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{
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u(0) = M, u(α) = x > 0

(2)

Theorem
For each M sufficiently large and x > 0, (2) has a unique
positive solution u.
We define

yM : x 7→ u′(α).

The function yM is C1 and satisfies y ′M > 0.

Γ0 := {(x , yM(x)), x ∈ (0,∞)}



The problem Equation in [0, α] and [1 − α, 1] Equation in [α, 1 − α] Global bifurcation diagrams Large Solutions

Equation in [0, α]

{
−u′′(t) = λu(t)− cup(t) in (0, α)
u(0) = M, u(α) = x > 0

(2)

Theorem
For each M sufficiently large and x > 0, (2) has a unique
positive solution u.

We define
yM : x 7→ u′(α).

The function yM is C1 and satisfies y ′M > 0.

Γ0 := {(x , yM(x)), x ∈ (0,∞)}



The problem Equation in [0, α] and [1 − α, 1] Equation in [α, 1 − α] Global bifurcation diagrams Large Solutions

Equation in [0, α]

{
−u′′(t) = λu(t)− cup(t) in (0, α)
u(0) = M, u(α) = x > 0

(2)

Theorem
For each M sufficiently large and x > 0, (2) has a unique
positive solution u.
We define

yM : x 7→ u′(α).

The function yM is C1 and satisfies y ′M > 0.

Γ0 := {(x , yM(x)), x ∈ (0,∞)}



The problem Equation in [0, α] and [1 − α, 1] Equation in [α, 1 − α] Global bifurcation diagrams Large Solutions

Equation in [0, α]

{
−u′′(t) = λu(t)− cup(t) in (0, α)
u(0) = M, u(α) = x > 0

(2)

Theorem
For each M sufficiently large and x > 0, (2) has a unique
positive solution u.
We define

yM : x 7→ u′(α).

The function yM is C1 and satisfies y ′M > 0.

Γ0 := {(x , yM(x)), x ∈ (0,∞)}



The problem Equation in [0, α] and [1 − α, 1] Equation in [α, 1 − α] Global bifurcation diagrams Large Solutions

Equation in [0, α]

{
−u′′(t) = λu(t)− cup(t) in (0, α)
u(0) = M, u(α) = x > 0

(2)

Theorem
For each M sufficiently large and x > 0, (2) has a unique
positive solution u.
We define

yM : x 7→ u′(α).

The function yM is C1 and satisfies y ′M > 0.

Γ0 := {(x , yM(x)), x ∈ (0,∞)}



The problem Equation in [0, α] and [1 − α, 1] Equation in [α, 1 − α] Global bifurcation diagrams Large Solutions

The curve Γ0

G0

m0
u

v=u'



The problem Equation in [0, α] and [1 − α, 1] Equation in [α, 1 − α] Global bifurcation diagrams Large Solutions

The curve Γ0

G0

m0
u

v=u'

0 Α

M

m0



The problem Equation in [0, α] and [1 − α, 1] Equation in [α, 1 − α] Global bifurcation diagrams Large Solutions

The curve Γ0

G0

m0
u

v=u'

0 Α

m0

M



The problem Equation in [0, α] and [1 − α, 1] Equation in [α, 1 − α] Global bifurcation diagrams Large Solutions

The curve Γ0

G0

m0
u

v=u'

0 Α

M

m0



The problem Equation in [0, α] and [1 − α, 1] Equation in [α, 1 − α] Global bifurcation diagrams Large Solutions

Equation in [1− α, 1]

{
−u′′(t) = λu(t)− cup(t) in (1− α,1)
u(1) = M, u(1− α) = x > 0

(3)

t̃ = 1− t =⇒ t̃ ∈ (0, α)

Γ1 := {(x ,−yM(x)), x ∈ (0,∞)}



The problem Equation in [0, α] and [1 − α, 1] Equation in [α, 1 − α] Global bifurcation diagrams Large Solutions

Equation in [1− α, 1]

{
−u′′(t) = λu(t)− cup(t) in (1− α,1)
u(1) = M, u(1− α) = x > 0

(3)

t̃ = 1− t =⇒ t̃ ∈ (0, α)

Γ1 := {(x ,−yM(x)), x ∈ (0,∞)}



The problem Equation in [0, α] and [1 − α, 1] Equation in [α, 1 − α] Global bifurcation diagrams Large Solutions

