INTRODUCTION

General questions: given an open domainQ in R", a partial differential operator
P in Q (usually non-linear) and a solution u of

)] P(u)=0 in Q,
then

Q1- Can we define in a natural way the restriction or extended restriction of u to
the boundary of € ?

Q2- If this extended restriction exists in some class of objects defined on this
boundary, can we reconstruct the solution u from an element of this class.

This program is obviously too ambitious to be completed, but in the case of
second order elliptic or parabolic equations it has been partially fulfilled, namely
for the non-linear Laplace and heat equations with strong absorption:

(2) Au = u’
and
3) u_ Au+u?=0
ot
2
where A = E 1N D2 and q > 1. We shall not speak of the parabolic equation is
X:

this series of conferences and shall concentrate on the elliptic equation. Moreover
we shall not go very far in the trace theory but shall give a framework of what
has been done recently by analytical means in that field. Equation (2) plays a key
role in the understanding of super-processes in the range 1<q <2 and in scalar
curvature questions in conformal differential geometry when
q=(N+2)/(N -=2). In physics the study of this equation was initiated by R.
Emden in 1897 (problems in meteorology) and later on by Thomas-Fermi in the
20-ies (theory of atoms and electronic potential with q=3/2, N =3) and
Chandrashekar in 1937 (astrophysics and stars equilibrium problems).

In order to understand the problem, we shall divide our intervention in
three parts. We shall also always assume that €2 is a bounded open domain with a

regular boundary, say C”.
Section I The linear Dirichlet Problem

Our aim will be to solve



~Au=fin Q,
(LDP) {

u=g on 09Q.
in a good enough framework, which means data f and g respectively in

LI(Q,pdx) (p(x) =dist(x,0Q)) and L'(9Q), and to prove the Brezis a priori
estimates.

Section 11 The non-linear Dirichlet problem

We shall present Brezis, Keller-Osserman and Gmira-Véron 's results on the
solvability of

~Au+|u[Tu=0in Q,
(NLDP)

u=u on 9<2.

where q > 1 and u €M (0RQ), the space of Radon measures on 2. We shall also
consider the boundary singularity problem.

Section III The non-linear trace

Although some particular but very important results have been first obtained by
Le Gall in a purely probabilistic framework we shall present Marcus-Veron's
analytic of the boundary trace of any positive solution u of the non-linear elliptic
equation

(NLEE) Au =u".
This boundary trace is an outer regular not necessarily bounded Borel measure

v="Tr(u). We shall study the properties of the mapping ua Tr(u) in some
important cases, in particular in the subcritical case: 1<q <(N+1)/(N-1).



I - THE LINEAR DIRICHLET PROBLEM

Given: Q a bounded open domain of R™ with a C* boundary 9Q (in fact C’
would be enough). Our aim is to solve

~Au=f in Q,
(LDP) {

u=g on J0Q.

In this Section we recall some basic tools in the theory of second order linear
elliptic equations such as Green's functions, regularity theory, Sobolev spaces.
Finally we prove the Brezis estimates.

I-1 Construction of the Green function

If u and v are two C*(Q) function, Green's identity gives
(1) fQ(VAu—uAV)dx =fag(v——u— ds

where v is the unit outward normal vector to d€2. Fix a point y in € and define
the Newton's kernel I by

~-(N(N-2) ) 'x-y|", if N>2,

) F(x-y)=T(x-y)= A .
(27m)” W|x -y|, if N=2,

r}’
(wy = volume of unit ball in R™Y). It is well-known that x a L[L(x)=T'x-y) i
harmonic in R™ \ {y} and that

3) AT, =9,

in the sense of distributions in R™. Approximation argument shows that v = [ is
admissible in (1) and that

4) fg AT (x = y)u(x)dx = u(y).

Relations (1)-(2) yield Green's representation formula

5) u(y)=ﬁg(u%(x—y)—F(x—y)%)ds +j;zl“(x—y)Audx



(Vy €Q) and, if u is harmonic,
oI’ du
©) u(y)=ﬁg(u5(x—y)—F(x—y)g) ds.

Ifhisa C'(Q)NC*(Q) harmonic function, then (1) implies

If G=T +h (5) becomes

oG ou
u(y) =Lg(ug— Ga—v)ds +LGAudX

and if G vanishes on 0Q2,

0G
(7) u(y) =LQHE ds +fQGAudX.

Formula (7) implies a representation of harmonic functions in terms of their
boundary values. The function G = G(x,y) is the Green's function of Q. It is

unique.

The question of finding an harmonic function in € with a given continuous
boundary data g can be solved by the Perron's method of sub-harmonic func-

tions. Let S, be the set of C°(Q) sub-harmonic functions with respect to g that is
the set of continuous functions w which satisfy

8) w(y) = LRmW(X)dX

o R"
(Vy €Q, VR >0/ By(y) CQ) and w =g on 0Q. Then Perron's theorem asserts
that the function u(x) = sup w(x) is harmonic in € and satisfies u=g on 9<Q2

(since the regularity of 9€2 implies the existence of barrier functions at each
point).

Remark. Estimate (8) is equivalent to

(8" w(y) < w(x)ds.

NQ)NRN faBR (¥)

Sometimes C” sub-harmonic functions are defined by the fact that Au=0.



