Simple Mathematical Models related to
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The purpose of this course is to discuss the resolution of an evolution parabolic sys-
tem. This simplified system presents the same difficulties as the full models of Navier-
Stokes coupled with the heat equation (with or without the Boussinesq approximation).
We shall first recall some basic tools in Functional Analysis and the mathematical back-
ground for the Navier-Stokes coupled with the heat equation. Nevertheless, to un-
derstand the course, the students should at least know the notion of distribution or
generalized derivatives (see [25, 2])
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1 The models

1.1 The simplified model.

The system of equations that we shall study is the following:

Let © a smooth open set of the plane R?, (here, we mean by smooth at least a C?
domain), T' > 0, Qr = Q2x]0, T'[, we are looking for a couple of functions (v, #) satisfying
(BS):



vy — Av = p(0) in Qr,

p(0)0; — AO = |Vv|* in Qr.

We shall complete this system by the following boundary conditions and the initial
values.

v(z,t) =0= %(z,t), xr € 00, t€0,T].

v(z,0) =v(0),0(x,0) = 0(0),x € Q.
Before giving the conditions on p, the initial data and starting the resolution of such
system, let us give the full model from which such a consideration comes from.
The results concerning those equations were obtained with J.I. Diaz and P. Schmidt and
were published in [6, 7].

1.2 The full model (by P. Schmidt).

This section was written by Paul Schmidt one of the co-authors in [6, 7, 8].

The following equations have been derived from the first principles governing the flow
of a viscous, heat -conducting fluid:

A.) Balance momentum

pVi+ p(V.V)V = V.5(V,p) = —pV¢

B.) Balance of mass

pr+ V- (pV) =0

C.) Balance of internal energy

pcly + pc(V.NV)0 — V.(kVO) = S(V,p) : VV

The unknown are the velocity V(vector field), p (pressure), p (density), and 6 (the
temperature); S(V,p) is the stress tensor, ¢ is the gravitational potential; ¢ and &
denote the heat capacity and thermal conductivity respectively. In 3D (resp 2D) we
have only five (four) equations for six (resp. three) unknowns, the system (A), (B), (C)
must be supplemented by a constitutive relation between the thermodynamic quantities
p, p, 0 called : equation of state.

The simplest would be p = constant. Under this assumption, (A), (B) are reduced to
the classical Navier-Stokes system and is decoupled from the last equation (B); clearly,
this is useless if we want to model the buoyancy-driven flow. To model buoyancy, we
should assume that : p > 0, is a decreasing function of 8 eventually bounded; but then,
(B) becomes an evolution equation for 6!

For this reason , we shall first introduce the simplification that : p is constant but only is
the balance of mass: V. V' = 0 (divergence free) (the fluid is said to be incompressible)
and this implies

S(V,p) = u(VV + VYV — pId and S(V,p) : VV = ng + YV,

where p is the viscosity, the symbol “tr” means the trace an “Id” is the identity matrix.
As a consequence, we get:
D.)

pVi+ p(V.V)V = V. (u(VV + VV™)) + Vp = pg
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with g = —V¢.
div(V)=V.V =0

pcty + pe(V.V)0 — V. (kV0) = g\VV IR vk

In principle, p, u, ¢, k should all be positive functions of 6.

1.3 Classical Boussinesq approximation:

Assume that p, ¢, k are constant, and that p = p, is constant everywhere except on the
right hand side of D.), where we set p = po(1 — afl) with o > 0. We assume that this
system may not have global-in-time solutions.

We set i, ¢, k, pp equal to one, therefore our final system that we should consider at the
end of this session will be :

G.)
Vi+ (V.V)V — AV + Vp = p(f)g

H.)
V.V =0

I.)
p(0)0, + p(0)(V.V)0 — A = |[VV + V|2

The pressure p plays the role of Lagrange multiplier associated to the divergence
constraint on v. For this reason, in the simplified model we took away the Vp and the
condition div(V') = 0.

2 Preliminary material: functional spaces

In this section, we shall announce some useful tools on functional. The reader might
found those details and complements in [28, 11, 18, 25, 2].

2.1 “Non evolution” case: Some basic and usual spaces

For an open set Q (bounded all the time in this course) and 1 < p < oo, we set

LP(Q2) = {v : Q — R, measurable ,/ |v|P(z)dx < oo if p is ﬁnite.}
0

L>(Q) =< v:Q — R, measurable ,esssup |v(z)| < oo p.
Q

Those spaces are endowed with their usual norms, that is :

joft = / [ofP(2)de, i p < oo,
Q

|V|0o = ess sup q|v(x)| otherwise.

The associate and dual space of LP(Q) for 1 < p < oo is L¥(Q) with p’ being the

. .11
conjuguate of p, i.e. —+ — =1.
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We have the
Lemma 1.

1. Holder’s inequality:
| bul(@yts < fol

with v € LP(Q) and w € LP () (the inequality is true for p =1, p' = +00).

