INTRODUCTION

General questions: given an open domain!" iR", a partial differential operator
P in" (usually non-linear) and a solution u of

1) Pu)=0 in ",
then

Q1- Can we define in a natural way the restrictayrextendedestrictionof u to
theboundaryof " ?

Q2- If this extendedestrictionexistsin someclassof objectsdefinedon this
boundary, can we reconstruct the solution u from an element of this class.

This programis obviously too ambitiousto be completedbut in the caseof
secondorderelliptic or parabolicequationst hasbeenpartially fulfiled, namely
for the non-linear Laplace and heat equations with strong absorption:

2) lu=u"

and

3) M AU+ =0
ot

9 : -
whereA = EB]SNW andq > 1. We shall not speakof the parabolicequationis
j

this series of conferences and slsalthcentrateon the elliptic equation.Moreover
we shallnot go very far in the tracetheorybut shall give a frameworkof what
has been done recently by analytical mearibamfield. Equation(2) playsa key
role in the understandingf super-processen therangel <q <2 andin scalar
curvature questions in conformal differential geometry when
q=(N+2)/(N-2). In physicsthe study of this equationwasinitiated by R.
Emden in 1897 (problenia meteorology)andlater on by Thomas-Fermin the
20-ies (theory of atomsand electronicpotentialwith q=3/2, N =3) and
Chandrashekar in 1937 (astrophysics and stars equilibrium problems).

In orderto understandhe problem,we shall divide our interventionin
three parts. We shall also always assume!thet a bounded open domawith a

regular boundary, sag’.
Section I The linear Dirichlet Problem

Our aim will be to solve



—Au =1 in Q,
(LDP) {

u=g on 09Q.
in a good enoughframework, which meansdataf and g respectivelyin

L (Q,pdx) (p(x)=dist(x,0Q)) andL'(!" ), andto prove the Brezisa priori
estimates.

Section 11 The non-linear Dirichlet problem

We shall presentBrezis, Keller-Ossermarand Gmira-VZron's resultson the
solvability of

~Au+|u[Tu=0in Q,
(NLDP)

u=u on 9<2.

whereq >1andpu! M ("# ), the space of Radon measuresieh We shall also
consider the boundary singularity problem.

Section III The non-linear trace

Although someparticularbut very importantresultshavebeenfirst obtainedby
Le Gall in a purely probabilisticframeworkwe shall presentMarcus-Veron's
analytic of theboundarytraceof any positive solutionu of the non-linearelliptic
equation

(NLEE) Au =u’.
This boundarytraceis anouter regularnot necessarilypoundedBorel measure

v ="Tr(u). We shall studythe propertiesof the mappingu a Tr(u) in some
Important cases, in particular in the subcritical casey <(N+1)/(N-1).



I - THE LINEAR DIRICHLET PROBLEM

Given: Q a boundedopendomainof R" with a C* boundary!" (in fact C
would be enough). Our aim is to solve

—Au=f in €,
(LDP) {

u=g on J0Q.

In this Sectionwe recall somebasictoolsin the theoryof secondorderlinear
elliptic equationsuchas Green'sfunctions,regularity theory, Sobolevspaces.
Finally we prove the Brezis estimates.

I-1 Construction of the Green function
If uandv aretwo C*(Q) function, Green's identity gives

" L, w*
(2) $(V! u" u! v)dx = $"‘2 V968 u%&ds

where! is theunit outwardnormalvectorto 0Q. Fix a pointy in ! anddefine
theNewton'skernelI” by

~(N(N-2)o, )" k-y[™",  N>2,

2 I'x-y)=T'(Ix-y| =
7 (x-y)=T(x-y) {(2n)lln|x—y|, N2

ry
(o, = volumeof unit ball in RY). It is well-knownthatx a [(x)=T'(x-y) is
harmonic inR" \ {y} andthat

@3) AT, =3,

in the sense of distributions R". Approximation argumerghowsthat v = I, is
admissible in (1) and that

4) [LAT(x - y)u(x)dx = u(y).

Relations (1)-(2) yield Green's representation formula

5) u(y)=ﬁg(u%(x—y)—F(x—y)%)ds +j;zl“(x—y)Audx



(Vy €Q) and, if u is harmonic,

ol d
(6) u(y) = ﬁg(uwx—y) —r<x—y>a—3) ds

If his aC'(Q)NC*(Q) harmonic function, then (1) implies

! /ﬁ
| = — -
#h.udx $#2u%$h%$ ds.

If G=T +h (5) becomes

u(y) = LQ( UE— G—) ds+fGAudx

and if G vanishes oh'

(7) u(y) = u|._.d5+ Yudx .

Formula(7) implies a representatiof harmonicfunctionsin terms of their
boundaryvalues.The function G = G(x,y) is the Green'sfunctionof Q. It is

unique.

The question of finding an harmonic function! inwith a given continuous
boundarydatag can be solvedby the Perron'smethodof sub-harmonidunc-

tions. LetS, bethe setof C’(T") sub-harmonic functions with respect to g tlsat
the set of continuous functions w which satisfy

(8) w(y)! - ;I%R(y)w(x)dx

NIQN
(VyEQ, VR > 0/ Bg(y) CQ) andw < g on 9Q2. Then Perron'stheoremasserts
thatthe functionu(x) = sup w(x) is harmonicin Q and satisfiesu =g on !"

(sincethe regularity of 0Q implies the existenceof barrier functionsat each
point).