From Perron's method the function G exists. The function %—G defined in
v

Q x 0Q is the Poisson kernel of Q, it is also often quoted as P. If g belongs to
L'(9Q) the function

©) P, (x) = [ P(x.y)g(y)ds(y)

defined for x €Q is called the Poisson potential of g. It is an harmonic function
in Q.
I-2 Regularity results

If " is the Newtonian potential, then it is possible to check directly the regularity
of the second derivatives of x a fRN I'(x - y)f(y)dy when fEC](R"). This

regularity is given in two directions:

1- The spaces C** of C? functions with Hélder continuous second derivatives
O <a<l).

2- The Sobolev spaces W™ of L’ functions whose derivatives up to the order
two belong to L’ (1 <p < ).

This scope of the regularity estimates goes far beyond the study of the Laplace
equation and applies to very general elliptic operators. A particular case of in-
terest for us is the Helmoltz operator

(10) ua Au-cu

where x @ c(x) is a bounded measurable function in €2.

Definition 1. Let 1 < p < © and k €EN,, then

(11) |C|ka) = Elmsk D’

(Veecs @)

LP(Q)

aﬁ
- - B _
where = (B,.8,....8x). [B|= Y,.\B; and D" = 0Ky 030X

The space W""(Q) is the space of distributions belonging to L* (Q) as well as
all their derivatives up to the total order k. It is endowed with the structure of a
Banach space with the norm defined in (11). The space Wok’p (€2) is the closure

of CJ(Q) in W (Q).

Definition 2. Let 0 <o <1, then



(12) [c],o= sup =2

(x,y))§2yx£2 |X - yl

and
(13) l2l. . = supleCo+[€],

The space C*(Q) is the space of continuous functions defined in Q for which
the above norm I "a,g is finite. For kK €N.. denote

(4 fel . = gupsuplD"e00 [+ pupsup[ D'E], .

then the space C*“(Q) is defined similarly to C*(Q) from the above norm..

Theorem 1 (Schauder). Suppose that dQ is of class C* (i.e. locally repre-
sented by C** functions), c€C"(Q) for some 0 <a <1 and let uEC*(Q),
g EC**(9Q) and f EC*(Q) such that

Au-cu=f in Q,
(15) {

u=g on 09.

Then there exists a positive constant C = C(at, Q,||c|.q ) such that

16 lubuo = C{Iflg + el o +suph)-

If we define the space C*(Q) as the space of functions T for which |?;|a « 1s finite
for any compact subset K C €, we have a local version of Theorem 1.

Theorem ILSuppose that ¢ EC*(Q) for some 0 <o <1 and let u eEC’(Q)
and f €C*(Q) such that

(17) Au-cu=1f in Q.

Then u belongs to C**(Q); more precisely, for any compact subset K C Q,
there exists a positive constant C = C(a, Q,|c[|,.o,dist (K, dQ)) such that

(18) ol = C(Fllo + ek ..o +supul):

Theorem 2 (Agmon-Douglis-Nirenberg). Suppose that 9 is of class C? (i.e.
locally represented by C* functions) ¢ EC(Q) and let u EW*(Q) N W,*(Q)



and f €L’ (Q) (for some 1 < p < ) satisfy (17). Then there exists a positive con-
stant C = C(p,Q, sug|c|) such that

(19) lullye o) = ClIEle ) + Ml ))-

We say that CEW P (Q) if the restriction of T to any open subset ® with

loc

compact closure in Q belongs to W*?(@). The local A-D-N estimates are

Theorem 2'. Suppose that c is continuous in Q and let wEW P (Q) and
f €L"(Q) for some 1<p < such that (17) holds. Then for to any open subset
O as above there exists a positive constant depending on p, Q, s%p|c| and

dist (©, 0L2) such that

(20) Iu"WZP(@) = C("f"LP(,Q) + "u"LP(Q))'

Remark. There exist very useful imbedding theorems between Sobolev spaces
W*P(Q) and W"9(Q) for 0=l <k and lsp<q=w or Sobolev spaces

W*P(Q) and C"*(Q) for some 0= | <k and a €(0,1) depending on N, k and
p- Their expression is a bit technical but we shall refer to them later on.

I-3 The maximum principles

Theorem 3 (weak maximum pr1n01ple) Suppose that ¢ is continuous and non-
negative in Q andlet ueC’ (QNC’(Q) satisfy

(21) Au-cu=z=0 (resp. =0) in Q.
Then
(22) SUp U < sup u® (resp. Sléplul = s;§2p|u|).

This theorem admits a strong form stating that under the same assumptions on ¢
and u , the function u cannot achieve a non-negative maximum in €2 unless it is
constant. This strong maximum principle is a consequence of the so called Hopf
lemma.

Theorem 4 (Hopf). Suppose that ¢ is continuous and non-negative in Q and
tECH(Q)NC’(Q) satisfies inequality (21). Suppose also that X, €0 is such

that u(x,)> u(x) (Vx €Q) and Z—u(xo) exists. If u(x,)=0, then 2—u(x0)<0.
v \Y

If ¢ =0 no assumption is needed on the sign of u(x, ).



The previous result remains true if ¢ is no longer non-negative provided it is
assumed that u(x,)=0.