1 6 1-46
2. Interpolation inequality: Let 1 <p<r <q< 400 and§ € [0,1]: — = -+ ——.
r . p q
Then for all uw € LP(2) N L4(Q2), we have:
ul, < Julfful}~.
Comments: One proves 2.) using 1.).
Definition 1 (of H5(Q2), s € [0, +o0]).
1. s=0: H(Q) = L*().
2.s€IN, s#0
H*(Q) = {v € LX(Q) : D0 € L¥(Q), |a| < s}.
Here
N aa1+...+aN N
D :m7 (O{l,...,O{N)e]N 7’OC|IO(1,+OéN

3. s €0,+00], s ¢ IN. We shall start with
(a) If s =0 €]0,1].
H?(Q) = {v € L*(Q) 1 vy(m,y) = M € L*(Q x Q)}
v —y|7"2
(b) If s> 1, s ¢ IN, we set
[s] = the biggest integer less than s and let 0 = s — [s] €]0, 1],
then
Ho(Q) = {v e HH(Q) : D*v € H?(Q) for |a| = [s]}.

Properties 1. H*(Q2), s € [0, +oo[ are Hilbert spaces under the following norms:
1. For s e IN,:v e H*(Q)

v %{s(m = Z ’DQUEQ(Q)'
la|<s

2. For s =0 €]0,1]

|U|12LIS(Q) = M%%Q) + |U0|%2(QXQ)'



3. Fors>1, s¢ N, and 0 = s — [s]
|U|%{S(Q) = |U|§{[51(Q) + ‘UU|%Q(Q><Q)'

Before giving more properties, there is another definition of H*(Q2), s € [0, +o0]
using the Fourier transform.
We recall first the

Lemma 2. [Extension properties/
Assume that ) is an open bounded set of class C*, £ > 1. then, there exists a continuous
linear operator Py from H™(Q), m € IN, m < £ onto H™(IRY) such that:

1. Pou=u for allu € H™(2).
2. 4 C(Q,g) >0: |Pfu|Hm(IRN) < C(Q7£>IU‘HM(Q)

Definition 2 (of H3(IRY), s € [0, +0c0]).
Let v € L*(RY), we denote by ¥ the Fourier transform of v (v = F(v)). We recall the
Plancherel Formula

|@|L2(IRN) = |U|L2(IRN)-
H®Y) = {0 R < R [ ([P < +oo),
IR,N

The norm of H*(IRY) given previously is equivalent to

lv

ey~ [ (0 YO

Definition 3 (of H%(Q2), s € [0, +o0]).
Assume that Q0 is an open bounded set of RN of class C*,0 > 1. Then, for s < {

He(Q) = {v e H¥(Q): Pw e HS(IRN)}.

V] a0y = |Pev

Definition 4 (of H3(€2), s € [0, +0]).
We set

Hs(RN)-

Cr(Q) = {v : Q — R indefinitely differentiable with compact suppm“t}.

For s € [0,400[, one define
. e HE(9)
Hy(Q) = C () 7,
and
H™*(Q)denotes the dual space of Hj ().

Lemma 3 (Compact embeddings for H*(2) and interpolation inequalities be-
tween H3(Q2)).

Let Q be a bounded set of class C¢, ¢ > 1.

Then, the injection H*'(Q2) Cs H*(Q) is compact if 0 < 59 < 51 < L.

Moreover if s = sy + (1 — 0)sy €]s2, 1], 0 €]0, 1],

then, there exists a constant ¢ = ¢(§2) > 0:

| s () < clu Zsl(mw};ﬁ(m foru € H™(Q).



Comments:

* Continuous injection shall be denoted by Cs.

* Use the second definition of H*(Q): [u|gs«) = |Pou|gs;ry) and apply the Holder
inequality, noticing that 1 = 6+ (1 — ). In fact the regularity of {2 can be weaken here,
this why another proof can be done, using the first definition or an equivalent one.

Lemma 4 (Sobolev embeddings).
One has:

N 1
1. H3(RY™) ¢ LY(RY) if s < o) and e

S

1
2 N’

, N
2. | D% poeriy < (8, a)|ulpsmny if s> -, ol <s— =

2 2
3. If Q is a bounded subset of RY of class C*, ¢ > 2,
N 1 1 s
H*(Q LY(Q) 14 — ==,
@) & Q) ifs< 5 2= 5=

The injection is compact.
More generally,

N
| D% < (2, 5, a0) |u|gs o) with |a] < s — 5

Lemma 5 (Poincaré-Sobolev inequality).
Let Q be an open bounded set of RY.
There exists ¢(Q) = ¢ > 0 such that

In particular
[ul 1) = |Vl on Hy(Q).

Two last interpolation inequalities that we shall use are the Gagliardo-Niremberg
interpolation inequalities and the Agmon’s inequality.

Lemma 6 ( Gagliardo-Niremberg).
Let Q be an open set of class C* in IR?.
Then, there exists ¢ > 0

1 1

Lemma 7 (Agmon’s Lemma).
Let Q be a bounded open set of class C* in RY.
Then, there exists ¢(2) = ¢ > 0:

1 1
1



2.2 Functional spaces for evolution time dependance

For simplicity, we shall restrict to the case of Hilbert spaces which are separable.

If V' is a real Hilbert space with a norm denoted by || - || = | - |v and the scalar
product is ((a )) = ('a ')V‘
Then we have

Definition 5.
Let 1 < p < +oo, T €0, 00].

