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Introduction

Aim of the talk

Mathematical analysis of the "model” problem

O+ divFy(z,u) =0 in (0,7) x Qp

Owu+ divF,(z,u) = Ad(u) in (0,T) x
with

Qp, N QY = th(# 0)
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Introduction

Aim of the talk

Mathematical analysis of the "model” problem
O+ divFy(z,u) =0 in (0,7) x Qp

Owu+ divF,(z,u) = Ad(u) in (0,T) x
with

Qp, N QY = th(# 0)

Some applications

@ Infiltration process

@ Fluid dynamics
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Outlines of the talk

@ Nonlinear hyperbolic problems
o Notion of weak entropy solution

@ Nonlinear parabolic problems
e The Schauder-Tychonoff fixed-point method

© Case of a "nonlinear” flux : F;(z,u) = b;(x) f;(u) (i = h,p)
o Definition of a weak entropy solution
o Existence and uniqueness results

@ Case of a non "nonlinear” flux : F;(z,u) = b;(x) f;(u)

o Definition of a weak entropy solution
o Existence and uniqueness results
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Nonlinear hyperbolic problems

Problem (Py)

Find a measurable and bounded function w such that
Ou+ 0y f(u) =0, t >0, z € R,

with initial condition

u(z,0) = up(z), x € R.

o up € Ci(R)
o feCYR)
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A simple example

1
o Consider Burgers equation : f(u) = §u2
O+ udyu =10
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A simple example

1
o Consider Burgers equation : f(u) = §u2

Oru + ud,u =0

@ Introduce the characteristic curves

dx , _
== Fu(z(t),t) = u(z(t), t)

o Compute

%u(m(t), t) = Owu(z,t) + Oyu(x, t)d—x
= Owu(z,t) + u(x, t)Oyu(z, t)
=0
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A simple example

1
o Consider Burgers equation : f(u) = §u2

Oru + ud,u =0

@ Introduce the characteristic curves

dx , _
== Fu(z(t),t) = u(z(t), t)

o Compute
%u(m(t), t) = Owu(z,t) + Oyu(x, t)d—x
= Owu(z,t) + u(x, t)Oyu(z, t)
=0
@ So w is constant along the characteristic curves and
CC% = u(x(0),0) = up(xo) and z(t) = zo + tug(zo)
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A simple example

1
o Consider Burgers equation : f(u) = §u2

O+ udyu =10

@ Introduce the characteristic curves

dx , _
== Fu(z(t),t) = u(z(t), t)

o Compute
%u(x(t), t) = Owu(z,t) + Oyu(x, t)d—x
= Owu(z,t) + u(x, t)Oyu(z, t)
=0
@ So w is constant along the characteristic curves and
CC% = u(x(0),0) = up(xo) and z(t) = zo + tug(zo)

o Choose ug such that up(0) = 2 and up(1) =1
o So u(2t,t) =up(0) =2 and wu(l+t¢,t) =up(l) =1
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A simple example

1
o Consider Burgers equation : f(u) = §u2

O+ udyu =10

@ Introduce the characteristic curves

dx , _
== Fu(z(t),t) = u(z(t), t)

o Compute
%u(x(t), t) = Owu(z,t) + Oyu(x, t)d—x
= Owu(z,t) + u(x, t)Oyu(z, t)
=0
@ So w is constant along the characteristic curves and
CC% = u(x(0),0) = up(xo) and z(t) = zo + tug(zo)

o Choose ug such that up(0) = 2 and up(1) =1
o So u(2t,t) =up(0) =2 and wu(l+t¢,t) =up(l) =1
@ Fort=1u(2,1)=2=1
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Notion of weak solution

Weak solution

A function u € L*=(R x R;) is a weak solution to (Pg) if
V(‘D € CSO(R X R+),

/m/(uatcp + f(uw)0pp)dzdt + /OO uop(0, 2)dz = 0.
o Jr 0

In particular,
Ou+0,f(u)=0 in D'(RxR,).
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Notion of weak solution

Weak solution

A function u € L*=(R x R;) is a weak solution to (Pg) if
V(‘D € CSO(R X R+),

/m/(uatcp + f(uw)0pp)dzdt + /OO uop(0, 2)dz = 0.
o Jr 0

In particular,
Ou+0,f(u)=0 in D'(RxR,).

