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The Bridge Theorem

Topological entropy
Algebraic entropy

Setting and notation:

G will always denote an LCA group (additively written);

φ : G → G will always denote a continuous endomorphism
and End(−), Aut(−), . . . ;

C(G ) = {compact neighborhoods of 0};
µ a Haar measure on G .
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Topological entropy

(Partial) History of the definition:

Adler, Konheim, McAndrew (1965) gave the first definition of
topological entropy (compact spaces);

Bowen (1971) modified the definition for metric spaces;

Hood (1974) extended the definition to uniform spaces;

many other extensions and modifications...
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For φ : G → G and K ∈ C(G ), the n-th φ-cotrajectory of K is

Cn(φ,K ) = K ∩ φ−1K ∩ · · · ∩ φ−n+1K
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For φ : G → G and K ∈ C(G ), the n-th φ-cotrajectory of K is
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The topological entropy of φ with respect to K is

µCn(φ,K )
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Algebraic entropy

History of the definition:

Adler, Konheim, McAndrew (1965);

Weiss (1974/75);

Dikranjan, Goldsmith, Salce, Zanardo (2010);
———————————————

Peters (1979/81);

Dikranjan, Giordano Bruno (2010);

SV (2011).
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For φ : G → G and K ∈ C(G ), the n-th φ–trajectory of K .

Pn(φ,K ) := K + φ−1K + · · ·+ φ−(n−1)K [Peters]

The algebraic entropy of φ with respect to K is

HP(φ,K ) = lim sup
n→∞

logµPn(φ,K )

n

The algebraic entropy of φ is

hP(φ) = sup{HP(φ,K ) : K ∈ C(G )}
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Comments on the definitions

given another Haar measure µ′ on G , there exists a constant
k ∈ R+ such that µ = k · µ′ and so our definitions do not
depend on the choice of µ;

Peters’s entropy only makes sense for automorphisms;

for α ∈ Aut(G ), hP(α) = hA(α−1);

hA and hP are trivial on compact groups (as well as hB is
trivial on discrete groups).
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The Bridge Theorem

Zn and Qn
p

The Algebraic Yuzvinski Formula

Algebraic vs Peters’s entropy

The modulus is a group morphism

modG (−) : Aut(G )→ R+

such that µ(α(E )) = modG (α) · µ(E ).

Example

if G is discrete or compact then modG ≡ 1;

if α ∈ Aut(Rn) then modRn(α) = | detR(α)|.

Let α ∈ Aut(G ) then

hA(α) = hA(α−1) + logmodG (α) ;

hA(α) = hP(α) + logmodG (α) .
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Zn and Qn
p

The Algebraic Yuzvinski Formula

Endomorphisms of Zn

Theorem (SV, 2011)

Let φ ∈ End(Zn) and {λi : i = 1, . . . , n} ⊆ C be the family of the
eigenvalues of φ.

Then hA(φ) =
∑
|λi |>1 log |λi |.
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Zn and Qn
p

The Algebraic Yuzvinski Formula

Endomorphisms of Qn
p

Let P = {primes} ∪ {∞}. For every p ∈ P, let Qp be the p-adic
numbers, | − |p be the p-adic norm. In particular, we set Q∞ = R
and | − |∞ be the usual absolute value.

Let also φ ∈ End(Qn
p) and consider the eigenvalues

{λi : i = 1, . . . , n} of φ in some finite extension Kp of Qp.

We denote by | − |p the extension of the p-adic norm to Kp.

Theorem (A. Giordano Bruno and SV, 2011)

In the above notation, hA(φ) =
∑
|λi |p>1 log |λi |p.
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Zn and Qn
p

The Algebraic Yuzvinski Formula

Mahler measure

Let P(X ) = anX
n + · · ·+ a1X + a0 ∈ Z[X ] be a primitive

polynomial and denote by {λi : i = 1, . . . , n} its roots.

The Mahler measure of P(X ) is

m(P(X )) := log |an|+
∑
|λi |>1

log |λi |

For a monic polynomial Q(X ) ∈ Q[X ] there exists a minimal
positive integer s such that s · Q(X ) ∈ Z[X ]. Then

m(Q(X )) := m(s · Q(X )) = log |s|+
∑
|λi |>1

log |λi |
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The Algebraic Yuzvinski Formula

Theorem (A. Giordano Bruno and SV, 2011)

Let φ : Qn → Qn. Then hA(φ) = m(χφ(X )).

