Extreme Interpolation Methods

Extreme Interpolation Methods

Alba Segurado Lépez
Advisor: Fernando Cobos Diaz

Workshop of Young Researchers in Mathematics
September 23, 2011



Extreme Interpolation Methods

Interpolation Theory

Interpolation Theory



Extreme Interpolation Methods

Interpolation Theory

Interpolation Theory

Harmonic Analysis, Partial Differential Equations, Operator Theory,
Approximation Theory, ...



Extreme Interpolation Methods

Interpolation Theory

Interpolation Theory

Harmonic Analysis, Partial Differential Equations, Operator Theory,
Approximation Theory, ...

P. L. Butzer and H. Berens, Springer, 1967.

J. Bergh and J. Lofstrém, Springer, 1976.

H. Triebel, North-Holland, 1978.

C. Bennett and R. Sharpley, Academic Press, 1988.



Extreme Interpolation Methods
The Real Interpolation Method

General framework

The Marcinkiewicz interpolation theorem

Let 1 < po, p1, qo, g1 < 00, with go # g1, and let (U, i) and (V, v) be measure spaces.
Let T be a linear operator that is continuous from Lp, (U, 11) to Lgg,00 (V,v) and at
the same time from L, (U, 1) to Lg;,00 (V, V) with norms My and My respectively.
Let 0 <0 <1 and let

1 1-6 0 1 1-6 0
— = —+ — and = — + —.
p Po p1 q q q

Then, if p < q, the operator

T:L,(U,pu)— Lg(V,v)

is also bounded and its norm is M < CMéfeMle, where C does not depend on T.
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General framework

o Let Ap and A; be two normed spaces. Ag and A; are compatible (or (Ag, A1) is a
compatible pair) if there is a Hausdorff topological vector space A such that

Ao, A1 — A.
o Intermediate spaces A

Ao

e

Ao N A; . sAC o Ao + A;

AL
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Definitions
The K-Method

@ Peetre’'s K-functional, a € Ay + Az
K (t, a;Z) = inf{||ao\|AO +tllatlla, :a=ao0+ a1, a0 € Ag,a1 € Al}

for any fixed t > 0.
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Definitions
The K-Method

@ Peetre’'s K-functional, a € Ay + Az
K (t, a;Z) = inf{||ao\|AO +tllatlla, :a=ao0+ a1, a0 € Ag,a1 € Al}

for any fixed t > 0.

o Let —00 < 0 < o00,1< qg< o0 and let (Ag, A1) be a compatible pair. We define
(Ao, A1)g,q;k to be the space of all elements a € Ay + Ay such that
I (70K ((t, a))? th < 00, equipped with the norm

“a“(”q;K _ (fooo (t‘gK(f: a))q %)1/‘7_

o Meaningful whenever 0 < 6 < 1,1 < qg< oo and/or0<6 <1, g=o00. In these
cases, they are intermediate spaces.
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Definitions
The J-Method

o Peetre's J-functional, a € Ag N Ag

J(t, a) = max (||all - 12l , )

for any fixed t > 0.

o Let —00 < 0 <00,1< qg< 00 and let (Ag, A1) be a compatible pair. We define
(Ao, A1)g,q;s to be the space of all elements a € Ag + Ay for which there exists a
strongly measurable function u = u(t) with values in Ag N A; such that
a=[° u(t)% and [° (t70(t, u(t)))? % < 0o. We define the norm on this
space as

lallg.q.y = inf { (/0°° G} %)w o /Ooo u(t)‘f} |

© Meaningful whenever 0 < § <1,1< g <oo0and/or0<6<1, g=1. In these
cases, they are intermediate spaces.
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The Equivalence Theorem

The Equivalence Theorem

For 0 < @ <1 and 1< g < oo, one has that (Ao, A1)g,q.s = (Ao, A1)e,q:K-
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Relevant Theorems of Real Interpolation Theory

The Equivalence Theorem

The Equivalence Theorem

For 0 < @ <1 and 1< g < oo, one has that (Ao, A1)g,q.s = (Ao, A1)e,q:K-

In these cases, we shall write (Ao, A1)g,q instead of (Ao, A1)g,q;k Of (Ao, A1)6,q.J-
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Relevant Theorems of Real Interpolation Theory

The Interpolation Theorem

The Interpolation Theorem

Let A = (Ag, A1) and B = (Bo, B1) be two compatible pairs, let T € £ (Z, E). Then,
if 0 <6 <1, 1< g < oo, the restriction of T to (Ag,A1)s,q is a bounded operator,

T : (Ao, A1)e,q — (Bo, B1)s,q;

and its norm is M < Mé_ng.
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Relevant Theorems of Real Interpolation Theory

The Reiteration Theorem

I

Ao Aﬂo,qo 1,9 A<91 191 Al
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Relevant Theorems of Real Interpolation Theory

The Reiteration Theorem

The Reiteration Theorem

Let (Ao, A1) be a compatible pair of Banach spaces, let 0 < 6; < 1, 1 < g; < oo,
Jj=0,1,00#6;. Take 0<np<1land1l<qg< oo, and let 0 = (1 —7n)0+ nb1. Then
the following holds:

(290,%7291&1)77 g = (A07A1)9,q7

with equivalent norms.