Two important remarks

o Existence of a weak solution to (Pp)

@ A weak solution is not unique
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The "good” notion of solution

o Let n € C'(R,R) be a convex function and F € C'(R,R) s.t.

e (n,F) is called an entropy pair
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The "good” notion of solution

o Let 7 € C1(R,R) be a convex function and F € C1(R,R) s.t.
F'(u) = n'(u)f'(u)

@ (n, F) is called an entropy pair

Definition 1
A function u € L*°(R x R ) is a weak entropy solution to (Pp) if, for every

entropy pairs (7, F),

Om(u) + 0, F(u) <0 in D'(RxRy)
e Vo € CP(R x Ry), ¢ >0,

/0°° /R("(“)aﬁ" + F(u)dyp)dadt > 0
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The "good” notion of solution

o For k € R, n(u) = |u— k| and F(u) = sgn(u—k)(f(u) — f(k))

Definition 2

A function u € L*=(R x R}) is a weak entropy solution to (Pg) if
Vo € CP(R xRL), ¢ >0, Vk € R,

[ ke + st~ 07 0) -~ 56Dt > o
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The "good” notion of solution

o For k € R, n(u) = |u— k| and F(u) = sgn(u—k)(f(u) — f(k))

A function u € L*=(R x R}) is a weak entropy solution to (Pg) if
Vo € CP(R xRL), ¢ >0, Vk € R,

[ ke + st~ 07 0) -~ 56Dt > o

Important property (S.N. Kruzkhov)

The weak entropy solution w is the "limit" of (ue)c>o where

atua + 8wf(us) = 589090“8
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Nonlinear parabolic problems : a fixed-point method

Problem

Find w € W (0,T) such that
Vv € HY(Q), forae. t € (0,T),

(B, 0) + / (Vé(w) - b(z) () - Vod =0,

u(0,.) = ug a.e. on £,

for a.e. (t,z) € Q, u(t,z) € [m, M].
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Nonlinear parabolic problems : a fixed-point method

Problem

Find w € W (0,T) such that
Vv € HY(Q), forae. t € (0,T),

(B, 0) + / (Vé(w) - b(z) () - Vod =0,

u(0,.) = ug a.e. on £,

for a.e. (t,z) € Q, u(t,z) € [m, M].

Some assumptions and notations
o W(0,T) = {u € L2(0,T; HX(Q)); dyu € L2(0,T; H-(Q))}
@ (.,.) := the pairing between H~! and H}
@ dJa>0,V7T € R, ¢/ (1) > «
@ uy € L=®(Q), m <wug <M

| A
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A fixed-point Theorem

Let X be a reflexive and separable Banach space. We suppose
o KCX, K+#0, K is a closed, bounded and convex set
@ The mapping 7 : K — K is "weakly-weakly” sequentially continuous, i.e. for

any sequence (Z,)nen+ C K that weakly converges towards z, the sequence
(7 (2n))nen- weakly converges towards 7 (z).

Then, 7 has at least one fixed-point in K.
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A fixed-point Theorem

The Schauder-Tychonoff fixed point Theorem

Let X be a reflexive and separable Banach space. We suppose
o KCX, K+#0, K is a closed, bounded and convex set

@ The mapping 7 : K — K is "weakly-weakly” sequentially continuous, i.e. for
any sequence (Z,)nen+ C K that weakly converges towards z, the sequence
(7 (2,))nen weakly converges towards 7 (z).

Then, 7 has at least one fixed-point in K.

Main idea

"associate” the nonlinear problem with a linear one via a mapping 7
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@ Troncation process. Consider the equivalent nonlinear problem
Find w € W(0,T) such that

(Oyu,v) + / (¢ (u*)Vu — b(z) f(u*)) - Vodz = 0

u(0,.) = up a.e. on Q

m if u(t,z) <m
where, for a.e. (t,2) € Q, u*(t,z) =< u(t,x) ifm<wu(t,z) <M
M if u(t,z) > M
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@ Troncation process. Consider the equivalent nonlinear problem
Find w € W(0,T) such that

(Oyu,v) + / (¢ (u*)Vu — b(z) f(u*)) - Vodz = 0

u(0,.) = up a.e. on Q

m if u(t,z) <m
where, for a.e. (t,2) € Q, u*(t,z) =< u(t,x) ifm<wu(t,z) <M
M if u(t,z) > M

@ The linear problem : w € W(0,T) being fixed,
U, € W(0,T) is the unique solution of

(0tUw, v) + /Q(¢’(w*)VUw — f(w*)b(x)) - Vodz =0
U, (0,.) = ug a.e. on €
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@ Troncation process. Consider the equivalent nonlinear problem
Find w € W(0,T) such that

(Oyu,v) + / (¢ (u*)Vu — b(z) f(u*)) - Vodz = 0

u(0,.) = up a.e. on Q

m if u(t,z) <m
where, for a.e. (t,2) € Q, u*(t,z) =< u(t,x) ifm<wu(t,z) <M
M if u(t,z) > M

@ The linear problem : w € W(0,T) being fixed,
U, € W(0,T) is the unique solution of

(04U, v) + / (¢ (w*)VU, — f(w*)b(z)) - Vodr =0
Q
U, (0,.) = ug a.e. on €
@ We introduce the mapping

T: W(0,T)

w(0,T)

Uy, =7 (w)

—
—
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Parabolic problems : a fixed-point method

A priori estimates

° ||Uw||L2(0,T;Hé(Q)) <G
0 [18:Uw 20,7311 (0)) < Co
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Parabolic problems : a fixed-point method

A priori estimates

° ||Uw||L2(0,T;Hé(Q)) <G
0 [18:Uw 20,7311 (0)) < Co

o We set

K ={veW(0,T), lvllr20,m;m2 ) < C1s 10l L20,7;-1(2)) < Co;
v(0,.) =vy a.e. on Q}

e K is convex, bounded, closed, 7(K) C K.
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Parabolic problems : a fixed-point method

A priori estimates

° ||Uw||L2(0,T;Hé(Q)) <G
0 [18:Uw 20,7311 (0)) < Co

o We set

K ={veW(0,T), lvllr20,m;m2 ) < C1s 10l L20,7;-1(2)) < Co;
v(0,.) =vy a.e. on Q}

e K is convex, bounded, closed, 7(K) C K.