I-4 Dirichlet problem in L'
We recall that p(x) = dist(x,09).
Theorem 5 (Brezis estimates). Let f be a measurable function in Q such that

pf €L (Q) and g €L (0Q). Then there exists a unique function u eL'(Q) such
that

23) [ uACdx = [ fedx - [ %

Q2 Jv gds ’

for any CEC:;I (Q), the space of functions with compact support in Q and
Lipschitz continuous gradient. Moreover there exists C = C(Q) >0 such that

(24) IullLl (Q) Sc(llpfllﬂ(g) + "g"L1 (ag))’

and u satisfies

d
(25) —fg|u|A?;dx +LQ £|g|ds st@sgn(u)dx,

(26) —fQu+A§dx +ﬁ93—%g+ds sfgf@sgf (u)dx,

for any TEC, (Q), T=0. In these formulas sgn(r) =1 if r >0, sgn(r) = -1 if
r <0 and vanishes at 0, while sgn™(r) =1 if r =0 and vanishes if r <0.

Remark. If TEC;' (Q) there exists a constant C such that |§| = Cp.

Proof. Step 1. Take (f ,gn)ECO(ﬁ) x C*(9Q) and call u, the unique solution

n

of the corresponding (LDP). Set ¥ a smooth, odd and increasing approximation
of the sgn function with Iy | <sgn and let =7, be the solution of

_An = in Q,
o) { n=y(u,) in

N =0 on 0Q.

From Theorem 1 nEC**(Q) and



(28) fgun\((un )dx =fgfnndx —fagg—ggnds.

If B is the solution of

-AB=1 in Q,
(29)
=0 on 0Q.
. 2.0 . 87] 6[3
then 3 is also C*7, -B=n=p =Cp with C =C(Q) and -~ <|—|=C on the
%
boundary. Therefore
(30) fguny(un)dst(fQ flpdx+ e, ds),
which gives (24) for (un 1, gn) by letting y go to sgn.
Step 2. Let T EC(I)’1 (Q), T=0 and £ =&, =Cy(u,). Then
d
31) ~ [ AGy(u, dx = L £.2y (0, )dx — [ —=(Cy(u,))g,ds.
But
~ [, unACy(u,))dx = [ y(u, Vu,. Vadx + [ Ty' (u,)|Vy (u, ) dx
aC : du_
[l unt (wa)==ds = f Tu,y' (u,)—=ds.

Set j(r) =f0ry(s)ds . then

fgy (u,)Vu,.Vidx = j;)Vj(un).VCdx,

e BN
= —[,(u,)ALdx + [ j(u,)==ds.

“dx = 0. Since C=0 on 99, we have

But [Ty (u,)|Vy(u,)

0 0 0
[ (e s = Ly (a) Sds =2 (Eyu, g, ds

and



B ~f AT+ [ e, 23 s iy, ).

By letting v go to sgn we get (25) for (un ,fn,gn). We prove (26) in the same

way by replacing y by a smooth increasing approximation from below of sgn”
which vanishes on (-0,0) and is positive on (0, ).

Step 3. Existence and uniqueness. Assume that {(pfn, gn)} — {(pf , g)} in

L'(Q)xL'(dQ). Then {un} is a Cauchy sequence in L'(Q) from Step 1 and its
limit u satisfies (23)-(26). This gives existence. For uniqueness we suppose that w
is an integrable function which satisfies fg wACTdx =0 for any C EC(I;1 (Q); for

test function, we take m the solution of

—An = in Q,
33) { n=y(w) in

N =0 on 09Q.

Although it is not a C*(Q) function it belongs to N ( WP N Wé’p) by Theorem

p<
2 which is included into (mlc“* (ﬁ)) NC,(Q) by Sobolev imbedding theorems.

This is sufficient for a test function since An 1is essentially bounded. Then
fgwy(w)dx =0 and w=0.

Remark. Estimate (26) means that the mapping P,:(f,g)a u=P,(f,g) solution
of (LDP) in the sense of Theorem 5 1is order preserving from
L'(Q, pdx) xL'(4Q) into L'(Q).

10



IT - THE NON-LINEAR DIRICHLET PROBLEM

Given Q a C’ bounded open domain of R™, our aim is to solve

~Au+ul"'u=0 n Q,

(NLDP)
u=u on 092,

where q >1 and u €M (6Q), the space of Radon measures on 9Q2. We also
are interested into the following question: does it exists a non-zero function u
belonging to C(Q\ {a}) NC*(Q) for some a €9Q and satisfying

—Au + |u|q_1u =0 in Q,
(ISP)

u=0 on aQ\{a}.

II-1 The regular non-linear Dirichlet problem
If we want to consider the problem

~Au+u[u=0 n Q
(D)

u=g on 09,
where q>1 and gECz’“(OQ), we set P(x) =faQP(x,y)g(y)ds (@ 18

C>*), and introduce

1
q+1

(2) J,(v) =fg(%|vv|2 + \% +q)|q+1)dX

on W,?(Q)NL"'(Q). The functional J ; is strictly convex and ls.c. in
W,” () NLY*(Q) and it satisfies

3) lim J,(v)=co.

IVIWLZm a1 >

A classical result from convex analysis asserts that J, achieves its minimum
in W, (Q) NL™*'(Q) at a unique point w where

@) [, (V3. VG 4w+ @[ (w+ D)T)dx =0
(VC EW,”(Q) N L (Q)). This implies that the function u = w + ® satisfies

) fQ(Vu. VE+luf " ug)dx =0.

11



In particular if y is a smooth increasing approximation of the function
ra r° vanishing on (—%,0] and positive on (0,%) and if m = supg, then
a

y(u-m) EW,*(Q) NL"(Q) and
(6) fg(y‘(u—m)|Vu|2 +|u|q_1uy(u—m))dx =0.