Equation in [1− α, 1]

{
−u′′(t) = λu(t)− cup(t) in (1− α,1)
u(1) = M, u(1− α) = x > 0

(3)

t̃ = 1− t =⇒ t̃ ∈ (0, α)

Γ1 := {(x ,−yM(x)), x ∈ (0,∞)}



The problem Equation in [0, α] and [1 − α, 1] Equation in [α, 1 − α] Global bifurcation diagrams Large Solutions

The curve Γ1

G1

m0
u

v=u'



The problem Equation in [0, α] and [1 − α, 1] Equation in [α, 1 − α] Global bifurcation diagrams Large Solutions

The curve Γ1

G1

m0
u

v=u'

11-Α

M



The problem Equation in [0, α] and [1 − α, 1] Equation in [α, 1 − α] Global bifurcation diagrams Large Solutions

The curve Γ1

G1

m0
u

v=u'

11-Α

M



The problem Equation in [0, α] and [1 − α, 1] Equation in [α, 1 − α] Global bifurcation diagrams Large Solutions

The curve Γ1

G1

m0
u

v=u'

11-Α

M



The problem Equation in [0, α] and [1 − α, 1] Equation in [α, 1 − α] Global bifurcation diagrams Large Solutions

Equation in [α, 1− α]

−u′′(t) = λu(t) + bup(t) in (α,1− α)

W

u

v

Ω = (−λb )
1

p−1



The problem Equation in [0, α] and [1 − α, 1] Equation in [α, 1 − α] Global bifurcation diagrams Large Solutions

Equation in [α, 1− α]

−u′′(t) = λu(t) + bup(t) in (α,1− α)

W

u

v

Ω = (−λb )
1

p−1



The problem Equation in [0, α] and [1 − α, 1] Equation in [α, 1 − α] Global bifurcation diagrams Large Solutions

Equation in [α, 1− α]

−u′′(t) = λu(t) + bup(t) in (α,1− α)

W

u

v

Ω = (−λb )
1

p−1



The problem Equation in [0, α] and [1 − α, 1] Equation in [α, 1 − α] Global bifurcation diagrams Large Solutions

Equation in [α, 1− α]

−u′′(t) = λu(t) + bup(t) in (α,1− α)

W

u

v

Ω = (−λb )
1

p−1 =⇒ choose b∗ s.t. Ω = m0



The problem Equation in [0, α] and [1 − α, 1] Equation in [α, 1 − α] Global bifurcation diagrams Large Solutions

Equation in [α, 1− α]

G0

G1

W
u

v

To construct solutions on [0,1] we have to connect Γ0 to Γ1 in
time 1− 2α



The problem Equation in [0, α] and [1 − α, 1] Equation in [α, 1 − α] Global bifurcation diagrams Large Solutions

Equation in [α, 1− α]

G0

G1

W
u

v

To construct solutions on [0,1] we have to connect Γ0 to Γ1 in
time 1− 2α



The problem Equation in [0, α] and [1 − α, 1] Equation in [α, 1 − α] Global bifurcation diagrams Large Solutions

Connections between Γ0 and Γ1

G0

G1

W
u

v

Α 11-Α

m0



The problem Equation in [0, α] and [1 − α, 1] Equation in [α, 1 − α] Global bifurcation diagrams Large Solutions

Connections between Γ0 and Γ1

G0

G1

W
u

v

Α 11-Α

M

m0

Type 0



The problem Equation in [0, α] and [1 − α, 1] Equation in [α, 1 − α] Global bifurcation diagrams Large Solutions

Connections between Γ0 and Γ1

G0

G1

W
u

v

Α 11-Α

M

m0

Type 0



The problem Equation in [0, α] and [1 − α, 1] Equation in [α, 1 − α] Global bifurcation diagrams Large Solutions

Connections between Γ0 and Γ1

G0

G1

W
u

v

Α 11-Α

m0



The problem Equation in [0, α] and [1 − α, 1] Equation in [α, 1 − α] Global bifurcation diagrams Large Solutions

Connections between Γ0 and Γ1

G0

G1

W
u

v

Α 11-Α

m0



The problem Equation in [0, α] and [1 − α, 1] Equation in [α, 1 − α] Global bifurcation diagrams Large Solutions