@ The "sequential” continuity : w, — w in W(0,T).

We have to show that 7 (w,) = U,,, — 7 (w) in W(0,T).
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e W(0,T) —— L*((0,T) x Q) = w,, — w in L?>(Q) (up to a subsequence)
o ||Uw, lweo,ry <C = Uy, = Uin W(0,T) and Uy, — U in L?(Q)
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W(0,T) << L2((0,T) x Q) = w, — w in L*(Q) (up to a subsequence)
U, lweo,ry <C = Uy, = U in W(0,T) and Uy, — U in L?(Q)
o We have :

T T
/O (U, v)dt + /0 /Q (¢ (W) VU, — F(w)b(x)) - Vodzdt = 0

@ when n goes to +00 :

/0 (0:U, v) dt+/ / IVU — b(z) f(w*))Vudzdt =0

o W(0,T) — C([0,T], L)) = U(0,.) = uo(.)
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W(0,T) << L2((0,T) x Q) = w, — w in L*(Q) (up to a subsequence)
U, lweo,ry <C = Uy, = U in W(0,T) and Uy, — U in L?(Q)
o We have :

T T
/O (U, v)dt + /0 /Q (¢ (W) VU, — F(w)b(x)) - Vodzdt = 0

@ when n goes to +00 :

/0 (0:U, v) dt+/ / IVU — b(z) f(w*))Vudzdt =0

o W(0,T) — C([0,T], L)) = U(0,.) = uo(.)

U ="T(w)
the whole sequence (7 (w;,)), converges weakly towards 7 (w)
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The "nonlinear” coupled problem

Study of the problem

{ Opu + dive (b(z) f(u)) + g(t,z,u) = dive(lg,(2)Ve(uw)) in (0,T) x Q
u = 0 on (0,7) x 09
u(0,.) = wg on
with
e O CR”
e 0=0,UQ,, QN =10
° b(x)f(u) = bn(x) f1,(w)la, +bp(2) f,(w)la,
o g(t,x,u) = gn(t,z,u)lq, (x) + g,(t, z,u)lq, (x)
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Introduction

Q th:thﬂanIFhﬁFp
4 th = (O,T) X th

Q h

O+ divy (b (x) £ (w) + gn(t,x,u) =0

Qp
Zhp

Dpu + di\'»l.(hp(‘r)fp(u)) + gp(t. x.u) = Ad(u)
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Assumptions and Notations

Main assumptions
° uy € L>®(Q)

o Different nonlinearities on 2, and 2,

@ ¢ is nondecreasing, ¢! exists, $(0) =0
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Assumptions and Notations

Main assumptions

° uy € L>®(Q)

o Different nonlinearities on 2, and 2,

@ ¢ is nondecreasing, ¢! exists, $(0) =0

@ sgn, = Lipschitzian approximation of the function sgn

o I,, F, :="regular" entropy pairs

I(a,8) = /b " sgm(6(r) — $(B))dr

and

¢(a)
Fip(a,b) = / F10 6 (x)sgnly(r — $(b))dr.

Fy = Fp,la, + Fp,nﬂﬂp
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Notion of weak entropy solution

o V={veH () v=0ae onT,\Iy}

e uc L>®Q), o(u)eL?*0,T;V)
e VY € D(Q) with p >0, Vk € R,

/ I, (u, k)Oppdxdt — / sgny(d(u) — ¢(k))Vo(u) - Vdadt
Q

w

+ [ b@){sgny(@(u) = S0)F (W) — Fyfusk)} - Viodads
Q

Coupling of hyperbolic-parabolic problems



Notion of weak entropy solution

Initial and boundary conditions

ess lim/ |u(t, ) — ug(z)|dz =0
Q

t—0+

o V¢ € LY(Zp\Shp), € >0, Vk €R,

ess lim b(@)Fn(u(o + svp), k) - vpdtdH" ™' >0

s—0~ Shp
where

Fulr, k) = 5 Lsgn(r) (Fa(r) — F4(0))
—sgn(k)(Fa (k) — £4(0)) + sgn(r — K)(Fr(r) — F(k))}
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Some remarks

o If u satisfies the entropy inequality (1) then
/ |u — k|0 pdadt — / Vi(u) — (k)| - Vipdadt
/Q b B(u, ) - Vipdads
B /Q sgn(u — k)(g(t, z,u) + Vb(z) - £(k))pdzdt
+/th sgn(p(u) = d(k)) (bnf (k) = bpfp(k)) - vhpdtdH" ™! > 0

where ®(u, k) = sgn(u — k)(f(u) — f(k)) is the Kruzhkov flux
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Some remarks

o If u is a weak entropy solution then, Vo € D(Q),

/Q (wdep + (@) F (w) — T, V(w)) - Vep — g(t, 7, w)g)dadt = 0

Julien Jimenez () Coupling of hyperbolic-parabolic problems 20 / 48



Some remarks

o If u is a weak entropy solution then, Vo € D(Q),
[ Wi+ (b(z)F0) ~ I, Vo(w) - Vi = g(t, 2, w)¢)dadt =0
Q
So u fulfills