Remark. Estimate (8) is equivalent to

, 1
®) W) = T g WO

Sometime<C” sub-harmonic functions are defined by the fact sato.



From Perron'snethodthe function G exists.The function %—G definedin
A%

Q x dQ is the Poissorkernelof Q, it is alsooftenquotedasP. If g belongsto
L'(0Q) the function

9) Py (x) = P(x.y)g(y)ds(y)
defined forx ! " is calledthe Poisson potential of g. It is an harmonicfunction
in! .

I-2 Regularity results

If T" is the Newtonian potential, thenistpossibleto checkdirectly the regularity
of the secondderivativesof x a ;I%N! (x" y)f(y)dy whenf! C,(R"Y). This
regularity is given in two directions:

1- The space€” of C* functions with H3lder continuous second derivatives
0<a<1).

2- The Sobolevspacesw >* of L* functionswhosederivativesup to the order
two belongto L” (1< p < ).

This scopeof theregularityestimategjoesfar beyondthe study of the Laplace
equationandappliesto very generalelliptic operatorsA particularcaseof in-
terest for us is the Helmoltz operator

(10) ua Au-cu

wherex a c¢(x) is a bounded measurable functiorin

Definition 1. Let 1 <p < and k! N., then

(12) (. = %, ID" (" #C§ (W)

W LP(" )

aﬁ
I =(1 I I I = ! " =
where! ¢ 157 29eeer N)’ | | #j"N' i andD axflaxgzn.aX‘,iN .

The space W*P(Q) is the space of distributions belonging to L"(Q) as well as
all their derivatives up to the total order k. It is endowed with the structure of a

Banach space with the norm defined in (11). The space WP (Q) is the closure
of C2(Q) in WP (Q).

Definition 2. Let O <o <1, then



(x,y)9%6t &# |X l yl

and
(13) lel.. . = suplecol+[c],

The space C' (™) is the space of continuous functions defined in Q for which
the above norm I "a,g is finite. For kK €N.. denote

(14) I2l,... = sypsup|DC0] + supsup[ D'E] .

Bl
then the space c* (") is defined similarly to C ™) from the above norm..

Theorem 1 (Schauder)Suppose that 0Q is of class C* (i.e. locally repre-
sented by C** functions), c€C"(Q) for some 0 <a <1 and let uEC*(Q),
g EC**(9Q) and f EC*(Q) such that

Au-cu=f in Q,
as
u=g on 09.
Then there exists a positive constant C =C(1," ,|c|, . ) such that
@8) oo #C(if] - +lel, . +suph).

If we define the spac€’ (" ) as the space of functiohsfor which |§|a,|< is finite
for any compact subs&t C Q, we have a local version of Theorem 1.

Theorem ILSuppose that ¢ EC*(Q) for some 0 <o <1 and let u eEC’(Q)
and f €C*(Q) such that

(17) Au-cu=f in Q.

Then u belongs to C**(Q); more precisely, for any compact subset K C Q,
there exists a positive constant C=C(! ," |c[|, . ,dist (K, #" )) such that

(18 Il =C(IFho + el +suplul)

Theorem 2 (Agmon-Douglis-Nirenberg)Suppose that Q2 is of class C? (i.e.
locally represented by C* functions) ¢ EC(Q) and let uEW’”(Q) N W,*(Q)



and f €L’ (Q) (for some 1 < p < ) satisfy (17). Then there exists a positive con-
stant C = C(p,Q, sug|c|) such that

(19) lully e o) = ClIE e )+l )

We say that TEW,"(Q) if the restrictionof T to any opensubset! with
compact closure i® belongsto W*?(! ). The local A-D-N estimates are

Theorem 2'. Suppose that c is continuous in Q and let wEW P (Q) and

f €EL"(Q) for some 1<p < such that (17) holds. Then for to any open subset
I as above there exists a positive constant depending on p, Q, 51|1p|c| and

dist (©, 0L2) such that

(20) Iu"WZP(@) = C("f"LP(,Q) + "u"LP(Q))'

Remark. Thereexistvery usefulimbeddingtheoremsbetweenSobolevspaces
W (1) and W"9(! ) for O<| <k and 1=sp<qg=w or Sobolevspaces
W P(Q) andC'* (Q) for some0 =< | <k and a €(0,1) dependingn N, k and
p. Their expression is a bit technical but we shall refer to them later on.

I-3 The maximum principles

Theorem 3 (weakmaX|mumpr|nC|pIe) Suppose that C is continuous and non-
negative in Q andlet ueC’ (QNC’(Q) satisfy

(21) Au-cu=0 (resp.=0) in Q.
Then
(22) sUpu = supu (resp.sgnul = sggFjul).

This theorem admits a strong fostatingthat underthe sameassumption®n c
andu, the functionu cannotachievea non-negativenaximumin Q unlessit is
constantThis strongmaximumprincipleis a consequencef the so called Hopf
lemma.

Theorem 4 (Hopf). Suppose that c is continuous and non-negative in Q and

uEC*(Q)NC’(Q) satisfies inequalily (21).Suppose also that x, €9 is such
lu

that u(x,)>u(x) (! x" #) and —(xo) exists. If U(X,)=0, then ;T(xo)<0

If ¢ =0 no assumption is needed on the sign of U(X,).



The previousresultremainstrue if ¢ is no longer non-negativeprovidedit is
assumed thai(x,) =0.

