm |||, — implies pointwise
convergence which will be uniform on subsets of C where || K (-)|| is
bounded.

@ The reproducing kernel of Hx is

r(z,w) = (K(2), K(w))y
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The Hilbert space # ¢ .

Some properties of H.

@ Hx is an Hilbert space of reproducing kernel (RKHS in short); i.e., the

evaluation functionals
E,: Hxk — C
[ f(z)

are bounded. For fixed z € C, for any f € H, since f(z) = (K(z),x)y
x € H, using the Cauchy-Schwarz inequality we obtain

[F )] <Kl 2l = Co 1 f 1l

e As a consequence, convergence in the norm |||, — implies pointwise
convergence which will be uniform on subsets of C where || K (-)|| is
bounded.

@ The reproducing kernel of Hx is

H(Z, OJ) = <K(Z)a K(w»H
which verifies the reproducing property
J(w) = (f(-),k(-,w)), foreachw e Cand f € Hx
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S TheHibespacehg.
Analyticity of the functions in H .

Hx is a RKHS of entire functions if and only if the kernel K is analytic in
C.




The Hilbert space H g -

Analyticity of the functions in Hx.

Theorem

Hx is a RKHS of entire functions if and only if the kernel K is analytic in
C.

Characterization of the analyticity of the functions in 7 in terms of
Riesz bases.
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The Hilbert space H g -

Analyticity of the functions in H .

Theorem

Hx is a RKHS of entire functions if and only if the kernel K is analytic in
C.

Characterization of the analyticity of the functions in 7 in terms of
Riesz bases.

o A Riesz basis for H a separable Hilbert space is a sequence of the form
{Uey},~, where {e,} -, is an orthonormal basis for Hand U : H — H is
a bounded biyective operator.
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The Hilbert space H g -

Analyticity of the functions in H .

Theorem

Hx is a RKHS of entire functions if and only if the kernel K is analytic in
C.

Characterization of the analyticity of the functions in 7 in terms of
Riesz bases.

o A Riesz basis for H a separable Hilbert space is a sequence of the form
{Uey},~, where {e,} -, is an orthonormal basis for Hand U : H — H is
a bounded biyective operator.

o If {z,,}.7, is a Riesz basis for H, then there exists a unique biorthonormal

n=1
(dual) Riesz basis {z}} ~, in H, i.e, (¥, 2} )5 = 0nm., SUch that the
expansions
T = Z <937I:L>]HI Tn = Z <I7I7L>HI:,) HAES H,
n=1 n=1
holds.
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The Hilbert space H g -

Analyticity of the functions in Hx.

Suppose that a Riesz basis {z,,},-, is given and let {z} } -, be its dual Riesz

basis.
Expanding K (z) for z € C fixed with respect to this basis we obtain

o0
E aonn

n=1

where the sequence of coefficients
Sn(z) = (K(2),23)y

rrn

as functions in z are in H . The following result holds
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The Hilbert space H g -

Analyticity of the functions in H .

Suppose that a Riesz basis {z,,},-, is given and let {z} } -, be its dual Riesz
basis.

Expanding K (z) for z € C fixed with respect to this basis we obtain

o0
E aanEn

n=1
where the sequence of coefficients

Sn(2) = (K (2), 23)n

rrn

as functions in z are in H . The following result holds

Theorem

H i is @ RKHS of entire functions if and only if the functions {S,},- ; are
entire and the function z — || K(z)||, is bounded on compact sets of C.
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Sampling in #H p¢ .

Sampling in Hx.

Definition
An analytic kernel K : C — H is said to be an analytic Kramer kernel if

there are sequences {z,},.,in C, {a,},-, in C\ {0} and a Riesz basis
{z,}, for H, such that

K(zp) = anxn, mneN.
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Sampling in #H p¢ .

Sampling in Hx.

Definition
An analytic kernel K : C — H is said to be an analytic Kramer kernel if

there are sequences {z,},.,in C, {a,},-, in C\ {0} and a Riesz basis
{z,}, for H, such that

K(zp) = anxn, mneN.

Analytic Kramer sampling theorem.

Let K : C — H be an analytic Kramer kernel as in above definition and
Hx its corresponding RKHS of entire functions.

Then, any f € Hx can be recovered from its samples {f(z,)},—, by
means of the sampling series

This series converges absolutely and uniformly on compact subsets of C.
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Lagrange-type interpolation series in # p¢ .

Contents

° Lagrange-type interpolation series in Hx
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Lagrange-type interpolation series in # p¢ .