LP(0,T;V) = {v : [0, 7] — V' Bochner measurable,

T
/ [o(t)|Pdt < +00 p < +o0,
such that 0 }

esssup ||v(t)|| < +o00  otherwise.
t€[0,T]

Endowed with the natural norm,

T
iz, = [ ool for p < +oc,
0

and

V| Lo (0,75vy = esssup ||v(t)|| otherwise.
te[0,7

These spaces are complete.
In particular

Lemma 8 (Hilbert space properties).
L?(0,T;V) is an Hilbert space, whose dual is L*(0,T; V") if V' denotes the dual of V.

Definition 6.
(0, T; V) = {v 0,T] -V contmuous}

1$ a Banach space endowed with

V) = t)]].
vleov) = Max (o)

Definition 7.
D(0,T) = C(]0,T]) and D(0,T;V) = C>(]0,T[; V) whose dual is D'(0,T;V).
Definition 8.

Ifve LY0,T;V) we set vy =0 = Z—;} e D'(0,T;V) defined by

G == [ w0 veep0.)

Lemma 9 (Embedding).
Let (V.|| - ||) and (H,|-|) be two Hilbert spaces with the following conditions

1. 'V 1s campactly embedded in H,



2.V is dense in H and we have
Vc.H=HcCV.
We define
W(0,T) = {v € L2(0,T; V') : v/ € L*(0, T, v’)}.
Then,
1. W(0,T cs C([0,T]; H),

2. %]v(t}F =2 <v(t),v'(t) >y

The main compactness lemma, for time evolution equation is

Theorem 1 (Compactness for evolution equation).
Let XC.Y C.Z be three Banach spaces (or Hilbert in our cases).

Let 1 écp < +oo, 1 <g< 400 and set
W,,(0,T) = {v € LP(0,T; X) : v/ € LI(0, T Z)}
1. If p < +oo then W,1(0,T)Cs LP(0,T5Y),
2. If p =400 then W, C([0,T],Y) provided that ¢ > 1.

As a corollary of the two last theorems and H*-spaces:

Corollary 1 (Compactness for L?(0, T; H™(Q2))).
Letm > 1, and Q a bounded C™ open set of RY.

Then W (0, T; H™()) = {v € L2(0,T; H™()) such that v' € L*(0,T; (Hm(Q))’)} is
compactly embedded in C([0,T], H*(2)) for all s <m.

This corollary was widely used in [26].

3 The simplified model and main results

Let V = H}(Q), H = H'(Q), with Q c IRY, be a smooth bounded (say of class C*)
set with N = 2. We suppose that the function p is

plo) = (1 —o); (1)

We denote by ¢ a primitive of p such that

B(s) = /Osp(a)da _ —%(1 . %

We shall discuss about the local existence of a couple (v,6), where v is the simplified
velocity and @ is the simplified temperature satisfying
vy—Av=(1-10); in Qr = Qx]0,T7,
(BS){ (L= 0)10; — A0 = [V in Qr,

v(z,t) =0= g—z(m,t) on Yp = 00x]0,T].



Here 7i(x) = n(x) denotes the outernormal at a point x € 0S.

The initial data are v(z,0) = vo(z) and 6(z,0) = Oy(z), z € Q C R?.
The main difficulty in this model is the #-equation, since it degenerates because of the
term (1 — @), which makes the equation to be “parabolic” on {0 < 1} and “elliptic” on
{9 = 1}. We shall show that the solution might not exist (but a simple formal analysis
can show that assertion).
We shall introduce the following definition of truncated problem :

Definition 9.

Let T be in |0,00[. A couple (6,v) such that 8 € C([0,T]; L*(2)) N L*(0,T; H'(Q)) with
®(0) € L*(Qr) and v € C([0,T]; L*(Q)) N L*(0,T; H*(QQ)) is called a “(weak in 0 and
strong in v) solution” for the following truncated system (TBS) associated to the equa-
tions given in section 1.1, if there exist a real o and a function g, € [|Vv[*x{o<a, |VU|?]
a.e. in Qr such that

% vodz + / Vv - Vpdr = /(1 —0),pdx, inD(0,T), Vo € H&(Q),
Q Q Q

1d

——— (1—H)iwdxjt/VO-Vzpdm:/gv@Ddx in D'(0,T), Y € H'(Q),

A weak solution (6,v) is called an "exact (weak in 6 and strong in v) solution” on Qr
iof it satisfies the following condition :

IVo]? = g,, a.e. in Qr.

A weak solution (6,v) is called an "almost exact (weak in 6 and strong in v) solution”
on Qr if :

Gy = |VU’2X{9<04} a.e. in QT'
An ezact solution (resp. almost exact solution with 0 € L*(0,T;H*(Q)) is called a

(strong in 6 and strong in v) exact solution (resp. strong-strong and almost exact solu-
tion).

If there is a time Ty < T for which one those definitions are fulfilled, we will say that it

is a local exact (respectively almost exact) solution.

Remark 1. We note that
IVU*X{0<ay = [VVI* = [V X{030

which proves the relationship with the dissipative (in 6) term |Vou|*x{gsay (for a pre-
scribed v). Moreover, if (0,v) is a (weak in 6 and strong in v) solution and a > 0.,

with 0., = esssupf. Then,
Qr

IVu?X (o<t} < IV X{0<ay

and equality holds if (0, v) is an almost exact solution.
Now, we give some sufficient conditions to obtain an almost solution and an exact
solution:



Proposition 1.
Let 0 be a function such that (0,v) is a weak solution for the truncated system with

0 € Li(0.T: W (9)), 9(0) € L (0.7 Wi (D) and b, = esssupf < . Assume

loc
that g, € L2(Qr). Then

9o = V0 X{0<000}-
Furthermore, if 6 € C(Qr) and 6y < o — & for some & > 0 then the couple (v,0) is a
local ezact solution.