Ou + div (b (x) £, (w) + gn(t, z,u) = 0 in D' (Qp),

Oru + dive (by () f,(w) + gp(t, z,u) = Ad(u) in D'(Qy),

and the transmission condition (in a formal sense)

(bpfp(w) — b Sy (u)) - vh = Vé(u) - vj, on Ty
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uniqueness property

Main assumption

A — &-b(z) f(A) is not linear on any nondegenerate interval

This nonlinear condition allows us
@ to define "strong” trace on the hyperbolic zone for a weak entropy solution

@ to obtain precompactness of sequence of solutions to approximate problems
(existence)
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The uniqueness property

Main assumption

A — &-b(z) f(A) is not linear on any nondegenerate interval

This nonlinear condition allows us
@ to define "strong” trace on the hyperbolic zone for a weak entropy solution

@ to obtain precompactness of sequence of solutions to approximate problems
(existence)

Lemma (E. Yu. Panov)

Let u be a weak entropy solution. Then there exists a function u™ € L*°(%},) such
that, for every compact K of Xj and every regular Lipschitz deformation ¥ of 2y,

ess lim / |u(¥(s,0)) —u”(0)|dtdH™ ™+ =0
K

s—0+
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Uniqueness : hyperbolic zone

o Let u be a weak entropy solution. Then Vk € R, Vo € D((0,T) x R™), ¢ > 0,

|u — k|Oppdzdt + / bn(x)®r(u, k) - Vedzdt — | Gp(u, k)pdzdt

Qhn Qn Qn

> / by (@)@ (u”, k) - vyedtdH™ ! + / b () ®1,(0, k) - vyodtdH™ !
Yhp Sr\Zhp
— by, (E)@h(uT, 0) . I/htpdthn_l

Eh\zhp

where Gy, (u, k) = sgn(u — k)(gn(t, z,u) + Vby(x) - f,(k))
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Uniqueness : hyperbolic zone

o Let u be a weak entropy solution. Then Vk € R, Vo € D((0,T) x R™), ¢ > 0,

lu — k|Oppdzdt + / bn(x)®r(u, k) - Vedzdt — | Gp(u, k)pdzdt

Qhn Qn Qn

> / by (@)@ (u”, k) - vyedtdH™ ! + / b () ®1,(0, k) - vyodtdH™ !
Yhp Sr\Zhp
— by, (E)@h(uT, 0) . I/htpdthn_l

Eh\zhp

where G, (u, k) = sgn(u — k)(gn(t,z,u) + Vbp(z) - f,(k))
@ Method of doubling the variables =

—/ lu — vy (t)dzdt < —/ sgn(u —v)(gn(t, z,u) — gn(t, z,v))y(t)dxdt
Qn Qn

e sgn(u” — o) (Fr(u") = F4(07)) - vabpy(H)dH" " dt
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Uniqueness : parabolic zone

o Let u be a weak entropy solution. Then 9;u € L%(0,T;V"). Moreover,
Yo € L2(0,T; V),

T
/0 (B, o))t + / (V(w) — by (w) - Vipdedt

P

+/ gp(t,x,u)gadxdt = / bh,fh(uT) . Vh(Pdthn_l —0

P Ehrp
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Uniqueness : parabolic zone

o Let u be a weak entropy solution. Then 9;u € L%(0,T;V"). Moreover,
Yo € L2(0,T; V),

T
/0 (B, o))t + / (V(w) — by (w) - Vipdedt

P

+/ gp(t,x,u)gadxdt = / bh,fh(uT) . Vh(Pdthn_l —0

P Ehp

@ Method of doubling the time variable =

—/ lu —v|y'(t)dzdt < M, / |u — v|y(t)dxdt
Qp Qp

+ [ sgn(u® —v?)bu(F4(u7) = £1,(07)) - vy () dtdH" !
Yhp

where u® = ¢71(¢(U)\Ehp)
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Uniqueness : interface

Lemma : interface inequality

Let u be a weak entropy solution. Then a.e. in (0,7), H" !-a.e. on T, for any
ke I(u™,u?),
sgn(u” —u®)bn (£1,(u") = f1,(k)) v 20
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Uniqueness : last step