I-4 Dirichlet problem in L'
We recall that (x) =dist(x,"# ).
Theorem 5 (Brezis estimates).et f be a measurable function in ' such that

of ELY(Q) and g! L' ("# ). Then there exists a unique function u! L'(" ) such
that

(23) —fQuACdx =fo§dx _f 98

Q2 Jv gds !

for any CEC:;I (Q), the space of functions with compact support in Q and
Lipschitz continuous gradient. Moreover there exists C = C(Q) >0 such that

(24) IullLl @) Sc(llpf"Ll(Q) + "g"L1 (ag))’

and U satisfies

(25) —fg|u|A?;dx +J;Q %|g|ds st@sgn(u)dx,

(26) —fQu+A§dx +L92—Eg+ds sfgf@sgf (u)dx,

for any TEC, (Q), T=0. In these formulas sgn(r) =1 if r>0, sgn(r) =1 if
r < 0 and vanishes at 0, while sgn"(r) =1 if r ! 0 and vanishes if r <0.

Remark. If TEC,' (Q) thereexistsa constantC suchthat [c| < Cp.

Proof. Step 1. Take(f,,g, ) EC"(Q)xC’(dQ) andcall u, the unique solution
of the corresponding (LDP). Seta smooth,odd andincreasingapproximation
of the sgn function witli | " sgn andlet ! =! | be the solution of

'1"# =8, ) in %
(27) ( _ 0
) #=0 on &%

FromTheoreml ! " C**($) and



(28) fguny(un)dx=fgfnndx—fagg—ggnds.

If B is the solution of

-ABp=1 in Q,
(29) {
=0 on dQ
: 2,0 . BT] 6[3
thenp isalsoC™, -f=n=p =Cp with C=C(Q) and -~ < o < C on the
A%
boundary. Therefore
(30) fguny(un )dst(fQ f lpdx +faQ g, ds),
which gives (24) fofu, .f,,g,) by letting! goto sgn.
Step 2. Let LEC,' (Q), T=0 and& =&, =Ty(u,). Then
d
(31) ~ [ ACy(u, dx = L £.2y (0, )dx ~ [ —=(Cy(u,))g,ds.
But
~ [, unACy(u,))dx = [ y(u, Vu,. Vadx + [ Ty' (u,)|Vy (u, ) dx
aC : du_
[l unt (wa)==ds = f Tu,y' (u,)—=ds.

Set j(r) =f0ry(s)ds, then

fgy (u,)Vu,.Vidx = LVj(un).VCdx,

e BN
= —[,(u,)ALdx + [ j(u,)==ds.

"dx = 0. SinceC =0 on 9Q, we have

But [ Cy'(u,)[Vy(u,)

T ds= -, = (i(u,)g.ds

Q2 v

_faQ unY(un)g_SdS_fQCunYl (un)

and



@) [ iu)ATdx+ [ (9, 2Sdss [y (u, .

By lettingy goto sgn we get (25) for (u, .f,,g,). We prove(26)in the same

way by replacing! by a smoothincreasingapproximatiorfrom below of sgn”
which vanishes ol " ,0) and is positive 010, ).

Step 3. Existenceand uniquenessAssumethat {(pf,,g,)} = {(pf.0)} in

— 00

L'(" )" L'(# ). Then{u,} isa Cauchy sequenceli(Q) from Step1 andits
limit u satisfies (23)-(26). This gives existence. Boiguenessve supposedhat w
is anintegrablefunction which satisfieszwAZ;dx= 0 for any ! " C;'(#); for

test function, we také the solution of

LU H=$(W) in %,

(33) § #=0 on &%

Although it is not aC?(Q) functionit belongsto ! (W>?! W,*) by Theorem
p<’

2 which is included int(("!<lcl"' (F))! C,(#) by Sobolevimbeddingtheorems.

This is sufficient for a testfunction since!" is essentiallypounded.Then

H#w!l(w)dx =0 andw ! 0.

Remark. Estimate (26) means that the mappihg(f,g)a u=P, (f,g) solution
of (LDP) in the sense of Theorem 5 is order preserving from
LY(Q, pdx) x L*(9R) into L'(Q).

10



IT - THE NON-LINEAR DIRICHLET PROBLEM

GivenQ a C’ boundedpendomainof R™, our aim is to solve

%II + q!'l =O . #
nopy @ T E_u?n#

whereq >1 and ueM (9Q), the spaceof Radonmeasuresn !" . We also
are interested into the following question: does it exists a non-zero function
belonging to C(Q\ {a}) N C*(Q) for somea €9Q and satisfying

% "u+|u|q!1u=0 in #,
(ISP) &

' u=0 on $# \{a}.
II-1 The regular non-linear Dirichlet problem

If we want to consider the problem

% "u+u"'u=0 in #,
&

1
@ u=g on $#,

where g >1 and geC** (aQ), we set ! ()= P(x,y)ey)ds (@ s
C*“), and introduce

1
q+1

1 .
2) J,(v) =fQ §|Vv|2 + v+ @ l)dx

on W,?(Q) NL"'(Q). The functional J, is strictly convexand I.s.c.in
W,” () NLY*(Q) and it satisfies

(3) lim ng(V)=OO.

IVIWLZm a1 >

A classical result fronconvexanalysisassertdhat J, achievedts minimum
in W,%(Q) NL™(Q) atauniquepointw where

(4) &(! wI" e # [ (wH#)")dx =0
(Ve ew,? (@ N L' (). This implies that the functiom = w + @ satisfies

(5) fQ(Vu. Ve +uf u@)dx =0.