Proof of Proposition 1. Let us observe that 6 satisfy
0d(0)

3 2.3 3 8@(0) 3
If € L2.(0,T; W, 2()), and g, € L2(Qr) then € L2 .(Qr). Thus by a Stam-
o
pacchia result (see e.g. [16]) we have Af = 86—(;0) = 0 a.e. on the set

E= {(t,:c) € Qr: 0(t,z) = eoo}.

This means g¢,(t,z) = 0 a.e. on E, since g, = |Vv|? on {6 < 0.}, then we have the
result. If # € C(Q;) then the choice of § > 0 so that #y + 6 < « and the continuity of
0 imply that there exists a time T > 0, such that 0(t,z) < o — £ for all (t,2) € Qr,.
Therefore, one has

|VU’2X{9<O¢} = |V1)|2, in QTO'

This shows that the couple is a local exact solution. n

Theorem 2.

Let 0 < 0y < 1, (6o,v0) € H' () x HY(Q). Then for all T > 0, there exist a function
6 € L*(0,T;H (), 0 < 0 < 1 with § € C([0,T); L*(Q)), v € C([0,T]; Hy(Q)) N
L*(0,T; H*(Q)) satisfying Vo € Hg(Q),Vy € HY(Q) that

d
pr Qv(t,x)go(x)dx+/QV<p(x)~VU(t,x)dx:/ng(x)(l—ﬁ(t,x))dx
and
~535 0= 0Pula)n + [ Vo@pvsota)de = [ vtz in DO.T)

with g, € [|[V*xg<1y, |V0]?] ,0(0) = vo, 0(0) = by in Q.

Proof.
We consider € €]0, 1] and the following “nondegenerate” parabolic system (BS).
Find a “regular” couple (v°, %) satisfying

(vf — Avs = (1—6°), in Qr
Ab* S (6°) :
oz — — £
t (1 -F)+e G-+ SVl in Qr
V¢ = % =0 on ET
(v°(,0) = vo(z), 0°(z,0) = bo(x), x € (L

10



Here S, is a continuous function from IR into [0, 1]. For convenience, we shall set

pe(07) = (1 =03)+ +¢, H:(0:) = po(0°) = (1= 05)+.

One has the

Lemma 10.
There exist a couple (v°,0°) satisfying the system (BS). with the following reqularity:

1. v e C([0,T; H () N HY(QY)) N L0, T; H*()) Vs € [0, 2[.
2. 60° € C([0,T]; H*(2)) N L*(0,T; H*(Q)) Vs < 2.
3. v and 65 are in L*(Qr).

Proof
The proof Lemma 10 using the Galerkin approximation:
We shall use the following eigenfunctions which are elements of C*(2) N H?(12)

—A%:)\f%' inQ, ¢;=00n0dQ, j=1,2,....

Wi _gonon j—1.2...
on
(we note that 1y is the constant function 1). For T > 0, we set Q1 =]0, T[xQ. We set
Vi = span{y;,j < m}, H,, =span{y;, j < m} for m > 1.
We recall that U Vi (resp. U H,,) (see e.g. [25], [18]) is dense in V' (resp. in H).
m>=1 m2>1
We will use the following orthogonal projections P, : L*(Q) — Vi, Qp : L*(2) — H,,.
From the Cauchy-Peano’s theorem, there exist for all m > 1 6,, € C'([0,T;,); H,)
and v, € CY([0,T,,); V;) for some 0 < T,, < T, satisfying : Vo € V,,, Vi € H,,, for
all t € [0,T},,), 0:,(0) = Qmbo, v, (0) = Pprug

—A¢j + wj - /\jviﬂj in Q,

d
7 va(t)godx+/Qva(t)-Vg0dx:/on(ﬁm(t))godx, (2)

d w = —w v 2 X
%/Qem(t)w/gvem(t)-v (W) da:—/ﬂps(em(t»W ()28 (0 (1)) dz. (3)

To show that T,, = T', we need some estimates on v,, and 6,,. Those estimates will be
uniform in m. [ ]

Lemma 11. For allt € [0,T,,)
d 2 /
(a) — [ |Vun(t)Pdr + | |Av,(t)|Pdz < |Q|, in D'(0,Ty,),
dt Jq 0

e [0 1o
o) G [ 190,08 + [ S < Sio) i 0.7,

11



Proof. To prove (a) we use the fact that v, € C'([0,T},); Vi), for each t € (0,T;,).
Then we have :

d
—Awv,,(t) € Hy(Q) and, pr / Vm(t)pdr = | —="(t)p(z)dx Yo € Hy(Q),
Q
and therefore, we can ¢ = —Awv,,(t). An integration by part yields

2dt/|va 2dx+/|Avm de_—/ o (0 (1)) Avy, () da.

Since 0 < po(6,,) < 1, then by the Young’s inequality we deduce

d
—/lem(t)\deJr/|Afum(t)\2d:c< Q.