Therefore y (u— m) = 0 a.e. which implies that u is essentially bounded from
above. In the same way u is bounded from below and finally u EL" (Q).
Extensions of Theorems 1-2 in Sect. I yield u €C*“(Q). Consequently we
have proved that for any g EC** (9Q) there exists a function u EC**(Q)
satisfying (1); u is unique from Brezis theorem since, if u, and u, are
solutions corresponding to boundary data g, and g,, we have

[ (ja, — u, aax) + [ (||u,|q-1u, ),

g
< —ﬁzgsgn(u1 - u,)ds,

sgn(u, —u, ?;dx)
()

for any TEC,' (Q), T=0. In particular

®) |u, —uzllu(g) + ||(|u1 |q_1u1 - |u2|q_1u2)p| <Cle, _g2"L'(aQ>‘

L(Q)

In the same way g, =g, = u, =u,. From C*“ boundary data, we can go
to continuous boundary data, by using (8) and the fact that s%plul =sup lg|.

We shall denote u = P (g) the solution of (1) in Q with boundary data g.

II-2 The Keller-Osserman estimates and the large solutions

One of the striking properties of any solution of
) ~Au+uf"u=0 in Q,
(q > 1) is the existence of an a priori estimate.

Theorem 1 (Keller-Osserman). There exists a constant C =C(q,N)>0
such that if u is any C*(Q) solution of (9),

(10) u(x)|= Cp(x)™™"  (VxEQ).

12



Proof. Step 1. Suppose that v €C’ (B, (0)) is C* on O" = (x: v(x)>0)
where it satisfies

(11) —Av + Av? <B.

for some A >0 and B = 0. Then we claim that

(12) v«»s( e n

Take pE(O, R) and set ’lP(X) =Y(r) = )\(pz _ 1'2 )_2/(q—1)

and u = 0 have to be determined in order to have

+w, where A >0

(13) Ay + Ay’ =B.

Then

-Ay + Ay

2
zk(pz—rz)_zq/(q_l) A?»q‘l—ZNR + 2 N—2q+1 r’ | + Aud

q-1 q-1 q-1
ON 4(q+1) vy

and if we choose B=max( , 9+ 2), =(L2 and
q-1(q-1) Ap

1/(a-1)
u = (X) we have (13). From Kato's inequality

(14) A(v=9) =sgn’ (V-9)A(v-1y)

in the sense of distributions in B, (0) where (v - )" has compact support.
Therefore (v —19)" =0 and v(0) =(0). Letting p 1 R yields (12)

Step 2. Let x,€Q and R = dist(x,,dRQ) = p(x,). The function u” is
continuous in B, (0) and is C’on O = (x: u(x)>0) where there holds

(15) —~Au+u’=0.

By applying Step 1 in By (x,), we get

B 1/(q-1)
(16) u(x,) =< (pz(xo)) ,

13



and (10) follows by replacing u by —u.

From the Keller-Osserman estimate it is possible to construct a positive solu-
tion u of (9) which blows up everywhere on the boundary it is called the
large solution. In fact the for n >0 set u, the solution of

{—Aun +[u,[ "', =0 in Q,
(17)

u, =n on 092,

Then 0 <u, <u, for n'>n. Because of (10) {un} is locally bounded in €,

independently of n and therefore it converges, when n goes to infinity, to
some function u, which satisfies

(18) lim ug(Xx)= oo,

p —>
Going to the limit in the relation
(19) fg(—unAZ;+u22;)dE;=O

where TEC, (L) implies that u,, satisfies the same expression. Since it is
locally bounded it is a solution of (9).

One of the main problem concerning the large solution was the question of
uniqueness. This uniqueness was proved:

1- In the case q =(N +2) /(N -2) by Loewner and Nirenberg (1974) in a
geometric framework.

2- When Q is star-shaped with respect to some point by Iscoe, by using a
transformation which conserves the equation

(20) ugk N, (u) where N (u)(x) =k”“ "u(kx) (k>0).

3- When 0€2 is smooth and compact by Bandle and Marcus and separately
Véron (1992). The technique uses the expansion

2(q+1))”"‘”

- 2/(q-D _
(21) pgl)gop (X)ug(x) = ( -1

4- When 0Q2 is not regular, first results are due to Le Gall (1994) for
N =2 =q in a probabilistic framework and then Marcus and Véron (1995)

in the general case when 9Q is locally the graph of a continuous function (in
that case existence may not hold if q =(N -1) /(N -3)).

14



5- When 1<q<N/(N-2) it has been recently noticed by Véron (MSRI
Oct. 1997) that no assumption on d€2 is needed in order to have a large

solution. Moreover, if dQ C Q°, this large solution is unique.
The following result follows from the Keller-Osserman estimate.

Theorem 2. Suppose g EC(IR,[0,]), then there exists a positive solution
uof (1).

Proof. Considering the increasing scheme {Vn} for n >0

{ —Av, +|Vn|q_1Vn =0 in Q,
(22)
\%

., =g =min(n,g) on 092,

then v is positive and converges to a solution of (1) when n goes to infinity.

Remark. In 1993 Kondratiev and Nikishkin proved that, within this frame-
work, uniqueness may not hold when 1<q <(N+1)/(N-1).