11



In particularif y is a smoothincreasingapproximationof the function
ra r vanishingon (-e,0] andpositiveon (0,! ) andif m =supg, then

y(u-m) EW;*(Q) N L"(Q) and
(6) [, (v (u-m)IVul® +uf**uy (u-m))dx = 0.

Thereforey (u- m)= 0 a.e. which implies that u sssentialljboundedfrom
above.In the sameway u is boundedfrom belowandfinally u! L' (#).
Extensionof Theoremsl-2 in Sect.l yield u! C* (# ). Consequentlyve
haveprovedthatfor any g! C* (#$) thereexistsa functionu €C**(Q)
satisfying(1); u is uniquefrom Brezistheoremsince,if u, and u, are
solutions corresponding to boundary dgtandg,, we have

[ (ja, — u, aax) + [ (||u,|q-1u, ),

g
< —ﬁzgsgn(u1 - u,)ds,

sgn(u, — uz)?;dx)

(7)

foranyZE€C,.' (Q), T=0. In particular

L'(%")"

© e, ol o )] sClet e

In thesameway g, ! g," u,! u,. From C** boundarydata,we cango
to continuous boundary data, by using (8) and the facm'hblaﬂ " sgplgl.

We shall denotel = P (g) the solution of (1) i with boundarydatag.

II-2 The Keller-Osserman estimates and the large solutions

One of the striking properties of any solution of
9) ~Au+uf"u=0 inQ,
(q > 1) is the existence of an a priori estimate.

Theorem 1 (Keller-Osserman)There exists a constant C = C(q,N) >0
such that if U is any C*(Q) solution of (9),

(10) ueOl= Cp() @D (1 x" #).

12



Proof. Step 1. Supposehatv ! C’(B;(0)) is C* on 0" =(x: v(x)>0)
where it satisfies

(11) —-Av + Av? < B.

for someA >0 andB = 0. Then we claim that

1(g-1)

_(BNg)™ (B
(12) V(O)_( AR ) +(A)

Take p€(0,R) and set y(x) = y(r) =A(p* =) "
andu =0 haveto bedeterminedn orderto have

+u, whereh >0

(13) ~Ayp + Ay =B.
Then
-Ay + Ay
2}\’(pz_rz)—Zq/(q—l) A}\q_l_ZNRz + 2 N_2q+1 1‘2 +AMq
q-1 q-1 q-1
_ # +1)& vy
and if we choose ! :maxoz)23\I ,4(({ 12) , = Lz and
$4" 17(q" 1 Ap

1/(q-1)
u = (X) we have (13). From Kato's inequality

(14) A(v=9) =sgn’ (V-9)A(v-1y)

in the sense of distributions By, (0) where (v-1)" hascompactsupport.
Therefore(v —¢)" =0 andv(0) <(0). Letting p 1 R yields (12)

Step 2. Let x,€Q and R = dist(x,,dQ) = p(x,). The function u” is
continuous inB (0) and isC> on O* = (x: u(x)>0) wherethereholds

(15) "u+u’=0.

By applying Step 1 ilB;(X,), we get

V)

$
(16) u(XO)! %z(xo)z ’

13



and (10) follows by replacing u byu.
From the Keller-Osserman estimate it is possible to consirpasitive solu-

tion u of (9) which blows up everywhereon the boundaryit is calledthe
large solution. In factthefor n >0 setu, the solution of

~Au, +|u,[Tu, =0 in Q,
(17)

u, =n on 092,

Then0 <u, <u, for n'>n. Becausef (10) {u, } is locally boundedin Q,

independentlyof n and thereforeit convergeswhenn goesto infinity, to
some functionu,, which satisfies

(18) l}ir)pou#(x)=$.
Going to the limit in the relation
(19) [.(-uAT+uic)dt =0

where €C, (Q) impliesthat u, satisfiesthe sameexpressionSinceit is
locally bounded it is a solution of (9).

One ofthe main problemconcerningthe large solutionwasthe questionof
unigueness. This uniqueness was proved:

1- In thecaseq = (N +2) /(N -2) by LoewnerandNirenberg(1974)in a
geometric framework.

2- WhenQ is star-shapedavith respecto somepoint by Iscoe,by usinga
transformation which conserves the equation

(20) ugk N, (u) whereN (u)(x)=k>“"u(kx) (k>0).

3- When Q2 is smoothand compactby Bandleand Marcusand separately
VZron (1992). The technique uses the expansion

1/9-1)
@) m " oou00- (2]

4- When 9Q is not regular,first resultsare dueto Le Gall_(1994) for
N =2 =q in aprobabilisticframeworkandthenMarcusandVZron (1995)

in the general case whe® is locally the graph of a continuofinction (in
that case existence may not holdji (N -1) / (N - 3)).

14



5- Whenl<qg<N/(N-2) it hasbeenrecentlynoticedby VZron (MSRI
Oct. 1997) that no assumptioron 92 is neededn orderto havea large

solution. Moreover, iBQ C Q°, this large solution is unique.
The following result follows from the Keller-Osserman estimate.

Theorem 2. Suppose g! C("# ,[0,$]), then there exists a positive solution

uof (1).

Proof. Considering the increasing schefng} for n >0

%1y +|v,[''v, =0 in #,

(22) &
'v, =g, =min(n,g) on $#,

thenv is positive and converges to a solution of (1) when n goes to infinity.

Remark. In 1993 Kondratievand Nikishkin provedthat, within this frame-
work, uniqueness may not hold wheaq <(N+1) /(N -1).

Remark. This large solution is the maximal solution of {®)Q2 in the sense
that any other solution is dominated by it.