(b) A similar argument holds for 6,,. Choosing ¢y = —A#,,(t) and noticing that
0
G_Q/J = 0 on 02, an integration by parts gives
n

A A
/|V9 A0, [ 1A0MO]
th

|
Q S(HM) Q ps(em(t))

But € < p.(0,,(¢)), thus the Young’s inequality yields

d DO 1
— 0,,(t 2 — < —=1Q].
dt/ﬂ'v ®)l +/Q oo S22

Lemma 1 shows that T,, = T". Moreover, one has an uniform boundedness for v,, as
m — +o0. Indeed, since v,,(t) € H(Q), the Sobolev-Poincaré inequality with estimate
(a) implies that v,, remains in a bounded set of L*(0,T; H*(Q2)) and in L>(0, T; H}(£2)).

While for 6,,, we need to control for instance / O, (t, z)?dx. To do this, we shall denote

Q
by ¢ or ¢; where i is an integer greater than one, various constants independent of m

and e. If we want to emphasize the dependence of a constant with respect to ¢, we shall
note c..

Lemma 12. For allt € [0,T]

/ 6un(t, 2 do < c
Q

Proof. We take ¢ = 6,,(t) in relation (3). An integration by part and relation (3) yield

%% 02 (t,z)d /\9 (t, ) \dx—i—/ 0 (( )))9m(?5,37)d37- (4)

The statement (b) of Lemma 1 implies that

/ /\M m|” i;ﬂ drdt < c.(T, 6). ()

12



Relation (4) gives the following Gronwall inequality,

2 2 |A9 | <t7$)

From relations (5) and (6), we conclude the Lemma 2. n

The Lemma 1 and Lemma 2 show that 6,, remains in a bounded set of L?(0,T; H*(Q2))
and in L*°(0,T; H'(Q)) as m — +o0o. While for the time derivative, those uniform es-
timates combined with the equations satisfied by v,, and 6,, imply :

Lemma 13. We have:

| O,
)\ < |Avm|r2Qr) + 1Po(Om) | 22(@r) < €
L2(Qr)
;) |%m _ | 26, L (@map:
i YYm < \C.
O ey 1P0n) iz € 8

In particular, v, and 0,, remains in a bounded set of W(0,T; H*(Q)) as m varies.
Proof. The time derivatives satisfy the following equations for each time ¢:

o0v,,

W(t) = Avm(t) + Pm(pO(em(t)))v (7)
00,, Ab,, Sa(em)|vvm|2(t)
0= an (50 + an (G "

Since the projection is a contraction, relations (7), (8) with Lemma 2 imply Lemma 3. m

Proof of Lemmal0 (continuation).
By Aubin-Lions-Simon’s classical compactness results (see Theorem 1 and its corollary),
we have as m — +00

( _ | strongly in C([0,T], H5(Q) N Hy(£2)) for all s < 2,
Uy, — U
weakly in L2(0,T; H?(2)),
a couple (0°,v7) such that < and
0, 0 { strongly in C([0, 7], H*(S2)) for all s < 2,

weakly in L?(0,T; H*(2)).

Moreover, we have the following weak convergences in L?(Qr):

Ovm _ OV
ot ot’
0, 06"
ot ot

Due to the above convergences, one can see easily that the couple (6%, v°) is a solution

of :
ov®
ot

— A0+ py(0°) (9)

13



a90°  Ab° N Se(6°)
ot pe(6°)  p(6°)
with the initial data v°(0) = vg and 6°(0) = 6,. Moreover, on the boundary 052, we

06°(t
have that the normal trace of 0°(t), t € [0,T]: 96°(t)
This system is equivalent to the following one in D'(0,T): for all ¢ € Hj(f2), for all

Vo], (10)

and the trace of v°(t) are zero.

Ve H'(Q)
d
d—t/ﬂvg<p+/QVv5-Vsodaf’:/ﬂsopowe)d% (11)
i € € — 3 €|2
4 /Q B.(0)dz + /Q VO - Vipda /Q S.(6°)| Ve [2d. (12)

Here, ®.(s) = / p:(y)dy. For the function 6%, we need to show first the :
0

Lemma 14.
Consider from now

1 ifo <1—

SE(O'): (i ’LfO'} )
—(1—0) ifl—e<o<]l.
€

If0<0y<1ae inQthen0<0 <1 ae inQr.
Proof. We multiply the equation by p.(6°)0° . Relation (10) gives

/%Gt p:(0°)6° da:+/V6’a Vo< dz—/55(05)|VU€|2(05)_dx

Q

Since the right hand side is non negative and (1 — sy )s_ = s_, then one has :

l1+ed
2 dt

(6"E 2d$—/ IVO° |dx >

thus one has :
[ @) < [ (65 a)da =0,
Q Q
and so a.e. in Q7 : #° > 0. Multiplying the equation by p.(6°)(6° — 1), equation (10)

/Q 0 1))

That is ”
d
I / / [po(0) +¢](0 = 1)+do +/ IV(0F — 1)’ dx = 0.
QJO Q

Then for all ¢ :

/Q/:E(m) [po(0) + ] (0 — 1) dodr < /Q/:O(x) [po(0) +¢](0 — 1) dodz =0

since for 0 > 0, po(c) = (1 —0)4, then

/ V(6% — 1), |2de = / (6F — 1),.5.(6%)| Vo< 2dz = 0.
Q Q

(1=0)s+e)(o—1)s =e(o—1);.

