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Local boundedness for solutions of doubly
nonlinear parabolic equations.

L. XITING and W. ZAIDE

Abstract

It is well known that the local and global boundedness require
different conditions for solutions of singular parabolic equations.
This phenomenon appeares for doubly nonlinear parabolic equa-
tion (1). In this paper local boundedness of solutions of (1) is
proved by adding a suitable integrability condition on u.

1 Introduction

Let G be a bounded domain in the n(n > 2) dimensional Euclidean
space E™,T > 0 a real number. On Q = G x (0, T') consider the following
doubly nonlinear parabolic equation:

(| u |*-2)t — div A(z, t,u, Vu) + B(z,t,u, Vu) = 0 1)

where A > 2 is a constant. Suppose that A(z,t,u,£) and B(z,t,u,¢)
are defined on Q x E! x E™, measurable in (z,t), continuous in u and ¢
satisfying the following conditions:

£ Az, t,u,€) > |€P—K |ul' —fol,t) @)
| Az, t,u,8) | < Ki|€P ' +K |u VP 4p(2,t)  (3)
| B(z,t,u,8) | < bz, t) | €7 +K |u |t +fo(e, ¢) 4)
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wherep > 1,k; > 1,k > 0,1 = p(1+ \/n) and

n+p
=p———<AKL
Yo=P nEAC p
are all constants,
b(z,t) € L(Q) (5)
1=1- ,,—% a8 1<T<N=P— ;ix
r=00 a8 Y=m (6)
I<1- I- lﬁ%z(l—l)i% a 1 <7Y<p
) p n+p
fi(z,t) € L%(Q), s0,52> 2, 51> Py (M
Denote
t*=1 a8 Y <7<MN g
L-G-naB]+5Pm 43411 s m<i<p (8)
Let
u € C(0,T;LN(G)) N LP(0, T; WHP(G)) N LY (Q) (9)

be a generalized solution of (1), this means that

t
/ / [—v, | u |>"2 u+ Vv-A(z, 7,4, Vu) + vB(z,7,u, Vu)] dzdr (1)
o Je

+/ v(z,7) | ulz,7) P2 ulz,7) [T dz =0
G

Vt € (0,T),v € WH(0,T; LN(G)) N LP(0, T; W3 P(G)) N L=(Q).

Under the restriction 2 < A < ;"_% (asl<p<n)ie p> n'f;\ , X.
T. Liang & X. X. Liang in (1) proved that if there exists a constant M
such that

(u— M)t = max(u— M,0) € LP(0, T; Wol’p(G)) and (u — M)" |i—0= 0,

then u globally bounded on Q. Without any boundedness restriction of
u on the parabolic boundary of Q the local boundedness of u in Q is also
proved in [1]. The reason of restricting A < ;—,2’; in [1] is to guarantee
the following imbedding theorem holds:

a/l
(//|u|ldxdt) SC’(Vralmax/|u|)‘d:c+//|Vu|pda:dt)
Q

(10)
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Yu € L®(0,T; LNG)) N LP(0, T; W3 P(G))
where the constant C > 0 is independent of u, G and T and

n+ A
n+p

(11)

9=p

However, in the case of A > ;™ (that isp < n'::\,\) (10) is also true. This
is an immediate consequence of Theorem 2.2 in Chapter II of Ladyzen-
skaja, O. A. Solonnikov, V. A. & Ural’ceva, N. N. [2]. thus the global

boundedness of solution of (1) proving in 1] holds for A > 2,1 < p < n’r/\
too. Because of [ = pﬂ:—’\ < )in thecasep < ﬁ%, the proof of the local
boundedness gives in [1] is no longer applicable. So, the local bounded-
ness is unsolved for A > 2 and 1 < p < "’\ . Now we want filling the

gap. For this we need the additional assumptxon

ueL%oc(Q)
1> as 1=piA=) 0
T>£A—_i,m as l—p-—i—<)\ (12)

Our result is the following

Theorem 1. Let A > 2,1 < p < n’_‘,;\)‘ Let the conditions (2)-(7) be
fulfilled. Let u satisfying (9), (12) be a generalized solution of (1). Then

u 18 locally bounded in Q.

In the case A = 2 and 1 < p < 2, E. Di Benedetto and M. A.
Herrero 3], H. J. Choe [4,5] and M. M. Porzio [6] have discussed the
local boundedness and the condition (12) is also needed (in the case
A=2and 1< p< 2, (12) coincides with that in {3]-[6] and is sharp in
such a case as proved in [3], III.7). Our argument is different from that
given in [3]-[6] and is an improvement of [1}. The result of boundedness
is needed in regarding regularity of solutions.

By substituting w =| u |*~2 u the equation (1) changes into a class
of doubly nonlinear parabolic equations. The prototype of this class of

equations is
—div(] w [™| Vw [P~2 Vw) = 0.

V. Vespri [7] and M. M. Porzio and V. Vespri [8] consider the Holder
continuity of bounded solutlons and some existence for the last class of
equations.
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Remark 1. In the definition of the generalized solution, the requirement
of u € L¥'(Q) in (9) is not a supplemental retriction on u when 7o <
v < 71 (because every function in C(0,T;L(G)) N LP(0, T; W1P(G))
belongs to LY(Q)).