Remark. This large solution is the maximal solution of (9) in Q in the sense
that any other solution is dominated by it.

I1-3 The L' non-linear Dirichlet problem

Theorem 3 (Brezis). Let gELl(GQ), then there exists a unique
uEL(Q)N LY(RQ,pdx) such that

(23) fg(—uAC +luf " ug )dx = - S ods

92 gv
(VT EC (Q)). Moreover the mapping ga u=P3(g) is increasing and
24 o, - w0, +lp(hCu) = h@u)) = Clle - gl o,
where u, =P3(g;), j=1,2 and h(r)=|r"r.

Proof. Let {gn}EC3(8§2) such that g, — g in L'(9Q) when n goes to
infinity and denote u, = P;(g,). Then

(25) fg(—unAZ;+|un ot uni;)dx = —J;Qg—% g ds

15



for any CECi;l(ﬁ), and from estimate (8) {(un,h(un))} is a Cauchy
sequence in LI(Q)xLl(Q,pdx). Therefore h(u, ) =h(u) a.e. and in
Ll(Q,pdx) which implies (23). The uniqueness follows from the Brezis

linear estimates and the monotonicity from the monotonicity of P, in
C"(0Q).

I1-4 Measure boundary data

The Poisson formula (9)-Sect. I which expresses the Poisson potential of a
function g €L (9Q) is extendible to a Radon measure on wEM (9Q). We
set

(26) P,(x) = [[P(x,y)duw(y)

(Vx €Q), and the function P, is harmonic in € and takes the value w on
d€2 1n the sense that

27) - BACdx = - fagg—%du

(VC ECé’l(ﬁ)). In order to extend Theorem 3 to measure boundary data,

we need the following estimates on the Poisson kernel: there exists
C =C(€2) >0 such that

(28) C|x - y["p(x) = P(x,y) = C)x —y[" p(x)
(V(x,y) EQ x 9Q). Consequently

(29) IPC.yre =Ko (VIsp<N/(N-1), VyE€4Q),

(30) IPCYhope = Kpe
(Visp<(N+1)/(N-1), VyEoQ).

Theorem 4 (Gmira-Véron). Suppose that 1 <q <(N+1)/ (N -1), then for
any wWEM (9Q) there exists a unigue u EL (Q) N L (Q,pdx) such that

(31) fg(—uA§+|u|q_1u§)dx= —j;gg—s du

16



(VC ECé’l(ﬁ)) and the mapping ga u= Py (g) is increasing. If {un}C
M (0Q) converges weakly to wEM (0Q) when n goes to infinity, P5(u,)
converges to Py (W), locally uniformly in Q.

Proof. Uniqueness and monotonicity follow from the Brezis estimates (25)-
(26) in Sect. I Let {g, } CL'(3Q) such that g, — u weakly in M (Q) and

set u, = PJ(g,). From the maximum principle

(32) —Pg; su, < Pg;.

Since P, (x) =faQP( X,y)g:(y)ds, we take f €LY (Q) with p=p/(p-1)
and 1=p <N/(N-1), and we have

[, B COECOdx = [, [ P(x.y) g5 (V)dS(y) F(x)dx,

(33) - [ ([, PeyEx)dx g3 (n)ds(y),

= Kp,Q €1, (Q)ng: (y)ds(y).

This implies

(34) |Pg§ e =K, olg. too =
Similarly

(35) |Pgﬁ 1P(@, pdx) =K, qli2. L_‘(aQ) =K

for l=sp<(N+1)/(N-1). If we take q<p in (34),and 1 <p in (35) we
deduce from (32) that {un} and {

therefore weakly compact in L'(Q)x LI(Q,pdx). From the Osserman-
Keller estimate {un} remains also locally uniformly bounded in €2. By using

Theorem 1' and 2' of Sect. I, for any ® open with ©C © C Q, { | a (@)}
remains bounded and therefore relativeli compact by Ascoli's theorem.

un|q_1 un} are equi-integrable and

Consequently there exist a sequence {unk and a C’(Q)-function u such

q-1

that u, — u, and weakly in L'(Q). Moreover u, —> lu'"u weakly

in L' (Q, pdx) . Letting n go to infinity in (25) yields (31).

unk

17



The stability result is proved by the same device. If u, = u weakly in

1ol
remains bounded in L”'(Q) x L (R, pdx) for any 1<p, <N /(N -1) and
1<p,<(N+1)/(N-1). Since [P3(u,)
pactness to let n, go to infinity in the weak expression of (31), . Therefore
the full convergence result follows from uniqueness.

M (09Q), it remains bounded in the total variation norm and therefore {P }

< Plunl’ we have all the needed com-

Remark. The mapping P is increasing from M (9Q) to C*(Q).