14



Therefore, we have

/Q/O‘)g(t“’”) [po(0) + €] (0 — 1) ydod = 5/Q/0€E(a —1)%dodz =0

we deduce ¢ < 1, a.e. in Q7.

To get some uniform a priori estimates in € on v°, we recall firstly that Lemma 1,

with the previous convergence (or using directly the above equation (9)) imply :

Corollary 2. We have:

(@) 5 [19OPds+ [ 18 @)Pd <191, in D(0.7),
Q Q

<ec.

L2(Qr)

ov®
(b) ‘E

In particular v° is in a bounded set of W (0, T; H*(Q)) as € varies.

Thus, we can conclude as before, by Corollary 1 of Theorem 1, that v* — v strongly
in C([0,T], H*(Q) N HL(Q)) for all s < 2 and weakly in L*(0,T; H*(€2)). Moreover, we

have the following weak convergence in L*(Qr) :

ov® 61}
ot 625

Lemma 15.
6° remains in a bounded set of L*(0,T; H'(Q2)) as e — 0.

Proof. We multiply the equation (10) by 6°p.(6°) to get:

/95p5(95)89 dt+/ |V¢9£|2da::/9a55(9£)|Vv€|2d$,
Q ot Q Q
’ g 06°
/ dt/ VO |2da < —/ dt/@ape(ﬁ8 / /|Vv€|2dmdt
0 Q 0 0
T o6¢ T d 0=
dt/psﬁ6 dwz/—[/dx/ apeada}dt
/0 Q ( )815 o dt [Ja Jo @)

pe(0) =(1—04)4 +e<2,

/da:/esm) ope(o /(9&) (z,)dx.
/ dt / 6 p.(6°) 2

Thus relation (14) with corollary 2 give

and

Since

we have, for all ¢

T
/ /|V6€]2dxdt<c1+4T|Q|+/ Vooldz = o».
0 Q Q

15
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End of the proof of Theorem 2.
Let

o 1 1
O_(6°) = /0 (1 —o0)do +e6° = —5(1 —0°) + 3 + e0°.

then from equation (10), we have :

0P (6°)
ot

< ‘VQE‘LQ(Q) + “V’UEP’LQ(Q).
H=1(Q)

Using Gagliardo-Nirenberg’s inequality, one has
“VU5|2|L2(Q) = |VU8|%4(Q) < C|VUE|L2(Q)|Ua|H2(Q) < C|U8|H2(Q). (17)

Since v° remains in a bounded set of L>®(0,T; Hj(£2)). Thus using the equation satisfied
by 6° (see relation (10)), we have

r

Thus, ®.(6°); remains in a bounded set of L*(0,T; H~'(Q)). Since, we have

2

0. (6°)
ot

1 dt <c [|V96|%2(QT) + |UE|%2(O7T;H2(Q)):| < c3. (18)
H-1(Q)

[V O(67) 720, :/ (p(0°))?|V O |Pdx < 4/ VO |*dzdt < cg,
Qr

T

This shows that w®=®.(6°) belongs to a bounded set of W(0,T; H'(2)), the Aubin-
Lions-Simon’s compactness result (see Theorem 1 and its corollary) implies the existence
of a function w satisfying ®.(6°) converges to w strongly in C([0,T]; L?*(Q2)) and a.e. in

0° (t,x)
Qr. Therefore, / p(o)do converges to w strongly in C([0,T]; L*(Q2)) and a.e. in
0
QT and
1 1 bo(x)
0<w< / p(o)do = Y w(0,z) = / p(o)do.
0 0

Since the restriction of ®y(c) to [0,1], that is the map @y : [0,1] — IR given by

wolo) = [ ptspis = -1 sk

®, ! is continuous, we deduce that :

+ 2 is invertible from [0, 1] to its range, its inverse

) 0°(t,z) )
O, </0 p(a)da) =0°(t,x) — 5 (w)(t,z) a.e. on Qr.

Then, we can define §=®;'(w) = 1 — /1 —2w. Thus 6 € L*(0,T; H'(R2)) and 0 <
0 < 1 ae in Q. Hence, we have the following convergences: #° — 6 weakly in
L*(0,T; HY(Q)), ®.(6°) — ®(0) strongly in C([0,T]; L*(Q)) and a.e. in Q7. Therefore
po(6°) — po(f) =1 —6 in any LP(Qr), p < 400 and S.(0°) — 1 on {6 < 1}.

To show that tlir? / 0(t, ) — O(to, x)|[Pdx = 0, it is sufficent to show the case p = 1. We

may assume that ¢ty = 0. We know that

lim/ lw(t,z) —w(0,z)|dz =0,
Q

t—0

16



thus

lim/Q |y (w(t,z)) — Py (w(0,z))|dx =0,

t—0

(arguing by contradiction and using the continuity of ®;'), that is
0=1lim [ |0(t,7) — &5 (w(0,2))|dz and ®;'(w(0,)) = Oy(x).
Passing to the limit in equation (11) and (12), we deduce that (v,0) is a solution of

d vcpdx+/Vv-V<p = / o(1 —0)dx,
dt Q

jt w+/v9 V1/)dx—/¢gvdx

with ¢, € [|Vv|2x{9<1}, V| } which proves the required question.