Lagrange-type interpolation series

In the Whittaker-Shannon-Kotelnikov sampling formula for each f in the
Paley-Wiener space PW,, and z € C,

Zf sinm(z —n) Zf . ) . where G(z) = sinz

Z — TL ™
neZ nez
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Lagrange-type interpolation series in # p¢ .

Lagrange-type interpolation series

In the Whittaker-Shannon-Kotelnikov sampling formula for each f in the
Paley-Wiener space PW,, and z € C,

Zf sinm(z —n) Zf (2) where G(z) = sinz

(z—n) (z = n)G'(n)’ T
neZ nez

Problem

In the Analytic Kramer sampling theorem, a more difficult question concerns
whether the sampling expansion

z € C,

in Hx can be written as a Lagrange-type interpolation series.
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Lagrange-type interpolation series in # p¢ .

Lagrange-type interpolation series

A necessary and sufficient condition involves the following algebraic property:
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Lagrange-type interpolation series in # p¢ .

Lagrange-type interpolation series

A necessary and sufficient condition involves the following algebraic property:

Definition (Zero removing property)

A space A of entire functions has the zero-removing property (ZR in short) if
for any g € A and any zero w of g the function g(z)/(z — w) belongs to A.
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Lagrange-type interpolation series in # p¢ .

Lagrange-type interpolation series

A necessary and sufficient condition involves the following algebraic property:

Definition (Zero removing property)

A space A of entire functions has the zero-removing property (ZR in short) if
for any g € A and any zero w of g the function g(z)/(z — w) belongs to A.

A space H where the ZR property holds.
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Lagrange-type interpolation series in # p¢ .

Lagrange-type interpolation series

A necessary and sufficient condition involves the following algebraic property:

Definition (Zero removing property)

A space A of entire functions has the zero-removing property (ZR in short) if
for any g € A and any zero w of g the function g(z)/(z — w) belongs to A.

A space H where the ZR property holds.

Theorem

Let H be a separable Hilbert space and # x the RKHS associated with a
polynomial kernel K (z) = ZL\':O apz*, where a;, € Hand ay # 0. Then,

Hx has the ZR property if and only if the set {ao, a1, ....an } is linearly
independent in H.
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Lagrange-type interpolation series in # p¢ .

Lagrange-type interpolation series. (ZR Property holds-Examples)

Example 1. (The Paley-Wiener space.)
The Paley-Wiener space

PW, = {f € L*R)NC(R), supp [ C [-m,7]}

satisfy the ZR property. Using the classical Paley-Wiener theorem, the space
PW, also is expressable as

PW, = {fentire function : [f(2)| < Ae™*|,  f |ge LQ(R)}

From this characterization the ZR property inmediately comes out.
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Lagrange-type interpolation series in # p¢ .

Lagrange-type interpolation series. (ZR Property holds-Examples)

Example 1. (The Paley-Wiener space.)
The Paley-Wiener space

PW, = {f € L*R)NC(R), supp [ C [-m,7]}

satisfy the ZR property. Using the classical Paley-Wiener theorem, the space
PW, also is expressable as

PW, = {fentire function : [f(2)| < Ae™*|,  f |ge LQ(R)}

From this characterization the ZR property inmediately comes out.

Example 2. (The entire functions in the Pdlya class.)
The entire function F(z) is said to be of Pdlya class if:
e It has no zeros in the upper half-plane.
o |F(x —iy)| < |F(x+iy)|, fory>0.
@ |F(x + iy)| is a nondecreasing function of y > 0, for each fixed «.
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Lagrange-type interpolation series in # p¢ .

Lagrange-type interpolation series. (ZR Property does not holds-Examples)

Example 3. Let K : C — H be an analytic kernel such that K(z,) = 0 for

some zo € C. Then all the functions in the associated space Hx have a zero
at zo and the ZR property does not hold in H. Let f be a nonzero entire
function in H x and let r denote the order of its zero zy. The function

f(z)
(z —20)"

isnotin Hg.
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Lagrange-type interpolation series in # p¢ .

Lagrange-type interpolation series. (ZR Property does not holds-Examples)

Example 3. Let K : C — H be an analytic kernel such that K (zy) = 0 for
some zo € C. Then all the functions in the associated space Hx have a zero
at zo and the ZR property does not hold in H. Let f be a nonzero entire
function in H x and let » denote the order of its zero zy. The function
f(z)
(z —20)"

is not in Hx.