Ao Ay, a0 Xo,q Ady A
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The Duality Theorem

The Duality Theorem

Let (Ao, A1) be a regular pair of Banach spaces, let 1 < g < co and 0 < 6 < 1. Then,
(Ao, Ar)ag)' = (B, AL, o
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@ Definition of (Ag, A1)g,q for 1 < g < oo requires 0 < 6 < 1.
o Extreme interpolation spaces, § =0 or 6 = 1.

@ Ordered couples, Ag — A;.

o llallg,q,y = inf { (fooo (£70J(¢, u()))? %)l/q ca= 7 u(t)%}
~ inf { <floo (£70J(t, u(2)))? %)Uq ra= 7 u(t)%}
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Introduction

@ Definition of (Ag, A1)g,q for 1 < g < oo requires 0 < 6 < 1.
o Extreme interpolation spaces, § =0 or 6 = 1.

@ Ordered couples, Ag — A;.

o |lallg,q,y = inf { (f0°° (rGJ(t, u(t)))q %)1/q Lo [ u(t)%}
~ inf { <f1°° (=0 J(t, u(t)))* %)1/" ta= [ u(t)$}
o lallqn = (J5° (70K (8.2)7 %)~ (= (0K (2.2) 7 %)

@ 6 =0~ close to Ag,

6 =1~ close to A;.
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The (0, g; J)-Method

Definition

Let Ag, A1 be Banach spaces such that Ag < Aj and let 1 < g < co. We define
(Ao, A1)0,q.s as the space of all elements a € A; for which there exists a strongly
measurable function u(t) with values in Ag such that

a=/°° u(t)% (in A1) (1)
1
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The (0, g; J)-Method

Definition

Let Ag, A1 be Banach spaces such that Ag < Aj and let 1 < g < co. We define

(Ao, A1)0,q.s as the space of all elements a € A; for which there exists a strongly
measurable function u(t) with values in Ag such that

a=/°° u(t)% (in A1) (1)
1

(/100J(t, u(t))q%)l/q < 0. ©)

and
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The (0, g; J)-Method

Definition

Let Ag, A1 be Banach spaces such that Ag < Aj and let 1 < g < co. We define
(Ao, A1)0,q.s as the space of all elements a € A; for which there exists a strongly
measurable function u(t) with values in Ag such that

a=/°° u(t)% (in A1) (1)
1

(/100J(t, u(t))q%)l/q < 0. ©)

We set the following norm.

o0 dt\ /4
llallg 4.y = inf (/ J(t,u(t))? T) : u satisfies 1 and 2 .
o 1

and
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The (0, g; J)-Method

Interpolation Theorem

Interpolation Theorem for the (0, g; J)-method [CFKU]

Let Ag < A1 and By < Bj be Banach spaces and let T € L (Z, §>. Then,

T : (Ao, A1)o,q:0 = (Bo, B1)o,q:s and
17114, ,8,
HTII(AOvAl)O,q:Ja(BmBl)O,q;J g ”T”AmBo 1+ <|°g TEall )
Ao,Bo / 4
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The (0, g; J)-Method

Interpolation Theorem

Interpolation Theorem for the (0, g; J)-method [CFKU]

Let Ag < A1 and By < Bj be Banach spaces and let T € L (Z, §>. Then,

T : (Aos A1)o,qs — (Bo, B1)o,q;s and
-
14 (log 1714, .5, ,
1711 49,5, "

TN a0,A1)6.4-(BorBrY6 g = ||THA0 By TG, .5, -

HTII(AOvAl)O,q;Js(BﬂvBl)O,q;J g ”T”AmBo

whereas before
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The (0, g; J)-Method

Reiteration Formulas

Reiteration Formulas for the (0, g; J)-method | [CFKU]

Let Ap, A; be Banach spaces such that Ag < A;. Then, if 0 < 6y < 01 < 1,
1 < g < oo and q’ is the conjugate exponent of g, we have that

((A07 Al)go’q ; (AO»AI)Gl,q)O q;J =

oo 1/q
ac A :|a| = <Z (nl/queo"K(z",a))q> < o0

n=1
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The (0, g; J)-Method

Reiteration Formulas

Reiteration Formulas for the (0 method Il [CFKU]