Connections between Γ0 and Γ1

G0

G1

W
u

v

Α 11-Α

M

m0

Type 1



The problem Equation in [0, α] and [1 − α, 1] Equation in [α, 1 − α] Global bifurcation diagrams Large Solutions

Connections between Γ0 and Γ1

G0

G1

W
u

v

Α 11-Α

M

m0



The problem Equation in [0, α] and [1 − α, 1] Equation in [α, 1 − α] Global bifurcation diagrams Large Solutions

Connections between Γ0 and Γ1

G0

G1

W
u

v

Α 11-Α

M

m0

Type 1



The problem Equation in [0, α] and [1 − α, 1] Equation in [α, 1 − α] Global bifurcation diagrams Large Solutions

Connections between Γ0 and Γ1

G0

G1

W
u

v

Α 11-Α

M

m0



The problem Equation in [0, α] and [1 − α, 1] Equation in [α, 1 − α] Global bifurcation diagrams Large Solutions

Connections between Γ0 and Γ1

G0

G1

W
u

v

Α 11-Α

M

m0

Type 2



The problem Equation in [0, α] and [1 − α, 1] Equation in [α, 1 − α] Global bifurcation diagrams Large Solutions

Connections between Γ0 and Γ1

G0

G1

W
u

v

Α 11-Α

M

m0



The problem Equation in [0, α] and [1 − α, 1] Equation in [α, 1 − α] Global bifurcation diagrams Large Solutions

Connections between Γ0 and Γ1

G0

G1

W
u

v

Α 11-Α

M

m0

Type 2



The problem Equation in [0, α] and [1 − α, 1] Equation in [α, 1 − α] Global bifurcation diagrams Large Solutions

Connections between Γ0 and Γ1

G0

G1

W
u

v

Α 11-Α

M

m0



The problem Equation in [0, α] and [1 − α, 1] Equation in [α, 1 − α] Global bifurcation diagrams Large Solutions

Connections between Γ0 and Γ1

G0

G1

W
u

v

Α 11-Α

M

m0

Type 3



The problem Equation in [0, α] and [1 − α, 1] Equation in [α, 1 − α] Global bifurcation diagrams Large Solutions

Connections between Γ0 and Γ1

G0

G1

W
u

v

Α 11-Α

M
m0



The problem Equation in [0, α] and [1 − α, 1] Equation in [α, 1 − α] Global bifurcation diagrams Large Solutions

Connections between Γ0 and Γ1

G0

G1

W
u

v

Α 11-Α

M
m0

Type 3



The problem Equation in [0, α] and [1 − α, 1] Equation in [α, 1 − α] Global bifurcation diagrams Large Solutions

Conditions to establish the connections

G0

G1

W
u

v



The problem Equation in [0, α] and [1 − α, 1] Equation in [α, 1 − α] Global bifurcation diagrams Large Solutions

Conditions to establish the connections

G0

G1

W
u

v



The problem Equation in [0, α] and [1 − α, 1] Equation in [α, 1 − α] Global bifurcation diagrams Large Solutions

Conditions to establish the connections

G0

G1

W
u

v



The problem Equation in [0, α] and [1 − α, 1] Equation in [α, 1 − α] Global bifurcation diagrams Large Solutions

Conditions to establish the connections

G0

G1

W
u

v



The problem Equation in [0, α] and [1 − α, 1] Equation in [α, 1 − α] Global bifurcation diagrams Large Solutions

Conditions to establish the connections

G0

G1

W
u

v



The problem Equation in [0, α] and [1 − α, 1] Equation in [α, 1 − α] Global bifurcation diagrams Large Solutions

Conditions to establish the connections

Consider the period of small oscillations around Ω

τ(Ω) =
2π√

λ(1− p)

Theorem: multiplicity result

Fix λ so that n · τ(Ω) < 1− 2α for some integer n ≥ 1
With this choice of λ, take b = b∗

Then the orbits wind around Ω at least n times
The problem has at least 4n solutions (2n symmetric and
2n asymmetric)

Conditions on the choice of λ can be sharpened!
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Large solutions

Construct two curves Γ0,∞ and Γ1,∞ as limit of the curves
Γ0,M and Γ1,M as M ↑ ∞

Γ0,∞ and Γ1,∞ have the same properties as the curves Γ0,M
and Γ1,M

Apply the same construction of the solutions with these
new curves

The same multiplicity result holds and the global behaviour is
the same both in case M ∈ R large and M =∞
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