I1-3 The L* non-linear Dirichlet problem

Theorem 3 (Brezis). Let g! L'("#), then there exists a unique
u! L'(" )N LYR,pdx) such that

(23) fg(—uA§+|u|q‘lu§)dx= - a—ngs

92 gv
(VT EC'(Q)). Moreover the mapping ga u=P/(g) is increasing and
(24) o, - w0, +lp(hCu) = h@u)) = Clle - gl o,
where U, =P3(g;), j =12 and h(r)=|rf""r.

Proof. Let {g,} €C*(0Q) suchthatg, =g in L'(6Q) whenn goesto
infinity and denotar, = P;(g,). Then

(25) fg(—unAZ;+|un 4! uni;)dx = —J;Qg—% g ds

15



for any L EC,'(Q), and from estimate(8) {(un,h(un))} is a Cauchy
sequencen L'(Q)x L'(Q,pdx). Thereforeh(u, ) — h(u) a.e.and in
L'(Q, pdx) which implies (23). The uniquenesdollows from the Brezis

linear estimatesand the monotonicity from the monotonicity of PJ in
c'(1" ).

I1-4 Measure boundary data

ThePoissorformula(9)-Sect. which expresseshe Poissonpotentialof a
function g €L () is extendibleto a Radonmeasureon u eM (9Q). We
set

(26) P,(x) = [[P(x,y)duw(y)

(Vx €Q), andthe function P, is harmonicin ! andtakesthevalueu on
dQ in the sense that

27) - P ACdx = - ﬁgi—%du

(VZEC'(Q)). In orderto extendTheorem3 to measureboundarydata,

we need the following estimateson the Poissonkernel: there exists
C =C(Q) > 0 suchthat

(28) C'lx =y p(x) = P(x,y) s Ch - y[ p(x)
(V(x,y) EQ x Q). Consequently

(29) [PC.y)re =Ko (V1sp<N/(N-1), Vy€0Q),

(30) IP( ’y)"LP(! ' dx) # K:,!
(11" p<(N+D)/(N#1), ! y$%8&).

Theorem 4 (Gmira-VZron)Suppose that 1< q <(N +1)/ (N -1), then for
any WEM (9Q) there exists a unigue u EL (Q)N L'(! ," dx) such that

(31) fg(—uA§+|u|q‘1u§)dx= —ng—s du

16



(VC ECé’l(ﬁ)) and the mapping ga u=P*(g) is increasing. If {un}C
M (0Q) converges weakly to W EM (0Q) when n goes to infinity, P5(u,)
converges to PJ(w), locally uniformly in Q.

Proof. Uniguenesgandmonotonicityfollow from the Brezisestimateg25)-
(26) in Sect. I. Lefg, } CL'(9Q) suchthatg, — u weaklyin M (6Q) and

setu, = P5(g,). From the maximum principle

(32) -P_=<u,<P_.

SincePgt (x) =faQP( X,y)g:(y)ds, we take f €17 (Q) with p=p/(p-1)
andl=p <N/(N-1), and we have

[P COFR)dx = [ [ P(x,y) 22 (1)ds(y) Fx)dx,
(33) - [ ([, PeyEx)dx g3 (n)ds(y),

= Kp,Q €1, (Q)ng: (y)ds(y).

This implies

(34) |Pg: e =K,olg. o =
Similarly

(35) |Pgﬁ 1P(@, pdx) = K, o[ L_‘(aQ) =K

forl=sp<(N+1)/(N-1).If wetakeq<p in (34),and1<p in (35)we
deducefrom (32) that {u,} and {un["lun} are equi-integrableand

thereforeweakly compactin L'(! )" L(! ,#dx). From the Osserman-
Keller estimate{ un} remains also locally uniformly bounded! . By using
Theoreml' and?2' of Sect.l, for any! openwith ©C 6 CQ, { u, |c2~!<r>}

remainsboundedand thereforerelatively compactby Ascoli's theorem.
Consequentlyhereexistasequence{unk} and a C*(Q)-functionu such

thatu, — u, andweaklyin L'(Q). Moreover " u, —> lu'u weakly
in L' (Q, pdx) . Letting n go to infinity in (25) yields (31).

unk

17



The stability result is proved by the same devitg., — u weaklyin
M (" ), it remains bounded in the total variation norm and there{fﬁim}

remainsboundedin L™ (Q) x L™ (Q,pdx) for any 1<p, <N/(N -1) and
l<sp,<(N+1)/(N-1). Since|P;;(Mn <F . we have althe neededcom-
pactness to le, go to infinity in the weak expressiorof (31), . Therefore

the full convergence result follows from uniqueness.

Remark. The mappindP. is increasing fronM (9Q) to C*(Q).

Remark. We shall seein next paragraphthat (NLDP) may not have a
solution forany u €M (0Q) whenq =(N +1) /(N -1). For examplethere
existsno solutionif u =49, for somea &€dQ. The full treatmentof the

solvability of (NLDP) hasbeencompletedvery recentlyby Dynkin and
Kuznetsovin thecasel <q! 2 and MarcusandVZronwhenl1<q. This

treatment involves Bessel capacities.

Remark. A moreelaboratedinalytictool (weightedMarcinkiewicz spaces)
allowedGmiraandVZronto prove an existenceand uniquenessesultfor
the general problem

%"u+g(u) 0 in #,

(35 u=p on $#,

where g is continuous and non-decreasingM (92) and

@) [ |aBpdx <.