@ We have
- /Q lu — v|y (t)dzdt < Mg/ |u — v|y(t)dzdt

+/ busgn(u® — v?)(Fa(u”) — Fa(w™) - vy (t)dH"1dt
Ehp

—/ busgn(u™ — o) (Fu(uT) — Fu(u7)) - vy (E)dHT " dt

Ehp

o We set

J = (sgn(u® —v?) = sgn(u” — v7))bw(F5(u") = £.(v7)) - vn

Julien Jimenez () Coupling of hyperbolic-parabolic problems 25 / 48



Uniqueness : last step

o We have
—/ lu — v|y (t)dzdt < Mg/ |u — v|y(t)dzdt
Q
+ [ busgn(u® —o)(F, () - £07) - vy de

Ehp
—/ busgn(u™ — o) (Fu(uT) — Fu(u7)) - vy (E)dHT " dt

Ehp

o We set

J = (sgn(u® —v?) = sgn(u” — v7))bw(F5(u") = £.(v7)) - vn

@ Interface inequality = J <0

@ Then
/ lu(t,.) —v(t,.)|de < eMgt/ luo(.) — vo(.)|dz
Q Q
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Existence : the viscous problem

u, = 0 on X
u,(0,.) = wup on ()

{ Opuy, + divy (b(x) f(uy)) +9(t,z,u,) = divg(A\uVedu(uy)) in @
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Existence : main assumption

@ We introduce a nondecreasing function M such that

MI(O) Z M7
vt e (0,7)
Mj(t) + Vb(.) - f(M1(t)) + g(t,., M1(t)) >0 a.e. on Q, UQgr

and a nonincreasing function M such that

M(0) < m,
vVt € (0,T)
M) + Vb(.) - F(Ma(t)) + g(t, ., Ma(t)) <0 a.e. on Qp UQg

Julien Jimenez () Coupling of hyperbolic-parabolic problems 27 / 48



Existence : main assumption

@ We introduce a nondecreasing function M such that
{ Ml (O) Z M7

vt e (0,7)
M{(t) + Vb(.) - fF(M1(t)) + g(t,., Mi(t)) > 0 a.e. on Qp U Qp

and a nonincreasing function M such that

MQ(O) S m,
{ vt € (0,7T)
Mé(t) 4= Vb() . f(MQ(t)) I g(t, . Mg(t)) <0a.e.onQ,UQR

Assumption (H)
For almost all ¢ € (0,T), a.e. on I'y,

(bpf, (M1 (1)) — bnf(,(Mi(t))) - v >0
(bpf,(Ma(t)) — brf 1, (Ma(t))) - v

IN
o
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The viscous problem

o W(0,T) = {v e L0, T; H(Q)), dv € L2(0,T; H-(2))}

Existence and uniqueness

Under (H), 3! u, € W(0,T) N L>(Q) such that
o Vt e [0,T], My(t) < uu(t,.) < Mi(t) ae. in
° u,(0,.) =up a.e. inf
o For any v € H}(Q), for almost all ¢t € (0,7,

(Oruy, v) + /Q((/\u(x)vd)u(“u) —b(x)f(uy)) - Vo + g(t,z,u,)v)de =0
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The viscous problem

o W(0,T) = {v e L2(0,T; H:(R)), v € L*(0,T; H

Existence and uniqueness

Under (H), 3! u, € W(0,T) N L>(Q) such that
o Vt e [0,T], My(t) < uu(t,.) < Mi(t) ae. in
° u,(0,.) =up a.e. inf
o For any v € H}(Q), for almost all ¢t € (0,7,

(Oruy, v) + /Q((/\u(x)Vd)u(uu) —b(x)f(uy)) - Vo + g(t,z,u,)v)de =0

o

(Sketch of) Proof
@ Assumption (H) = L°°-estimate

@ Schauder-Tychonoff fixed-point Theorem = Existence

@ Holmgren-type duality method = Uniqueness
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Maximum principle

e B(a,b,c) = max{a, min{b, c}}

° uj = B(Mx(t), uy, Mi(t))

@ Study of the problem

8tu;u ((M(QCM5 (up)Vuy —b(x) f(u)) - Vo + g(t, @, uj)v)ds = 0

Find w,, in W(O T) such that a.e. on (0,7) and for all v € H} (),
= up a e. on
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Maximum principle

e B(a,b,c) = max{a, min{b, c}}
° uj = B(My(t), uy, Mi(t))
@ Study of the problem

Find u, in W (0,7) such that a.e. on (0,7') and for all v € HJ(Q),

(Orup, ) +/Q((>w(x)¢;(u;)vuu —b(2)f(uy)) - Vo +g(t, @, uj)v)de = 0

u,(0,.) = up a.e. on Q

Test function v, = sgny,(u, — M;(t))*"

@ For the convective term

_ b(x)f(u;)) - Vuydrdt = Z Fi(My(t)) - Vb (x)v,dxdt
e ie{h,p} ' Qiws
"‘/E (bpf,(M1(t)) — bn 1, (Mi(t))) - thndtd'anl
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Maximum principle