Remark. We shall see in next paragraph that (NLDP) may not have a
solution for any u €M (9Q) when q=(N+1)/ (N -1). For example there
exists no solution if u =9, for some a €JQ. The full treatment of the

solvability of (NLDP) has been completed very recently by Dynkin and
Kuznetsov in the case 1<q =<2 and Marcus and Véron when 1<q. This

treatment involves Bessel capacities.
Remark. A more elaborated analytic tool (weighted Marcinkiewicz spaces)

allowed Gmira and Véron to prove an existence and uniqueness result for
the general problem

(35) {—Au+g(u)=0 m Q,

u=u on 0L,

where g is continuous and non-decreasing, w €M (0Q) and

pdx < oo,

UM A

I1-5 Isolated singularities

As we have seen it above, if 1=q<(N+1)/(N-1) and a €0Q, for any
n >0 the function u,, =P5(nd,) is a solution of (9) which vanishes on
92\ {a}. Moreover, when n increases, it is the same with {ua!n}. From the

Osserman Keller estimate, this sequence is locally uniformly bounded in €2,
therefore it converges to some positive solution u,,, of (9). By using some

local estimate on the boundary it can be checked that {ua,n} IS

equicontinuous on any compact subset of Q \ {a}. Therefore u,,, vanishes
on dQ\{a}. This solution u,, is the maximal solution of (9) which
vanishes on 9Q\ {a}. As for the behaviour of u,,(x) near a it can be
obtained from perturbation theory. Actually estimates (28) and
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(37) 0=<PJ(nd,Xx)= P, (x) =nP; (x) =nP(x,a),
gives
(38) 0=u,,(x)=Cnlx-al" p(x).

Finally it is possible to prove that the non-linear term is negligible near a in
some sense and that

(39) fim e ®)
o P(x,2)

Always in the range 1<q <(N+1) /(N -1), the function u,, has a much
stronger blow-up than u,,. The expression of this blow-up needs to
introduce spherical coordinates centered at a. In fact there exists a functions
o defined on the half unit sphere S" ' the equator of which belongs to the
plane T,0Q2 tangent to 02 at the point a such that

(40) lim |x —af"“ "y, .(x)=o((x-a)/|x -a).
Moreover u,_, is the unique solution of (ISP) which satisfies (39).

The following result asserts that (39) and (40) characterise all the iso-
lated singularities of the solutions of (9).

Theorem 5 (Gmira-Véron). Let 1<q<(N+1)/(N-1), a€&aQ,
g eC’(0Q) and ueC(Q\ {a}) NC*(Q) is a positive solution of (9) which
coincides with g on 9Q\ {a}. Then either

() u=PJ(g), and v is regular in Q; either

(ii) there exists n >0 such that u=P3(g+nd,) and u(x)=u,, (x) in
the sense of (39), or

(iii) u = P (g + 9, ). = ]3_12011 =P5(g+1nd,) and u(x)=u,,(x) in the

sense of (40).

When q =(N +1) /(N -1) the situation is completely different since
all the isolated boundary singularities of the solutions of (9) are removable

Theorem 6 (Gmira-Véron). Let q=(N+1)/(N-1), a€iQ, g eC’ Q)
and uEC(Q\ {a}) NCY(Q) is a positive solution of (9) which coincides
with g on 9Q\{a}. Then u can be extended to Q as a continuous
function and in fact u = P3(g).

The proof of this result is rather technical, however it can be noticed that if
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41) u(x) =o(P(x,a)) + b(x)

near a, for some bounded function b, then u remains uniformly bounded in
Q. Actually for any ¢ >0, the function x @ w, (x) =¢P(x,a)+|b|- is a
supersolution of (9) which dominates u in a neighbourhood of 0€2. By the
maximum principle u <= w,, and u <|b|,- by letting ¢ go to zero. In the
same way u = —|b|,-. The boundedness of u implies its continuity. As for

estimate (41) it is a consequence of the Keller-Osserman estimate when
q>(N+1)/(N-1). In the case q=(N+1) /(N -1) the scheme of the

proof is more complicated.
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THE NON-LINEAR TRACE

III-1 The boundary trace of harmonic functions

It is easy to check that every positive harmonic function u in the unit N-ball B
possesses a boundary trace given by a positive Radon measure wEM " (9B)
which is attained in the sense of weak convergence of measures:

(1) lim [/ T(o)u(ro)do = [ Tdu

for every TEC"(9B). By the Riesz-Herglotz theorem, for every non-negative
Radon measure pwon 0B there exists a unique harmonic function with boundary
trace W, and it is represented by the Poisson integral

(2) u(x) =J;BP(X, o)du(o).

This result is still valid if harmonic is replaced by super-harmonic (Doob).
Moreover, the positivity assumption on u can be replaced by an integrability

condition (for example Au €L' (B, pdx)) and in that case the boundary trace is a
general Radon measure on dB.

III-2 The non-linear boundary trace

For simplicity we shall still consider the case where the open subset is the unit N-
ball B. If q > 1 and u is a positive solution of

3) —~Au+u' =0 inB,

Keller-Osserman estimate gives

“) u(x) = C(N,q)(1 = x>,

The existence of a boundary trace for positive solutions of (3) has been
discovered in the case q =2 =N by Le Gall who gave a probabilistic represen-

tation of any positive solution of (3) in that case (1993). The notion of trace that
will be presented is due to Marcus and Véron (1995); it is a purely analytic
presentation and is extendible to much more general nonlinearities.

Theorem 1 (Marcus-Véron). Suppose q > 1 and u is a positive solution of (3) in

B. Then for any w €0B we have the following alternative. Either
(1) for every relatively open neighbourhood U of w on 0B

5) Lim Uu(I'O')dO =00,

r—1
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or
(1) there exists a relatively open neighbourhood U of w on 0B such that for
every L EC, (U)

(©) lim [ u(ro)¢(0)do =1 (Q),

where | is a positive linear functional on C; (U).