I1-5 Isolated singularities

As we haveseenit above,if 1=sq<(N+1)/(N-1) and a €9, for any
n >0 thefunctionu,, =P;(nd,) is a solutionof (9) which vanisheson

9 \ {a}. Moreover, when n increases, it samewith {u, ,} . From the

Osserman Keller estimate, this sequence is locally uniformly bounded in
thereforeit convergeso somepositivesolutionu,., of (9). By usingsome

local estimateon the boundaryit can be checkedthat {ua,n} is

equicontinuousn any compactsubseof T \ {a} . Thereforeu,, vanishes
on !I" \{a}. This solution u,, is the maximal solution of (9) which

vanisheson !" \{a}. As for the behaviourof u,,(x) neara it canbe

obtained from perturbation theory. Actually estimates (28) and
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(37) 0! PY(n#,Xx)! P, (x)=nP, (x) =nP(x,a),
gives
(38) 0! u,.(x)! Colx#a|" $(x).

Finally it is possibleto prove that the non-linearterm is negligibleneara in
some sense and that

(39) fim Saa®)

x'a P(x,a)
Alwaysin therangel <q <(N+1)/(N! 1), thefunctionu,, hasa much
strongerblow-up than u,,. The expressionof this blow-up needsto
introduce spherical coordinates centeatd. In fact thereexistsa functions
o defined orthe half unit sphereS'* the equatorof which belongsto the
planeT,0Q2 tangentto 9Q atthe pointasuchthat

(40) im |x—af"“"u,.(x)=o((x-a)/|x-al).
Moreoveru,, is the unique solution of (ISP) which satisfies (39).

Thefollowing resultassertghat(39) and(40) characterisall theiso-
lated singularities of the solutions of (9).

Theorem 5 (Gmira-VZron). Let 1<qg<(N+1)/(N-1), al'# |,
geC’(9Q) and u! C(Q\ {ah)yn C*(Q) is a positive solution of (9) which
coincides with gon " \{a}. Then either

() u=PJ(g), and uis regular in U ; either

(ii) there exists N> 0 such that v =PJ(g+nd,) and u(x)=u,,(x) in
the sense of (39); or

(i) u=P%(g+"# )= ]ngn u=P%(g+n#,) and ux)! u,.(x) in the
sense of (40).

Whenq! (N+1)/(N" 1) thesituationis completelydifferentsince
all the isolated boundary singularities of the solutions of (9) are removable

Theorem 6 (Gmira-VZron).Let q! (N+1)/(N" 1), al"# , g! C'("#)
and ueC(Q\ {a}) NC*(Q) is a positive solution of (9) which coincides
with g on 0Q\{a}. Then U can be extended to Q as a continuous
function and in fact u = P3(g).

The proof of this result is rather technical, however it can be noticed that if
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(41) u(x) =o(P(x,a)) + b(x)

neara, for someboundedfunction b, thenu remainsuniformly boundedin
| . Actually for any! >0, the functionx a w,(x) =¢P(x,a)+|b|- is a
supersolutiorof (9) which dominateau in a neighbourhoof 9Q2. By the
maximumprincipleu <w,, and u <|b|.- by letting ! go to zero.In the
sameway u = —|b|,-. The boundednessf u impliesits continuity. As for

estimate(41) it is a consequencef the Keller-Ossermarestimatewhen
q>(N+1)/(N!1). In thecaseq=(N+1)/(N! 1) the schemeof the

proof is more complicated.
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THE NON-LINEAR TRACE

III-1 The boundary trace of harmonic functions

It is easyto checkthateverypositive harmonicfunctionu in the unit N-ball B
possessea boundarytrace given by a positive Radonmeasurep! M *("B)
which is attained in the sense of weak convergence of measures:

(1) IirrglﬁBZ;(o)u(ro)do =LB Cdu

for every! " C’(#B). By the Riesz-Herglotzheorem,for every non-negative
Radon measurg on 0B thereexistsa unigueharmonicfunction with boundary
traceu, and it is represented by the Poisson integral

2 u(x) = [_P(x,0)du(o).

This resultis still valid if harmonicis replacedby super-harmoni¢Doob).
Moreover,the positivity assumptioron u can be replacedby an integrability

condition (for examplé u" L'(B,#dx)) andin that casethe boundarytraceis a
general Radon measure 6B.

III-2 The non-linear boundary trace

For simplicity we shall still consider the case wheredpensubsetis the unit N-
ball B. If g >1 and u is a positive solution of

3) I "u+u' =0 inB,

Keller-Osserman estimate gives

(4) u(x) = C(N,q)(1 = x]) 2.

The existenceof a boundarytracefor positive solutionsof (3) hasbeen
discoveredn thecaseq =2 =N by Le Gall who gavea probabilisticrepresen-

tation of anypositive solutionof (3) in that case(1993). The notion of tracethat
will be presenteds due to Marcusand VZron (1995); it is a purely analytic
presentation and is extendible to much more general nonlinearities.

Theorem 1 (Marcus-VZron)Suppose q > 1 and U is a positive solution of (3) in

B. Then for any ® €0B we have the following alternative. Either
(i) for every relatively open neighbourhood U of w on ! B

5) lim u(I'O')dO =00,

r—1
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or
(i) there exists a relatively open neighbourhood U of ' on 0B such that for
every | " Cg(U)

6) lim (' u(ro)g(0)do =1 (D),

where | is a positive linear functional on Cy(U).