@ When 7 goes to 0

/Q(uu(s,:v) — My (s))Tdx + A M (t)sgn(u, — My (t)) T dzdt

+ > ; (£i(Mi(t)) - Vbi + gi(t, , Ma(t)))sgn(u,, — Mi(t)) T dadt <0
i€{h,p} " ¥he

@ By definition (of M),

Mi(t) + (f;(Myi(t)) - Vb + gi(t,z, M1 (t))) > 0
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Maximum principle

@ When 7 goes to 0

/Q(uu(s,:v) — My (s))Tdx + A M (t)sgn(u, — My (t)) T dzdt

+ > ; (£i(Mi(t)) - Vbi + gi(t, , Ma(t)))sgn(u,, — Mi(t)) T dadt <0
i€{h,p} " ¥he

@ By definition (of M),

Mi(t) + (f;(Myi(t)) - Vb + gi(t,z, M1 (t))) > 0

e So
/Q(“u<5733) — M;(s))Tdz <0
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The viscous limit

A priori estimates

There exists a constant C' independent of u such that

1) 2V ()12 gyn + (A > Ve F2(gyn < C
10tull 20,7511 ()) < C

where ¢ / \ @ (T)dT
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The viscous limit

For almost all x € Q,,, for all £ € R™ with £ # 0, the functions

X by(2) F,(N) - € and A — ¢(N)€?

are not linear simultaneously on any non-degenerate intervals
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The viscous limit

For almost all x € Q,,, for all £ € R™ with £ # 0, the functions

A= by(z) f,(N) - € and A — ¢(N)€?

are not linear simultaneously on any non-degenerate intervals

Consequences (E. Yu. Panov)

@ The sequence (uy),>0 is precompact in L*(Q,)
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The viscous limit

For almost all x € Q,,, for all £ € R™ with £ # 0, the functions

A= by(z) f,(N) - € and A — ¢(N)€?

are not linear simultaneously on any non-degenerate intervals

Consequences (E. Yu. Panov)

@ The sequence (uy),>0 is precompact in L*(Q,)
o Nonlinear flux on the hyperbolic zone = (u,,),>¢ is precompact in L*(Qp,)
o uy—ue L(Q) in L(Q)
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Study of the convective term

o Test function : v}l = sgn,(é(u,) — ¢(k))p1p2, p1 € C°([0,T)),
P2 € Cgo(Q)

1) T gm0~ 9K
= = % [ B@)fiw) - Tolu)sgn) (B(un) - o) rpadads

= X [ bi@)sgny(@(un) — $(R))rfi(un) - Vipadadt
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Study of the convective term

o Test function : v}l = sgn,(é(u,) — ¢(k))p1p2, p1 € C°([0,T)),
P2 € Cgo(Q)

1) T gm0~ 9K
= = % [ B@)fiw) - Tolu)sgn) (B(un) - o) rpadads

= X [ bi@)sgny(@(un) — $(R))rfi(un) - Vipadadt




Study of the convective term

Jum = Fy, ) (up, k) - (Vorpa + Voby )prdzdt
Qn

- onFp g (up, k) - vioroodH™dt
Ty
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Study of the convective term

Jum = Fy, ) (up, k) - (Vorpa + Voby )prdzdt
Qn

- onFp g (up, k) - vioroodH™dt
Ty

° ¢(uy) € L2(0, T3 HY(Q)) = (¢(wu)ie,)irs, = (S(wn)ie, )Ty,
o (Fp n(uy, k))u>o converges strongly towards F'j, ,(u, k) in L1(Qp)",
1<g< >
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Study of the convective term

Jum = Fy, ) (up, k) - (Vorpa + Voby )prdzdt
Qn

- onFp g (up, k) - vioroodH™dt
Ty

P(uy) € L*(0,T; HY(Q) = ($(un)ien)irn, = ($(uu)ie,)ir,
Fy, ., (up, k)) >0 converges strongly towards F'j, , (u, k) in LY(Q,)",
S q < o0

Fy, ) (uu, k))u>o is uniformly bounded in L?(0,7; V)™ N L>(Q)™

(U, k)p2) >0 converges weakly, up to a subsequence, towards
F;m,(u,k)gpz in L2(0,T; V)"
o (Fpp(ups k)p2) >0 converges weakly towards F'j, , (u, k)ps in L(3,)"
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The non "nonlinear” coupling problem

Study of the problem

u = 0 on (0,T) x 09,

Opu + dive (b(z) f(u)) + g(t,z,u) = dive(lo,()Ve(u)) in Q,
u(0,.) = wg on 2,

ﬁzﬁhUQ Q NQy, =0
n(@

)frn(u)lg, + by () fp(u)lo
tax)u) = gh(t Z, )HQh( )+gp(t7x7u)]19p(x)

Main difference

The flux b(x) f(u) does not satisfy the nonlinear condition

Julien Jimenez ()
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The non "nonlinear” coupling problem

o I'y, :thﬂan =I'ynT,
o Xy Z]O,T[Xl—‘hp

—

N

(2 h

Jpu + div (bp(z) fr(uw)) + gr(t,z,u) = 0

characteristics coming
from the hyperbolic zone

&y

A+ dive (by(2) fo(u) + gp(t, 2,u) = Ad(u)