We denote (T, O)ESN_l x (0,) the spherical coordinates in R" and A - the

Laplace-Beltrami operator on the unit sphere S™~' that we identify with oB. If V
is an open domain of S* ', we denote by ¢, the first eigenfunction of A, In

Wé’z(V) with the normalisation condition
(7 max @y (0) = 1.

The corresponding eigenvalue is A, >0, and if the boundary 9V on S"' is C
Hopf Lemma applies and

®) Y 0 on aV.
IV

Lemma 1. Let V be an open domain of S with a C* boundary, u a positive
solution of (3) in B and a>(q+1)/(q-1). Then we have the following di-

chqtomy. Either
(1)

) jij;, et (1-r)ridodr = o

and in that case

(10) lim [ (upy )(r, 0)do = <,
or

(ii)
(10) ﬂ:ﬂ, wloy (- r)ridodr < oo,

and in that case, for any C* function T on V which satisfies

(11) 0=<[t|=kegy and |AT|< kel
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for some k =0, the following limit exists
(12) lim [ u(r,0)g(0)do =1 (%)

and the mapping Ca |(Q) is a positive linear functional defined on the subset
of C*(V) of functions which satisfy (11).
Proof. Step 1. The following integral is finite

q/(q_l) _ / -1
(pV(X (q )dO.

(13) = |Ag.oy
From Hopf boundary Lemma
(14) ¢y (0) = Cps(0)

for any 0 €V, where pg(0) =dist,.,(0,dV) is the geodesic distance on sh!
and C, > 0. Since

(15) A @y = —0h@ + (e~ Dy [Vapy [
(16) pogs] s Copr e,

and finally

(17) A ge] e (o) = Cple ey,

But a>(@+D)/(q-1D)=(q(a-2)-a)/(q-1)=a-2q/(q-1)>-1, and
(13) follows.

Step 2. Reduction of the equation. We shall suppose N =3, the case N =2 re-
quiring a special treatment. In spherical coordinates (3) reads

Pu N-1du 1
—121+ —u+—2AN_lu—uq=0
or r or r° S

(18)

in (0,1)x S¥". We set

N-2

(19) S = d u(r,0) = 1" (s, 0),

N-2’

and
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2 d’v 1 N/(N-2)-q. q
(20) Szt (N_2) A v —Ks vi=0
S —

in (0,a)xS""' =(0,(N=2)")x S where K =K(N,q) >0. Then

d2
2 a a N/(N-2)- (e
21) s Efvvcpvd0+ 2LVASN_1CdeO— s quVchpvd0= 0.

_ 1

(N-2)
1/q

We set X(s) = fv vpydo and Y(s) = (fv chp$d0) . From Hoélder's inequality

l/q 1-1/q

UVVASN_ICP?,dO|s(Lchp°;dG) (fv|ASN_1cp$r/(q_l)cp;““q‘”do)

<T19Y(s)

(22)

and (21) becomes
23)4 X +IY —KsVND-aya 5

(23). &X —JY —KsV'N2-0yd g
where J =1""9(N-2)".

Step 3. End of the proof (N = 3).
Case 1: suppose that (9) holds, then

(24) [ [ v'av(l-sa™)dods=a”' [ Y¥(a- s)ds = o,

From (23)+ we deduce that there exist two constants A,B >0 (and depending
on a) such that

"

25) X »AY®-B
on (a/2,a). Then
X(s)=X(a/2)+(s—a/2)X (a/2)

26 ~
@0 AL (=D @dt-2(s-al 27

and lim X(s) = o from (24); this means that (10) holds.

s—a

Case 2: suppose that (11) holds, then
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(27) fa/zfv Vil (1 —sa™)dods = a'ljj/ZYq(a —s)ds <}

inequality (25) is replaced by

n

(28) X =AY'+B
and
(29) %(X(s)—Aj:/z(s—r)Yq(r)dt—g(s —a/2)2) <0.

From concavity and (27), lim X(s)<o.If Cisa C’ function which satisfies (11),
we set X (s) = j; vCdo and (21) implies

(30) X, + _1 = [ Ay Ldo ~Ks VNP7 [ viEdo = 0.
(N-2)
But
- o /q e ~ 1-1/q
(31 va VAsN1§d0| < kfv vy *do = k(fv chpvdo) (fv A 1)do) ,
and
(32) va vitdo | <k fv vigydo.

Therefore it follows from (27) that
(33) L/ZU;/VASN‘ZdOka —s)ds <o and fa/zh‘vvq‘gdoka —s)ds < 0.

Integrating (30) twice implies that lim X (s) = | (T) exists and obviously the

correspondence Ca |(T) is a positive linear functional on the set of C*  func-

tions C which satisfy (11). Therefore it can be extended as a positive measure on
V.

In the case N = 2 the principle remains the same but the change of variable
(19) is replaced by

(34) r=e’’, u(r,0)=v(t,0),

which transforms (18) into
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35)

on (0,%) xS'.

Proof of Theorem 1. If ® €0B and there exists an open neighbourhood V such
that (10) holds, we have the existence of a positive Radon measure u,, such that

(36) lim [ u(r,0)do = [[Cdu(o)  (VCECH(V)).

If such a neighbourhood does not exist, we are in case (1).

Let R be the set of the w €dB such that (ii) holds; R is relatively open and there
exists a unique (non-negative) Radon measure w such that w, =u,. The set

S=9B\R isclosed.

Definition. The couple (S,u) is called the boundary trace of u. The set S is the

singular part of this trace and the measure w on R = dB\ S, the regular part
of the trace.