We first note that if < v < 1 implies that p.(0) > 1 —~ > 0 .We recall that p.(0) < 2.
From relation (10) one has

AGe|? Ve |2| AGE|
VO |2da + | —dx ————dx. 19
2dt / | o pe(0°) o pe(6°) (19)
From which we deduce from the above equation and Young inequality
€ 5 2 €14
2dt/|V9|dx+ /|A6 da /|vv\dx (20)

Since v° belongs to a bounded set of L?(0, T} H2(Q)) N L>(0,T; Hi(2)), we know that
if N=2 | |Vv?| belongs to a bounded set of L*(Qr). This shows that

T
/ /|A95|2d:vdt+sup/|V85(t,x)|2dx<c. (21)
o Ja t Ja

Therefore, 0 remains in a bounded set of L*(0,T; L*(Q). We conclude that (v, 6°) is
in a bounded set of W(0,T; H*(2)) , then using compactness result (see Corollary 1 of
theorem 1) : (v, 6°) converges to (v, ) strongly in C([0,T]; H*(2))? for all s < 2 and
weakly in L2(0,T; H*(2))?. This allows to pass easily to the limit in the equation. If
By < 1 — 0 with some § > 0, then this weak solution is a local exact solution since one
has 0 € C([0,T]; H*(Q)) € C(Q7) for s > 1 .Thus, we may apply the first proposition
to arrive to the following additionnal conclusion.

Corollary 3. . Let N=2, 6, € C(Q) N H'(Q) with 0 < Mm 0y < Max b =ap <1—19,

for some § > 0 and vy € HJ(Q).Then there is a couple (6,v) in [LQ(O,T; H?*(Q)) N
0

C([0,T); H5(2)))? for all s < 2, with % and dv in L*(Qr) satisfying :

ot ot
@ — AU - ]- a Zn QT
o’ g
(1-90) Frie A0 = [Vol*x(p<1-s) in Qr,
S—Z:’U:O on (07T) XaQ?
6(0) = 6o, : v(0) = vg in <.

17



4 Some Extensions and Qualitative Properties

The above method can be applied if we replace v; in the v-equation by (1 — 0)v;, we
have

Corollary 4. . Let N=2, 6, € C(Q) N HY(Q) with 0 < Minfy < Maxfy = ap < 1 — 6,
Q Q
for some § > 0 and vy € HE(Y). Then there is a couple (6,v) in [L?(0,T; H*(2)) N

C([0,T); H5(2)))? for all s < 2, with % and % in L*(Qr) satisfying :
(1—0)%—&):1—9, n Qr;
06 .
< (]‘ - 0) a — Al = |VU|2X{9<1—5}7 m QT7
%:vzo, on (0,T) x 08;
\9(0) =0y, v(0) = vy in €.

Moreover, 0 < Min6(t) < Max6(t) < 1—6 for allt > 0. This solution is a local strong
Q 9)

and ezact solution, that is a solution of (BS) with the density (1 — 0) with the time
dertvative in v.

We have a non existence result of exact local-in-time if the initial data exceed the
value one. More precisely

Theorem 3 (A non existence result).
Let 6y € L*(2), Oo(z) = 1, for ae. x € Q, vog#0 and p(o) = (1 — o), 0 € R. Then
there exists no local exact solution satisfying (TBS).

5 Recalling Navier-Stokes equation framework

The results of this section can be found in [11, 28] where additional details . Let €2 be an
open smooth set of RY, N =2, f : 0x]0, T[— IR? and ug : Q — IR? being given. The
Navier Stokes equations consist in finding a vector field u = (u1,us) : Qx]0, T[— IR?
and p : 2x]0,T[— IR a scalar function such that:

( 2
%—VAU—}-;UZ'-;—;—{—V]?:]C in 2x]0,T7,
ol 3u_»
(N.S) < divu = =0 in 2x]0, 77,
i—1 3%
u= in 0010, T7,
| w(0,z) = uo(x) (initial data), x € Q.

The spaces H and V defined by

H = closure in L*(2)? of V = {v € C(Q)? dive = O}

18



V = closure in Hy(2)? of V

For the variational formulation, we need the following bilinear form on V' and scalar
products:

( u = (ul,uz)

2
ov.
b(u,v,w) = Z /Qui(‘?_?wjd$ v = (v1,v2) ;

61 w = (wr,wy)

((u,v)):/QVu-Vvda:,
(u,v):/gu-vda:,

| < T, w >= the duality product between 7" € V' and w € V.

V"’ is the dual of V. The bilinear form and the scalar product ((-,-)) define operators by
setting, for u € V,

< B(u,u),w >=b(u,v,w) Yw eV,
< Au,w >= ((u,w)) Yw e V;

Thus for u € L*(0,T; V), T < 400, we have B(u,u) € L*(0,T; V') and Au € L*(0,T; V"),
where A is linear. Thus, the variational formulation of (N.S.) for f € L*(0,T; H), ug €
V gives

%(u,v) + (4, 0)) + blu,u,v) = (f,v) VoeV,
U(O) = Uyg.

Which is equivalent to

d
a + vAu+ B(u,u) = f (equality in V'),

dt

u(0) = uo.
The main properties of B are given in [28, 29]. In particular, b(u,u,v) = —b(u,v,u),
b(u,u,u) = 0.