We denote(r,0) €S x (0,) the sphericalcoordinatesn R™ and A, the

Laplace-Beltrami operator on the unit sphg¥e’ that we identifywith oB. If V
is an open domainf S, we denoteby ¢, thefirst eigenfunctionof —A ., in

W, (V) with the normalisation condition

@) maxg, (o) =1

The correspondingigenvalues ! | >0, andif the boundary! V on S** is C°
Hopf Lemma applies and

(8) ac'J<OonaV.

GVSN_l

Lemma 1. Let V be an open domain of S ' with a C* boundary, U a positive

solution of (3) in Band ! >(q+1)/(q" 1). Then we have the following di-
chotomy. Either

(i)
©) [Lf, w1 r)rdodr = oo

and in that case

10) i [ (ugi)(r,0)do = o,
or

(i
1)  [f u'gld-rrdodr<os,

and in that case, for any C? function T on V which satisfies

(1) 0=<[t|=kegy and |AT|< kel
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for some k =0, the following limit exists
(12) lim Gu(r," A" =1 (#)

and the mapping Ca |(Q) is a positive linear functional defined on the subset
of C*(V) of functions which satisfy (11).
Proof. Step 1. The following integral is finite

q/(q_l) _ / -1
(pV(X (q )dO.

(13) = |Ag.oy
FromHopf boundaryLemma
(14) ¢y (0) = Cps(0)

for any o €V, where ps(o) = disty, ,(0,4V) is the geodesicdistanceon ™
andC, >0. Since

v * a- 2
) Ag i@y = —ahy@y + oo - Doy [V, [,
/(q-1)
(16) |AsN-1(P§X/|q ’ < C,pi-»/ah
and finally
/(q-1)
(17) |ASN—lcp$/|q q (p;/ot/(q—l)(g)sCSp(Sq(a—Z)—a)/(q_l).

But a>(q+1)/(@q-D=(q(aa-2)-a)/(q-1)=a-2q/(q-1)>-1, and
(13) follows.

Step 2. Reductionof the equation We shallsupposeN = 3, the caseN =2 re-
quiring a special treatment. In spherical coordinates (3) reads

u N-1du 1
18 —+ —+—A_ u-u'=0
(18) o 1 or sl

in (0,1)x "', We set

(19) S=

and
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szdzv 1 A, v—KsV294 _ o

(20 o b

in (0,a)xS"' ™" =(0,(N-2)")x S'™" whereK =K(N,q) >0. Then

(21) S2 ey ¥ chvd0+ N EZ)ZL VA ¢ydo - SN/(N‘Z)‘qKLchpf‘,dG _0.

1
We setX(s) = f vpydo andY (s) = (fv pydo ) " From H3lder's inequality

a/(q-1) _ 1-1/q
G 1)d0)

oy vdewicols(fvaido] (fla0s
<+ 1/qY(S)

and (21) becomes
23} €X +JY —Ks" M2y, g

(23). X - J¥ —KsMMN-D-aya _ g
whereJ = I""(N -2)72.

Step 3. Endof the proof (N = 3).
Case 1: suppose that (9) holds, then

(24) fa/zﬁ/ Vit (1-sa*)dods= a‘lﬁl/ZYq(a— s)ds = .

From (23+ we deducethat there existtwo constantsA,B > 0 (anddepending
on a) such that

"

(25) X »AY®-B
on (a/2,a). Then
X(s)=X(a/2)+(s—a/2)X (a/2)

26 ~
(26) AL (=D @dt-2(s-al 27

andlim X(s) =  from (24); this means that (10) holds.

s—a

Case 2: suppose that (11) holds, then
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27) fa/zj; Vigy (1~ sa” )dods = a_ljj/qu (a—s)ds <o,

inequality (25) is replaced by

(28) X =AY?+B
and
(29) %(X(s)—Aj:/z(s—r)Yq(r)dr—g(s —a/2)2) <0.

From concavity and (27)im X(s)< «. If T is aC’ function which satisfies(11),
wesetX, (s) =Lv§do and (21) implies

l 1

(30) sX, + N_27 fv VA tdo - Ks" P fv vitdo = 0.

But

(31) I[, vAg-do] < k[, va do < k([ vqcp‘v*do)”q (@5 do )H/ N
and

(32) va qu;do| <k [ vgiido.

Therefore it follows from (27) that
(33) L1 vAtdofa -s)ds <o and [’ | vicdofa-s)ds <.

Integrating(30) twice implies that lim X (s) =1(T) existsand obviously the

correspondencéa | (Z) is apositivelinearfunctionalon the setof C* func-

tions T which satisfy (11). Therefork can be extendedasa positive measureon
V.

In the caseN = 2 the principle remains the sarbat the changeof variable
(19) is replaced by

(34) r=e", u(r,o)=v(t,o),

which transforms (18) into
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(35)

on (0,) x S'.

Proof of Theorem 1. If | " #B andthereexistsan openneighbourhood/ such
that (10) holds, we have the existence of a positive Radon megsauehthat

(36) lim [ u(r,0)do = [[Tdu(o)  (VCECH(V)).

If such a neighbourhood does not exist, we are in case (i).

Let R bethesetof the w €9B such that (ii) holdsR is relatively open anthere
existsa unique (non-negativeRadonmeasureu suchthat u, = u,. The set

S=9B\R is closed.

Definition. The couple (S,u) is called the boundary trace of U. The set S is the

singular part of this trace and the measure . on R = 0B\ S, the regular part
of the trace.