Remark 2. When vp < 7 < 71 the conditions (6) and (8) is necessary
even as in the time-independent case, see M. Giaquinta [9] pp. 148-149
and X. T. Liang [10].

2 Proof of Theorem 1

Under the assumptions of Theorem 1 the requirement on the test func-
tion, v € W1A(0,T; L G)) N LP(O,T;WOI”’(G)) N L*°(Q)), can be re-

placed by v € W10, T; L*(G)) N LP(0, T; W(}’p(G)) N LT(G)) where [ is
as in (12). Using (10) and repeating the deducation of 1] formula (18)
we arrive at that

q/!
( / / (u—-k)‘dxdt)
A(kﬂ‘l:Pl)
A A
SC{// [(u R+ A
A(h,TO,PO) 71— T0

+kl | A(k’TOv PO) I + | A(k,"'O:PO) |1—1/so
+1 Alk, 70, po) [0 77D

+ -(po — p1) T | A(k, 70, p0) Iﬁ_l(l_l/sl_lm} (13)

u—k
PO — P1

p
dzdt

p
Vk 2 ko, §Sp1<poSp, to—p”STo<T1Sto—(;—’)

where | A | denotes the (n + 1)—dimensional Lebesque measure of A,
A(k, 9, po) = {B(z0,p0) X (10,t0)} N {u > k}
B(zg,p) = {z € E™, |z — 20 |< p}
B(zo,p) x (to—pP,t0) CQ, 0<p<1,

g is an in (11), ko is a constant large enough and constant C' > 0 is
independent of k, po, p1,70, 71 (for simplicity the norms of f; in L*(Q)
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are absorbed into the constant C). Because (10) holds for 1 < p < —x,
so does (13) for the solution u appearing in Theorem 1.
We first consider the case ! < . In this case we have

1/A
< f f (u— k)’\da:dt)
A(k,m0,p0)
afl 5 (-l
< — k) dzdt // — k) dzdt 15

For any k > h, there holds

u—nh
A k7 b S .
| Ak, 7o0,p0) | / A(h,fo,m) k—h

From (15), (16) it follows that
A ra/l
( / / (u-— h)‘dxdt)
A(h,T0,p0)

_ Al-a)fl
f / | d:cdt) (17)
A(k)TOvPO)

Combining (15)-(17) with (13), we arrive at

q/1

(// (v — k)id:cdt)

A(k,Tl,p]_)

X/l
< cC {(n - 19)” (// (u— h)ldmdt)
A(h,70,p0)
- A(l—a)/l

(// | w |} dmdt)

A(h,70,00)

k A . Aafl
—70) L —— — h)ldzdt

(=) (k - h) (/ L(h,mm(" V= )

A
l dzdt. (16)

K | A(k, 70, po) |< |——
| 4Gk o, po) 1< |2
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N M1-a)fl
( / / | u|* dzdt
A(hyTO:po)

+ o= Pe-mpt [ [ = nasar
A(h,m0,p0)
+ (L)l / / (u— h)ldzdt
k - h A(h,“’o,m)

1-1
+ [(x-n)" / / (u — h)'dzdt o
A(hs'rOyPO)

+ (po— pl)—q/(q—l)

((k —h)7 / A (h,mm)(u — h)ldzdt

r4
wc>h2ko,%’Splsposp,to—p"sTosnSto—(g) :

Let € > 0, a constant that will be determined later. From (16) and the
absolute continuity of a Lebesque integre, we take H > 1 so large that

/ / | u ! dzdt < ep™*P. (19)
A(H,to-P",P)

Form=0,1,2,---, take

(1-1/51-1/0)q/(q—1)
) (18)

H 1 1
km:2H_2_,n'1 Pm=§(1»+2—m)P,

o= @)+ ()

Jin = / / (u — k) dzadt.
A(kmyTm,pm)

Because the constant C' appearing in (18) is independent of k, h, 79,71
and P0s P1, replacing k,h, by km—{»l, km, 70,71 by Tmy Tm+1 and PO, P1 by
Pm» Pm+1 Tespectively, we get from (18) that

m+1 N
le/il < C {._21__‘]"):!/1 (epn+p)>‘(1—a)/l
(1- %) e
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A

om+1 sl b(ep" +2) A(l-a)T

(- )gm

l
2m+2 P 2m+1 l-p oH
T+ | 7| Im

om+1

2m +1 N PRI (SO
- +|(5) o

m+1 q/(q-l) gm+1\! (1-1/81-1/1)q/(a-1)
) ( % )Jm (20)

+

-+

+
Vm=0,1,2,...
As H > 1and
1-L_g, » 1
so I n+p so’

(20) can be wtitten as

m+1 -
an./j-l < JY'c { -2—1— J'(n'\a—q)/l (epnﬂ)'\(l—a)/l
(1- %)