These formulas can be obtained by integration by part with the condition div (u) = 0.
To solve the above problem, we follow the same scheme as for the “simple” model:

1% step: Use Galerkin method.
Introducing ¢; € V' such that, j > 1

((p,0)) = Ajgj,0), Vv eV,
where \; > 0 is the j eigenvalue of the operator satisfying
< Ap,v>= ((p,v)), Yo eV, YveV.

We have ¢; € H2(Q) if Qe C, (> 1.

Set V,,, = span {gpj,j < m}.

Then, by Cauchy- Peano’s theorem, one has

U € CH[0,T), Vi), T €]0,T).
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d

E (um(®), 93) + V(1 (8), £3)) + Bt (), wn(8), 2) = (F(O)op3). G =10,

um(0) = Ppug (P, : H— V,, orthogonal projection).

24 step: Uniform proiri estimates in m

Proposition 2. One has

5 [ O + vllum O] = (£(8), um(?))-

Then .
i (8)* + 1 / um (I < (T, 0, [flz20m:mm)-
0

In particular,
Uy, belongs to a bounded set of L>(0,T, H) N L*(0,T;V) as m — +oo.

Proof:
We take u,,(t) as a test function and use the fact that b(um,(t), um(t), unm(t)) = 0. For
convenience we recall that one has for the operator B the

Definition 10. (u,v,%) € V3, u = (u1,us), v = (v1,v2), ¥ = (¢1,9),
< B(u,v),v > =b(u,v,¢) = Z/u%wd:c
y V) = » Uy = 0 ]a$J ;AL .

Remark 1 Since V' C L*(Q2)? this inclusion is continuous, we then have from Holder
inequality

8vi
/Qu Vi e < |Jul] 1ol 1]

]8%

Lemma 16.
Au,, belongs to a bounded set of L*(0,T; V") as m — +oo0,
and B(up,, u,,) belongs to a bounded set of L*(0,T;V") as m — +oo.

Proof:
Vv € V : |jv]| = 1, one has

| < Aup(t), 0> [ < [[um @] - [[o]] = llum(®)]],

this shows that |A,,(t)|v: < ||um(t)||. We conclude with Proposition 2.

Corollary 5. One has: |B(un(t), um(t))|v: < c|tm(t)|g]|wm(t)]||

b (), um(t), V)

—b(um (t), um(t), )

<l ()] @ 1P| [um ()] a0

1 1 1 1
< cfum ()] 720 [ [um O 2O [t (8)] 720 | [um ()] 2
<l ()] a|[um (O] [[0]]-
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Corollary 6 ( of Lemmal6).

A,
% belongs to a bounded set of L*(0,T; V") as m — +oo.

Proof: p
S0 (1) 4 v At (1) + P Bt (1), (1)) = P .

Using Lemma 16 and knowing that

| P B (i (), i (1)) v < | B (U (1), um(t))] v

we get the result. n

Conclusion By compactness result (see theorem 2) there exist u € L*(0,7;H) N
L*(0,T;V) a subsequence still denoted w,, so that:

Uy, — uin L*(0,T; H)-strong
Up — win C([0,T],V")-strong
U, — win L*(0,T;V)-weak.

Notice that Vi € V N CX(Q)

/ g (8) S (8)pdvdt = / (tmj—11;) 5;' (t)bdadt+ / u a“ (t)bdadt = L+ Iom.
T T J

T :CJ
|]1m < |Umj - uj|L2(O,T;H)|um|L2(O,T;H)|77Z)|oo — 0,

m—-+00
(?ui
I, — Uu

Qr axj

Ddadt.

Therefore
O(tp, (), U (t), 0) — b(u(t), u(t),v) in D'(0,T).

One can show that u(0) = up by usual argument.

6 Navier-Stokes equations coupled with the heat equa-
tion

We adopt the notations of the preceeding section on Navier-Stokes. The aim of this
section is to study the full system G.), H.), I.) given in the first section, when p(6) =
(1 —0).g, where g is the gravitational field. Roughly speaking, using the same method
as for the simplified model, we can show that :

-if Oy € C(£2), supby(x) < 1, then we have a local strong solution (we assume here
Q

that N = 2).
- if 0y € L*(Q2) with () > 0 then, we have no solution for the f-equation satisfying
|Vu| # 0 (that is ug # 0).

More precisely, we can show the following
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Theorem 4. B
Let T €]0, +o00[,ug € V and 0y € H(Q)NC(Q), Q is a smooth bounded open set of IR?.
If supby(z) < 1, then there exist a time Ty €]0,T] (that can be chosen mazimal),
Q

a vector valued function v € C([0,T1],V) N L*(0,T1;V N H*(Q)), 0 € C([0,T1],V) N
L2(0,Ty; H*(Q)),0 < 1 in Qr, satisfying

1. %(U(t),90)+V((U(t),U(t)7@)Hb(U(t)aU(t), p) = ((1=0)7.¢) in D'(0,Th), Vo €V,
2. (1—=0)0;, — A0 +u-V0O = |Vul? in Qp, = Q2x]0,Ty],

06
3. e 0 on 002x]0, T4,

4. U(O) = UQ,Q(O) = 90.
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