Example 4. Consider H =L?[—x, 7] and K : C — L?[—m, 71| be the analytic
Kramer kernel defined by:

Its Taylor series around z = 0 is given by:

K0 =3 U

n!

n=0
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Lagrange-type interpolation series in # p¢ .

Lagrange-type interpolation series. (ZR Property does not holds-Examples)

The Taylor series for any function f(z) = (K (z), F)2|_ . in the space H,

where F' € L?|—m, r] is of the form

flz) = Z Wz%, z e C.
n=0 '

f is an even function. Let G be a nonzero function in L?[—, 7] such that

G =0.
Since (K(0),G) 2(_, - = 0, the entire function g(z) = (K(2), G) 1o
verifies g(0) = 0. Therefore,

—m,m]

9 _ §A607.6)
— n!

Clearly, g(z)/z does not belong to H.
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Lagrange-type interpolation series in # p¢ .

Lagrange-type interpolation series.

Theorem (Lagrange-type interpolation series)

Let Hx be a RKHS of entire functions obtained from an analytic Kramer
kernel K with respect to the sequences {z,},, in C and {a,}, -, in
C\ {0}, i.e., for some Riesz basis {z,} -, for H, K(z,) = apz,, n€N.

Then, the sampling formula

i Sn(2), z € C,

for Hx can be written as a Lagrange-type interpolation series

P(z)
Zf’z"p/

n)(z — 2p) "

where P denotes an entire function having only simple zeros at {z,,} -
and only if the space H i satisfies the ZR property.

n= 1’

v

The entire function P is such that (z — z,,)S.(z) = 0, P(z) for some nonzero constants
on, n €N,
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Lagrange-type interpolation series in # p¢ .

Lagrange-type interpolation series.

Example (The Paley-Wiener-Levinson theorem).
e Let{z,},., be asequence in C such that

1
sup|Rezn—n\<Z and sup|lm z,| < .
nez nez

o The system {e¢'*"/\/2r} _ s a Riesz basis for L?[—, 7]. Let
{gn(w)},_, be its dual Riesz basis in L*[—, 7].

e The Fourier kernel [K (2)](w) = €*¥ //2m, w € [—, 7] is an analytic
Kramer kernel for the data {2,},., and {a, = 1}

Then, for any f € PW,,

nez"

Zf(zn)n Zf Z_Zn();/(zn) ZE(C,

n=—oo n=—oo

where for n € Z, the sampling functions are S,,(2) = (K(2), gn) r2(_, , @and P
is the entire function having only simple zeros at {2, },,. -
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Lagrange-type interpolation series in # p¢ .

Lagrange-type interpolation series.

Example.
Let H = L?[0, 7] be and

Hi = {f : f(z) = (sin(ex), F)y, F € L*0,7]}
the RKHS corresponding to the kernel [K(z)](x) := sin(zx).

Any function f(z) = (sin(zz), F(z)) can be expanded as the sampling formula

2 & "nsinTz
- 25 s I e
T

This sampling formula cannot be expressed as a Lagrange-Type interpolation
series because the space H x does not satisfy the ZR property.
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Lagrange-type interpolation series in # p¢ .
Lagrange-type interpolation series.

An example involving a Sobolev space.

Let H = H!(—m, ) be with its usual inner product

(o = [ s@a@ida+ [ @g@r, f.ge B ()

The sequence {e,(z)}, 5 = {e"*}, _, U {sinhz} forms an orthogonal basis

for H'(—m, ). For afixed a € C \ Z we defined a kernel

K, : C — HY-mn)
z K.(2)

by setting
[Kq(2)](x) = (2 — a)e™® +sinwzsinhz, € (-, 7).
and the space Hg, is

Hic, = {f . C—C: f(2) = (Ka(2),F),, F e Hl(—mﬂ)},
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Lagrange-type interpolation series in # p¢ .

Lagrange-type interpolation series.

An example involving a Sobolev space.

Any function f € Hf, can be recovered from its samples {f(n)},c, U{f(a)}

by means of the sampling formula

f(z) =1 —i(z —a)]

sinwz Z Fn Z_al—'_anlnC(Z*n)

sin7ra n—a1+ 2

n=—oo

The function f(z) = (z — a)sinc z belongs to Hx, since

(= — a)sine = = <Ka(z)721ﬁ>17

for all z € C; however, f(z)/(z — a) = sinc z does not belong to H, .
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Lagrange-type interpolation series in # p¢ .

“The zero-removing property and Lagrange-type interpolation series”. Num. Fun.
Anal. and Optimin., 32(8):858-876, 2011.

Thank Youl!
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