2m+
____1_2(m+2)AJ'(n,\a—q)/l
(1-3)r
(c pn+p)A(1—a)/7 20m+2) 2 plnen)
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2(m+2)l er;l/(n+p) + 2(m+l)l ng/(n+p)—l/so
+ 20m+Dia/(@-1) j(p/(ntp)-1/s2)a/(a-1)
9(m+1)q/(g-1)

-+

9(m+1)lg/(q—1)

pa/(a-1)
: ngq/[(q—1)(n+p)1+«p—1)/(m)—1/s1)q/(q—1)} @1)
Vm =0,1,2,--

From (19) it follows that
Jo = // (u — H)'dzdt
A(H,to—pP,pP)

B i
(// (u— H)ldzdt
A(H,to—pP,p?)
141
/ / dzdt
( B(z0,p) % (to—p? to)

< (e pn+p)'/7(w pn+p)1—l/7= el/Twl—l/Tpn+p

IA

where w is the volume of the unit ball in E™. Assume we have proved
I < 6™ el/Twl—l/Tpn-i—p (22)

where § is a small positive constant that will be especified, then com-
bining (21) with (22) and using (14) we have

m
J;’,./i, < J;;{'c{(l_ ype (260::—«)/1)

6[J\m-q+)«(1-o,)]/:~(1 l/l)(Aa—q)/l( n+p)l q/t

1422

o1+ (21+A 50— /,)

a-%)e

Po-atXA-/i5 (11Dt (yrtp)1=2/!
2l ~ o~

+ 27 (216P/(ﬂ+p))m (El/lwl—l/lpn+p)p/(n+p)

+ 9% (2'6P/ ("+P))m (e’/Twl"/Tp"+p)p/ (n+p)
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+ o (216p/(n+p)—1/ao)m (»el/'lvwl_l/Tpn+p)P/(n+P)—1/so

+ 24/ (2‘5P/(n+p)—1/az)"‘"/ (@-1)
T 78 (p/(n+p)~1/22)q/(g—1)
(e'/'wl“'/'p"ﬂ’) 2

2¢(i+1)/(g-1)
p/(a—1)

mq/(g—1)

+ [2¢+1 6p/(n+p)—1/al]

o (el/Twl—l/Tpn+p) 4/[(q-1)(n+p)]+((p-1)/(n+p)—1/n)a/(q—1)} . (23)

In virtue of p < 1 and 1 — § = £, if we take ¢, 6 such that

n+p’
91+2 s(Aa—q)/l <1, 9lgp/(n+p)—1/s0 <1,
ol gp/(n+p)—1/s3 <1, 9i+1gp/(n+p)—1/81 <1,

22+2X ~ .
C .(1_1e[Aa—q+A(1—a)]/zw(1-1/1)(,\a—q)/z
T 2r

4ol (61/7w1-z/7)‘°/ (n+p)
Y (Gl/Twl—l/T)p/("'*'p)-l/“ + gla/@-D) (el/Twl"'/—') (p/(n+p)—1/82)q/(g-1)

o@D/ (6, T 1m1 ﬁ) q/[(q—l)<n+p)1+((p—1>/(n+p)—1/al)q/(q-l)}

< 59/t

we deduce from (22), (23) that
~ ~ 1
Jrqn/-:-l < ng/l6q/l —_ (6m+1€l/lw1—l/lpm+}’)q/

This means (22) holds for m + 1. By induction it holds for any positive
integer m. Then, we have

0= lim J, =// u — 2H ) dzdt
m-—-—00 m A(zH’to_(g)P’g)( )

ie.
. ess sup u < 2H < +o00.
B(zo,%)x(to—(5)"to)
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The local boundedness of u from above is thus proved for the case A >
l. In this case replacing u by (—u) we can prove the local boundedness
of u from below by same argument.

In this case A = | we have 7> l

q/t
/ / (u—k)'dzdt < ( / / (u-— k)‘dzdt)
A(krfOJPO) A(k)TOrPO)
p/(n+p)
( / / ul dzdi)
A(kl"bvpo)
a/l - ip/{i(n+2)]
< (// (u—k)'dxdt) (// |ul dzdt)
A(ky‘rOyPO) A(kITOvPO)

| A(k, 7o, po) |(1—l/3p/(n+p)

q/1 ~ ip/[(n+p)]
< ( / / (u— k)‘dxdt) ( / / lul dxdt)
A(h,70,p0) A(h,70,p0)

u— (-1/0)p/(n+p)
. _

dzdt VE>h>ky  (15)

and

p/(n+p)
K | A(k, 70,p0) < (' | Ak, 70, p0) )P ( / / u dmdt)
A

k 1 q/l
S [(ﬁ) // (u - h)ld.l‘dt:l
- A(h,70,p0)
W (1-1/Dp/(n+p)
T =
A(hyTo,00) 'V T

° / / | u I?dzdt
A(h,TO,PO)

Replacing (15), (17) by (15’), (17’), respectively, we can repeat the
demonstration above to get the local boundedness of u.

(k,70,P0)

ip/[i(n+p)]
] Yk > h > ko. (17)
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