For convenienceit is often useful to introduce the Borel measure
framework.Actually thereis a oneto one correspondencbetweenthe family

CM of couples(S,u) where S is a compactsubsetof 9B and p a positive
Radonmeasure®n R = !B\ S andthe setB,, of outerregular,positive Borel

measureson dB (B is outer regularif for every Borel subsetE of 9B,
H(E) = c’)lmfv 1(0) whereV; is the setof relatively opensubsetof 9B containing

E). Let fEB
follows

we define theregularsetR, andthe blow-upset § of B as

reg?

R = {oo €9B: U, rel. open neighbourhood of ws.t. B(U) < 00}

S =9B\R, = {w€dB: YU, rel.openneighbourhoodf o , B(U) = =}.

M
The correspondendeM — B, is given by

37 M (S - it wheref(a) = {M) T AER.
(37) ((S;w)) =uw whereu( )={Oo FANS<D.

for every Borel subses C 0B, and

(38) M) =(S.ty ).
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With this notation we shall denote

(39) Tr(u) = uw€B,, wherep =M (S_B,BlRﬁ ).

The general non-linear boundary value problem is to solve

~Au+Ju'u=0 in Q,

(GNBVP) { Tr(u)=u€B,_,.

The problemis completelydifferentaccordingl <q <(N+1)/(N! 1) or
q! (N+1)/(N" 1). This is due to the following pointwise blow-up estimate.

Theorem 2. Suppose 1 <q<(N+1)/(N! 1), Uis a non negative solution of (3)
in B with tr(u) = (S,u) and o €S. Then

(40) 1}2 u(r,w) =,

and more precisely

(41) lim inf (1~ 1) Pu(r,w) > 0.

Proof. We use a scaling-concentration argument &S

(42) im ., u(r,0)do = o

for any n >0, whereD, (o) is the geodesic ball a#B with centerm andradius

n<mn. lf 0 <k<1 wesetu, =N, (u) definedby u, (x) = k™" "u(kx), and u,
Is a solution of (3) iB,,, . We denote

(43) M,. = &(%) u(1#!,%$)d$

for 0 <! <1. For m >0 largeenoughand n&(0,r) thereexistse = ! (",m)
suchthat m=M, . Let w,_ be the solution of (3) in B with the following

boundary value (in which ; is the characteristic function of the set E)
(44) W, (1,0) = Uy (1,0)%p, @) (0)-

From comparison principle/, < u, . in B. When! goesto 0, it is the samewith

! . From Theorem4-Sect.ll, w, convergedo u,,, =P5(md,) andu,_, to u.
Thereforeu,,, =u, for anym >0, which implies
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(45) u

=Uu.

We get (41) from Theorem 5-Sect. 2.

The main result of the subcritical caseis that the generalnon-linear
boundary value problem is well posed in terms of boundary trace.

Theorem 3. Suppose 1<q<(N+1)/(N-1). Then the correspondence
ua Tr(uw) which assigns to each non negative solution U of (3) in B, its bound-
ary trace in Breg is one to one.

This theoremwas provedby Le Gall in the caseq =N =2 with probabilistic

techniques and ithe generalcaseby Marcusand VZronby an analyticmethod.
We present below the skeleton of their proof:

() The problem care reducedto the casewhen u only takesthe valuesO and
o, Theadvantages thatthis set of boundaryvaluesis conservedoy sum and

positive multiplications
(I) Construction of a maximal solutiohet S= S, the singularsetof p andput
S, ={" #$B: dist(",S,) <! } If u, is the Borel measurewith singularset §,,

and is zero elsewhere, there exista solutionwith Tr(u, ) =y, . {u!} iIncreases
whene decrease® 0 andu = lim u, is the maximal solution.

e—0

(1) Construction of a minimasolution. L et {yk} be a densesequenceén S. Put
w,=n »98, andu, thesolutionwith u, = Tr(w,) (Gmira-VZron).Then {u, |

I<k=sn
increases with n and = lim u,, is the minimal solution.

n—oo

(IV) There exists C > 0 such that< Cu (scaling methods).

(V) Showthatu- 2—1C(U — u) is a positive supersolutionwhich is dominated

by u if u <u andconstructa solutionv with sametrace, strictly dominatedby
u.

The super criticataseq = (N +1) / (N -1) is more difficult and muchless
Is known. Too concentratedRadonmeasuresre not admissiblefor being the
measurgart of the boundarytraceof a solution,andtoo smallsetson dB are
removable boundary singularities. Moreover a compatibility condition beteveen
closedset SC 9B anda positive Radonmeasuren on R = 9B\ S is needed.
Thoseconditionsare expressedn termsof Besselcapacitieson dB. Those
conditionswhereshownto be necessaryndsufficient conditionsfor the exis-
tence of a maximal solution u of (3) invidth tr(u) =(S,n). This wasprovedby
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Dynkin-Kuznetsov (1997Jor (N +1)/ (N - 1) = q =2 andMarcus-VZron(1996-
1997)for (N +1)/ (N -1) =q. It wasalsonoticedby Le Gall (1996)that there

may exist many solutionsof (3) with a given boundarytrace.Actually Marcus
andVZronprovedthatif q >(N+1)/(N-1), thenfor any ¢ > 0 there existsa

Borel subsetK, C 0B with meas.(K,) < ¢ anda positivesolutionu of (3) in B
with tr(u) = (dB,0) suchthat

(46) ]jl_)r}u(r,c)=0

a.e. on ! B\ K.. An attempt to modify the definition of the trace has been re-

cently (August 1997) by Dynkin-Kuznetsov and similar researches are also
conducted by Marcus-VZron.
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