For convenience it is often useful to introduce the Borel measure
framework. Actually there is a one to one correspondence between the family

CM of couples (S,u) where S is a compact subset of 9B and w a positive
Radon measures on R = 9B\ S and the set B... of outer regular, positive Borel

measures on dB (f is outer regular if for every Borel subset E of 0B,
wE) = c')lrelvf w(O) where V; is the set of relatively open subsets of 9B containing

E). Let pEB
follows

we define the regular set R and the blow-up set § of f as

reg?

R = {oo €9B: U, rel. open neighbourhood of ws.t. B(U) < 00}

S =0B\R; = {oo €0B: YU, rel.open neighbourhood of w , B(U) = 00}.

M
The correspondence CM —B,, is given by

s SN u(A) if ACR,
37) ((S;u)) =u where u( )={oo if ANS={,

for every Borel subset A C 0B, and
(38) M™(B) =( Sﬁ,ﬁlRB).
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With this notation we shall denote

(39) Tr(u) = w€B,,, where p =M (Sﬁ’B|Rﬁ)'

The general non-linear boundary value problem is to solve

~Au+Ju'u=0 in Q,

(GNBVP) { Tr(u)=u€B,_,.

The problem is completely different according 1<q <(N+1)/(N-1) or
q=(N+1)/(N-1). This is due to the following pointwise blow-up estimate.

Theorem 2. Suppose 1<q <(N+1)/(N-1), uis a non negative solution of (3)
in B with tr(u) = (S,u) and o €S. Then

(40) lim u(r, ) = =,

and more precisely

41) lim inf (1~ 1) “"Pu(r,w) > 0.
Proof. We use a scaling-concentration argument. If ® €S

42) hm1 ( )u(r,o)d0=oo

n

for any n >0, where D, (w) is the geodesic ball on dB with center w and radius

n<mn. If 0<k<1 we set u, =N (u) defined by u, (x) = k>“"u(kx), and u,
is a solution of (3) in B,,, . We denote

43) M,, = ol - €,0)do

for 0 <e<1. For m >0 large enough and n&(0, ) there exists € = €(1n,m)
such that m =M, . Let w,_ be the solution of (3) in B with the following

boundary value (in which 7 is the characteristic function of the set E)
44) w,(1,0)= ul—e(l’O)XDn(m)(O) .

From comparison principle w, <u,_, in B. When n goes to 0, it is the same with

e. From Theorem 4-Sect. II, w, converges to u,, =Py (md,) and u,_, to u.
Therefore u,,,, <u, for any m > 0, which implies
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(45) u

=Uu.

We get (41) from Theorem 5-Sect. 2.

The main result of the subcritical case is that the general non-linear
boundary value problem is well posed in terms of boundary trace.

Theorem 3. Suppose 1<q<(N+1)/(N-1). Then the correspondence
ua Tr(u) which assigns to each non negative solution u of (3) in B, its bound-
ary trace in Breg is one to one.

This theorem was proved by Le Gall in the case q =N =2 with probabilistic

techniques and in the general case by Marcus and Véron by an analytic method.
We present below the skeleton of their proof:

(I) The problem can be reduced to the case when w only takes the values O and
. The advantage is that this set of boundary values is conserved by sum and

positive multiplications
(IT) Construction of a maximal solution. Let S=3S, the singular set of u and put
S, = {0 €0dB: dist(0,S,) < s}. If u, is the Borel measure with singular set §,,

and is zero elsewhere, there exists u, a solution with Tr(u,) = u,. {us} Increases
when ¢ decreases to 0 and u = lim u, is the maximal solution.

e—0

(IIT) Construction of a minimal solution. Let {yk} be a dense sequence in S. Put
w, =n Eéyk and u, the solution with u, = Tr(u,) (Gmira-Véron). Then {un}

Isksn

increases with n and u = lim u, is the minimal solution.

n—ow

(IV) There exists C >0 such that u < Cu (scaling methods).

(V)  Show that u — E(ﬁ —u) is a positive super solution which is dominated

by u if u <U and construct a solution v with same trace, strictly dominated by
u.

The super critical case q =(N + 1) /(N =1) is more difficult and much less
is known. Too concentrated Radon measures are not admissible for being the
measure part of the boundary trace of a solution, and too small sets on dB are
removable boundary singularities. Moreover a compatibility condition between a
closed set SC 9B and a positive Radon measure w on R = 9B\ S is needed.
Those conditions are expressed in terms of Bessel capacities on dB. Those
conditions where shown to be necessary and sufficient conditions for the exis-
tence of a maximal solution u of (3) in B with tr(u) = (S,u). This was proved by
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Dynkin-Kuznetsov (1997) for (N +1)/ (N -1) =q =2 and Marcus-Véron (1996-
1997) for (N +1)/ (N -1) = q. It was also noticed by Le Gall (1996) that there

may exist many solutions of (3) with a given boundary trace. Actually Marcus
and Véron proved that if ¢ >(N+1)/(N -1), then for any € >0 there exists a

Borel subset K, C 0B with meas.(K,) < ¢ and a positive solution u of (3) in B
with tr(u) = (dB,0) such that

(46) lim u(r,0) =0

a.e. on 0B\ K,. An attempt to modify the definition of the trace has been re-

cently (August 1997) by Dynkin-Kuznetsov and similar researches are also
conducted by Marcus-Véron.
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