Julien Jimenez ()
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Assumptions

up € L*=(Q)

Different nonlinearities on €2, and €,
b; € WL (Q)™, i = h,p

Typp C {0 €Ty, bi(a) - vy, > 0}

fn is nondecreasing

@ ¢ is nondecreasing, ¢! exists, ¢(0) =0
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Notion of weak entropy solution

o V={ve H(Q,),v=0ae on [, \Tp,}

o ue L®(Q), ou) € L2(0,T;V).
o Vo € (C(Q), Vo >0, Vk € R,

/ (Ju — k|Gup + b(2)®(u, k) - Vip)dwdt — / V|(w) — d(k)| - Vopdardt
Q Qp
- /Q sgn(u — k)(g(t, z,u) + divb(x) f (k))pdzdt

+ [ A{bufu(k) = byfy(k)} - vsgn(d(u) — ¢(k))pdtdH" ! > 0.

D(u, k) = sgn(u —k)(f(u) = f(k))

Coupling of hyperbolic-parabolic problems



Notion of weak entropy solution

Initial and boundary conditions

t—0+

e / lu(t, z) — uo(z)] = 0,
Q

) VQD € Ll(Eh\Ehp), > 0, Vk € R,

ess lim Fr(u(o +1vy), k)b, - vipdtdH™ ™t > 0,
T—0— S\ Zhp

where

Fn(r: k) = %(|fh(7—) = fn(O)] = [fu(k) = fu(0)] + [fa(T) = fu(K)I).
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Uniqueness

Study in the hyperbolic zone

Let u be a weak entropy solution. V k € R, VY € C°(]0, T[xR™), ¢ > 0,

/Q (Iu = kJBuo + [ fat) = fa(k)[bn - Vo — G, k)p)dadt

> e / Fn(u(o + 7o) — fa (k) bn - vngp(o)dtdHP 1

=07 J»
— ess lim |fn(u(o + 1v1)) — fr(0)|by - vhpdtdH™ !
7—0— Eh\zhp
+ | fn (k) — fr(0)|by, - vppdtdH™ !
2h\Dhp

Gn(u, k) = sgn(u — k)(g(t, z,u) + divb () fn(k))
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Uniqueness

Study in the hyperbolic zone

Let u be a weak entropy solution. V k € R, VY € C°(]0, T[xR™), ¢ > 0,

/Q (Iu = kJBuo + [ fat) = fa(k)[bn - Vo — G, k)p)dadt

> e / Fn(u(o + 7o) — fa (k) bn - vngp(o)dtdHP 1

=07 J»
— ess lim |fn(u(o + 1v1)) — fr(0)|by - vhpdtdH™ !
7—0— Eh\zhp
+ | fn (k) — fr(0)|by, - vppdtdH™ !
2h\Dhp

Gh(u, k) = sgn(u — k)(g(t, z,u) + divbp(z) fr(k))
@ Method of doubling variables = Uniqueness (on the hyperbolic area)

Julien Jimenez () Coupling of hyperbolic-parabolic problems 40 / 48



Uniqueness

Study in the parabolic zone

Let u be a weak entropy solution. Then d,u € L?(0,T; V"), and for any
ve L20,T;V),

T
/0 <<6tu,v)>dt+/ (Vo(u) — fp(u)by) 'Vvdxdt—l-/ gp(t, z, w)vdzdt

Qp QP

—ess lim / fn(u(o 4+ 7vp))by, - vyvdtdH™ ™ = 0

T—0— She
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Uniqueness

Study in the parabolic zone

Let u be a weak entropy solution. Then d,u € L?(0,T; V"), and for any
ve L20,T;V),

T
/0 <<6tu,v)>dt+/ (Vo(u) — fp(u)by) 'Vvdxdt—l-/ gp(t, z, w)vdzdt

Qp QP

—ess lim / fn(u(o 4+ 7vp))by, - vyvdtdH™ ™ = 0

T—0— She

@ Method of doubling the time variable = Uniqueness (on the parabolic zone)
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Existence : the viscous problem

Find a bounded and measurable function u, such that

Oruy, + div(b(z) f(uu)) + 9(t, z,uy) = diviA,Vou(u,)) in Q,
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Existence : the viscous problem

Find a bounded and measurable function u, such that

u, = 0 on X,

Oruy, + div(b(z) f(uu)) + 9(t, z,uy) = diviA,Vou(u,)) in Q,
u,(0,.) = wo on Q.