If1<g<o00,0<60<1andq isthe conjugate exponent of g, up to equivalence of
norms, the following hold:

it
{a €A : (t—e (1+logt)” 1/q’ K (t,a; Ao,Al)) )1/61 < oo}
(A (Ao, A1) 9‘7)0 = (Ao Ao g

@ (40, (40, M), ) -

K(t,3A0,A1) 9 g\ /9
{a s AL <(1+|og £)1/9(1-+log log :|)) : ) <o
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The (0, g; J)-Method

An example

Let (U, ) be a finite measure space, let 1 < g < oo and let ¢’ be the conjugate
exponent of g. Choose two weights on U, wp and wi, such that
wo(x) > wi(x) p-a.e. and put

wo(x)) e

w(x) = wo(x) (1 + log ()
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The (0, g; J)-Method

An example

Let (U, ) be a finite measure space, let 1 < g < oo and let ¢’ be the conjugate
exponent of g. Choose two weights on U, wp and wi, such that
wo(x) > wi(x) p-a.e. and put

() =) (1+ g ijg;) o

Then, up to equivalence of norms, we have

(Lg (wo), Lg (w1))g g,y = L (w)-
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The (1, g; K)-Method

Definition

Let Ap — A; be two Banach spaces and let 1 < g < co. We define (AO:AI)Lq;K
to be the space of all a € A; for which the following norm is finite

ol = ([ (e )
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The (1, g; K)-Method

Interpolation Theorem

Interpolation Theorem for the (1, g; K)-method [CFKU]

Let Ap — A; and By < Bj be Banach spaces and let T € £ (Z, E). Then,

T: (A(),Al)l’q;K — (Bo, Bl)l,q;K and
1Tl ag 54
”T”(AOvAl)l,q;Ks(BOvBl)l,q;K g ||T||A1,B1 1+ <|0g ||T||A1,81 . ’
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The (1, g; K)-Method

Interpolation Theorem

Interpolation Theorem for the (1, g; K)-method [CFKU]

Let Ap — A; and By < Bj be Banach spaces and let T € £ (Z, E). Then,

T: (A(),Al)l’q;K — (Bo, Bl)l,q;K and
T
L <|og || ||A0,Bo> ] |
ITlay8, / .

whereas the theorem for the (0, g; J)-method stated that

14 (1o Tl
1Tlaoe0/

”T”(AOvAl)l,q;Ks(BOvBl)l,q;K S ||T||A1,B1

”T”(AO7A1)0,q;Jv(507Bl)0,q;J < HTHAOaBO
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The (1, g; K)-Method

Reiteration Formulas

Reiteration Formula for the (1, g; K)-method [CFKU]

Let Ag, A1 be Banach spaces such that Ay — A;

. Then, if 0 < 0y < 61 <1,
1 < g < oo, we have that

((A()v Al)eo,q ; (Ao, A1)91,q)

1,q;K

0 G 1/q
ac A a|—<z (nH/a2=0k (2 ",a))> <oy,
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The (1, g; K)-Method

Reiteration Formulas

Reiteration Formula for the (1, g; K)-method [CFKU]

Let Ao, A1 be Banach spaces such that Ag < A;. Then, if 0 < 6y < 6; <1,
1 < g < oo, we have that

((Ao,Al)so,q s (Ao, A1)91,q)1 K

0 G 1/q
ac A |al = <Z (nl/q2—91"K(2",a)) > <oob,

n=1

whereas the formula for the (0, g; J)-method stated that

<(A0, Al)gqu ) (A07 A1)611‘7>0 q;J =

n=1

oo 1/q
ac A :|a = <Z (n—l/q/z—QO"K(T’,a))q) < o0
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The (1, g; K)-Method

Reiteration Formulas

Reiteration Formula for the (1, g; K)-method [GM]

Let Ap < A; be two Banach spaces and let 1 < g < co. Then,

q 1/q
> [ K(t,a; Ao, A dt
(A0, A1)y o Ar), =€ A KHoadoM)) dt) - <o
@ Lg:K 1 t(1+logt)t/a) ¢
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The (1, g; K)-Method

An example

Let (U, ) be a finite measure space, let 1 < g < co. Choose two weights on U,
wp and wy, such that wo(x) > wi(x) p-a.e. and put

w(x) = w1 (x) (1 + log 209 ) e

w1 (x)
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The (1, g; K)-Method

An example

Let (U, ) be a finite measure space, let 1 < g < co. Choose two weights on U,
wp and wy, such that wo(x) > wi(x) p-a.e. and put

w(x) = w1 (x) (1 + log 209 ) e

w1 (x)

Then, up to equivalence of norms, we have

(L (wo),Lq (wi))y gk = Lq(w)-

Before, we put

wo(x)\ V7
w(x) = wo(x) (1 + log w?EX;) a .
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Duality

The Duality Theorem [CFKU]

Let Ag — A; be Banach spaces such that Ag is dense in Aj, let 1 < g < co and let q’
be the conjugate exponent of q. Then, the following hold

(A07A1)(/),q;J = ( 6? ll)l’q/;Ka

(A07A1)l1,q;K = (A£7A6)o’q/;_]

with equality of norms.
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Multidimensional Interpolation

Introduction

o Convex polygon M = Py, Py, ..., Py (in R?).