Some steps of the proof:

Step 1. Let P = {primes} ∪ {∞}, for every p ∈ P define

φp = φ⊗Q idQp : Qn
p → Qn

p (Q∞ = R)

and let {λ(p)
i : i = 1, . . . , n} ⊆ Kp be the eigenvalues;

Step 2. hA(φ) =
∑

p∈P hA(φp);

Step 3. hA(φp) =
∑
|λ(p)

i |p>1
log |λ(p)

i |p;
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The Algebraic Yuzvinski Formula

Theorem (A. Giordano Bruno and SV, 2011)

Let φ : Qn → Qn. Then hA(φ) = m(χφ(X )).

Some steps of the proof:

Step 1. Let P = {primes} ∪ {∞}, for every p ∈ P define

φp = φ⊗Q idQp : Qn
p → Qn

p (Q∞ = R)

and let {λ(p)
i : i = 1, . . . , n} ⊆ Kp be the eigenvalues;

Step 2. hA(φ) =
∑

p∈P hA(φp);

Step 3. hA(φp) =
∑
|λ(p)

i |p>1
log |λ(p)

i |p;
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Some steps of the proof:

Step 4. Recall that

m(χφ(X )) = log |s|+
∑

|λi |>1 log |λi |

Furthermore:
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Some steps of the proof:

Step 4. Recall that

m(χφ(X )) = log |s|+
∑

|λi |>1 log |λi |︸ ︷︷ ︸
hA(φ∞)

Furthermore:
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The Algebraic Yuzvinski Formula

Some steps of the proof:

Step 4. Recall that

m(χφ(X )) = log |s|+
∑

|λi |>1 log |λi |︸ ︷︷ ︸
hA(φ∞)

Furthermore:

log |s| =
∑

p finite prime

∑
|λ(p)

i |p>1

log
∣∣∣λ(p)

i

∣∣∣
p
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The Algebraic Yuzvinski Formula

Some steps of the proof:

Step 4. Recall that

m(χφ(X )) = log |s|+
∑

|λi |>1 log |λi |︸ ︷︷ ︸
hA(φ∞)

Furthermore:

log |s| =
∑

p finite prime

∑
|λ(p)

i |p>1

log
∣∣∣λ(p)

i

∣∣∣
p︸ ︷︷ ︸

hA(φp)
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Theorem (A. Giordano Bruno and D. Dikranjan, 2010)

Let G be a discrete Abelian group and φ : G → G. Then

hA(φ) = hB(φ̂)

where φ̂ : Ĝ → Ĝ is the Pontryagin–Van Kampen dual.

The torsion discrete/profinite case of this theorem was proved by
Weiss. For the general case one needs the Algebraic Yuzvinski
Formula and its topological counterpart.
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Let G be a discrete Abelian group and φ : G → G. Then

hA(φ) = hB(φ̂)

where φ̂ : Ĝ → Ĝ is the Pontryagin–Van Kampen dual.
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Weiss. For the general case one needs the Algebraic Yuzvinski
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Question:

Is it possible to extend the Bridge Theorem between hA and hB to
endomorphisms of LCA groups?
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BT fails for Peters’s entropy

Let r ∈ R \ {0} and consider the morphism ϕr : R→ R
x 7→ x ·r

.

hA(ϕr ) =

{
log |r | if |r | > 1;

0 if |r | ≤ 1.

hP(ϕr ) = hA(ϕr )− log(modR(ϕr ))

[Bowen] hB(ϕr ) =

{
log |r | if |r | > 1;

0 if |r | ≤ 1.

Applying duality ϕ̂r = ϕr : R̂ = R→ R̂ = R, and so

hA(ϕr ) = hB(ϕ̂r ) hP(ϕr ) 6= hB(ϕ̂r ) .
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Let r ∈ R \ {0} and consider the morphism ϕr : R→ R
x 7→ x ·r

.

hA(ϕr ) =

{
log |r | if |r | > 1;

0 if |r | ≤ 1.

hP(ϕr ) = hA(ϕr )− log(modR(ϕr )) ={
log |r | − log |r | = 0 if |r | > 1;

− log |r | if |r | ≤ 1 (⇒ − log |r | ≥ 0).

[Bowen] hB(ϕr ) =

{
log |r | if |r | > 1;

0 if |r | ≤ 1.

Applying duality ϕ̂r = ϕr : R̂ = R→ R̂ = R, and so
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0 if |r | ≤ 1.

hP(ϕr ) =

{
0 if |r | > 1;
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[Bowen] hB(ϕr ) =
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0 if |r | ≤ 1.

Applying duality ϕ̂r = ϕr : R̂ = R→ R̂ = R, and so

hA(ϕr ) = hB(ϕ̂r ) hP(ϕr ) 6= hB(ϕ̂r ) .
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