Assumption (H)

le{h,p} le{h,p}

and a.e. on I'p,,

(fp(M)bp = fn(M)bp) - v > 0,
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The viscous problem

Existence and uniqueness

Under (H), 3! u, € W(0,T) N L>(Q) such that
o Vte[0,T],m <uu(t,.) <M ae. inQ
® u,(0,.) =up a.e. in
e For any v € H(9),

(Opuy, v) + /Q(()\M(m)VqSu(uu) —b(z)f(uy)) - Vo+g(t,z,u,)v)de =0
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The viscous limit

A priori estimates

There exists a constant C' independent on g such that

||(/\u)1/2v$(uu)”2m(@)n + ||(N/\u)1/2vuu”%2(Q)n <C,

10supll 20,1551 () < Cs

where ¢ / V@ (T)dT
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The viscous limit

e ¢~ !is Holder continuous with an exponent 7 € (0, 1)

Proposition
There exists a function u in L>°(Q) with ¢(u) in L?(0,7;V) and such that up to
a subsequence when 1 goes to 0T,

Uy, — uin L>®(Q) weak — %
u, — w in LI(Q,) strongly for any finite ¢ and a.e. on @,
Besides we also have

Vo (u,) — Vo(u) weakly in L2(Qp,)™
uVé(uy,) — 0, A\,uVu, — 0 strongly in L2(Qp)"
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The viscous limit : notion of process

Theorem (Eymard, Gallouet, Herbin)

Let (wm)m>0 be a sequence of measurable functions on O with

Then 3 (Ug(m))m>0 and I m € L>(]0,1[xO) such that for all continuous and
bounded functions h on O x (—M, M),

Ve € LYHO), lim h(@, tp(m) )Edz = / h(z,m(o, z))daéd
m—+ Jo 10,1[x©
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The viscous limit : notion of process

Theorem (Eymard, Gallouet, Herbin)

Let (wm)m>0 be a sequence of measurable functions on O with

Then 3 (Ug(m))m>0 and I m € L>(]0,1[xO) such that for all continuous and
bounded functions h on O x (—M, M),

Ve € LN0), lim h(@, tp(m) )Edz = / h(z, m(a, x))dotdx
m—+ Jo 10,1[x©

Consequence
(wpien)u>o “— “m € L2((0,1) x Q)
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The viscous limit on the hyperbolic zone

The process 7 fulfills
o Vi € C(Qn), ¢ 20,

/ /Q (I — kv + b(a)®(m, k) - Vip)dadads

/ / sgn(m — k)(g(t, x,m) + divb(x) f (k))edadzdt > 0

T—0—

@ ess lim / / Fn(m(a, 0 + Tvh), k)b - vipdado > 0
Zh\zhp

1
@ esslim / / |7 (e, t, ) — up(x)|dadz =0
Q

t—0t Jo
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The viscous limit on the hyperbolic zone

The process 7 fulfills
o Vi € C(Qn), ¢ 20,

/ /Q (|m — K|Osp + b(z)®(m, k) - Vp)dadzdt

/ / sgn(m — k)(g(t, x,m) + divb(x) f (k))edadzdt > 0

T—0—

@ ess lim / / Fn(m(a, 0 + Tvh), k)b - vipdado > 0
Eh\zhp

1
@ esslim / / |7 (e, t, ) — up(x)|dadz =0
Q

t—0t Jo

Consequence
For a.e. ain (0,1),

(with u, — u in L*=(Q) weak — x)
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About the boundary condition

@ We use the concept of "boundary entropy-entropy” flux pair (F. Otto)
V6 >0, Hs(r k)= ((dist(r, 1[0, k]))? +62)% — 6
@nslr) = [ OuHSOL DS (NN
k
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About the boundary condition

@ We use the concept of "boundary entropy-entropy” flux pair (F. Otto)
V6 >0, Hs(r k)= ((dist(r, 1[0, k]))? +62)% — 6
@nslr) = [ OuHSOL DS (NN
k

o We choose v = 01 Hs(uy, k)¢ in the variational equality fulfilled by u,

/ (Hs(m, k)Owp + Qn s(m, k)by, - Vidadzdt > 0
(Ovl)XQh
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About the boundary condition

@ We use the concept of "boundary entropy-entropy” flux pair (F. Otto)

V8 >0, Hy(rk) = ((dist(r, I[0, k]))? + 62)% — 6
Qns(r, k) = / 9y Hs (A k) £, (\)dA
k
o We choose v = 01 Hs(uy, k)¢ in the variational equality fulfilled by u,
/ (Hs(m, k)Owp + Qn s(m, k)by, - Vidadzdt > 0

(Ovl)XQh

e So

ess lim Qns(t(a,o + 1), k)by(F) - viedadtdH™™ >0
7=07 J(0,1)xZp\Zhp
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About the boundary condition

@ We use the concept of "boundary entropy-entropy” flux pair (F. Otto)

V8 >0, Hy(rk) = ((dist(r, I[0, k]))? + 62)% — 6
Qns(r, k) = / 9y Hs (A k) £, (\)dA
k
o We choose v = 01 Hs(uy, k)¢ in the variational equality fulfilled by u,
/ (Hs(m, k)Owp + Qn s(m, k)by, - Vidadzdt > 0

(Ovl)XQh

e So

ess lim Qns(t(a,o + 1), k)by(F) - viedadtdH™™ >0
7207 J(0,1)XZp\Zhyp

@ When 6 goes to 0F

T—0—

1
ess lim / / Fn(m(o, 0 + Tvh), k)b, - vhpdado > 0
0 JE\Zhp
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