N-tuple of Banach spaces Ay, ..., Ay

Az

Az Ay

Ay As

° P =04,%)-

N N .
o K(t,s;a)= inf{z t%i s HajHA_ ta=) aj, aj EAJ-},t,s>0,a€ Z(A),
J j=1

Jj=1
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Multidimensional Interpolation

Introduction

@ N-tuple of Banach spaces Ay,..., Ay
Az
o Convex pol Nn="~,P Py (inR2). A
polygon M = Py, P2, ..., Py (in R?).
Ag As

° P =04,%)-

N N )
o K(t,s;a) =inf > ts% HajHA_ ta=> aj,a €A, t,s>0,a€ Z(A),

= J =

o J(t,s;a) = 1r<na<xN{tXszJ Ha||Aj}, t,s>0,ac A <Z)
<i<
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Multidimensional Interpolation

Introduction

@ N-tuple of Banach spaces Ay,..., Ay
Az
o Convex pol Nn="~,P Py (inR2). A
polygon M = Py, P2, ..., Py (in R?).
Ag As

° P =04,%)-

N N )
o K(t,s;a) =inf > ts% HajHA_ ta=> aj,a €A, t,s>0,a€ Z(A),

= J =

o J(t,s;a) = 1r<na<xN{tXszJ Ha||Aj}, t,s>0,ac A <Z)
<i<

(e, B) in the interior of I, 1 < g < oo.
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Multidimensional Interpolation
Definition of Z(

a,f),q;:K

We define the space Z(aﬁ),q;K as thesetof allae X (Z) for which the following

norm is finite

o0 oo dt ds\ /9
= s BK (t,s:0)) LB )
ol = ([ [ (s nsa)" F2)
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Multidimensional Interpolation
Definition of Z(a.fi),q;J

We define the space Z(Q,B),q;J as the one consisting of all elements a € * (Z)
which can be represented as

a= / / u(t, s)ﬂé (convergence in X (Z)),
s

u(t,s) a strongly measurable funtion with values in A (Z) and
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Multidimensional Interpolation
Definition of Z(a.fi),q;J

We define the space Z(Q,B),q;J as the one consisting of all elements a € * (Z)
which can be represented as

a= / / u(t, s)ﬂé (convergence in X (Z)),
s

u(t,s) a strongly measurable funtion with values in A (Z) and

(/0°°/0°° Bt s u(t, s)))"dt‘f)l/q@o.
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Multidimensional Interpolation
Definition of Z(a.fi),q;J

We define the space Z(Q,B),q;J as the one consisting of all elements a € * (Z)
which can be represented as

oo [oo dt d —
a= / / u(t, s)——S (convergence in X (A)),
o Jo s

u(t,s) a strongly measurable funtion with values in A (Z) and

(// (05 BJ(tsu(ts))>thds) < 0.

We define the norm in A(ayﬁ)yq;_} as follows:

||3H(a,3)’q;J = inf{(/ooo/ooo —as=B (¢, s; u(t, s)))q dt dss)l/q}

where the infimum is taken over all representations u(t,s) of a as above.
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Interpolation over the Unit Square

4-tuple {A()7 A1, A1, Ao}:

A1 Ao

Ag Ay
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Theorem [CFKU]

Let Ap < A; be two Banach spaces, let 0 < @ < 1 and 1 < g < co. Then, up to
equivalence of norms, the following hold:

(A0 A1)y 54,4 FO<a<1/2
(A0, AL AL A0) (01— a).qs = § (Ao Ay 1, if1/2<a<1,

(Ao, A1)y gy  fa=1/2,

and

(Ao, A1, A1, A0)(a0),q0 = (Ao, At)g gy forany 0 < a < 1.
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Ay Ao

Ao Ay
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Theorem [CFM]

Let Ap < A; be two Banach spaces, let 0 < @ <1 and 1 < g < co. Then, up to
equivalence of norms, the following hold

(AO’Al)Za,q if0<oc<1/2,

(Ao, A1, AL, A0) (a0, q = § (A0 AL)aa_qy,g fL/2<a <1,

(Ao,Al)l)q;K if a=1/2,
and

(AO’A17A1’A0)(04,1—0¢),q;K = (AO’AI)I,q;K forany 0 < o < 1.
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Ay Ao

Ao Ay
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Thank you!
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