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Generalstablebundiesarising as normal
bundiesof projectivecurves.

EdoardoBALLICO andLuciana RAMELLA’

Abstract

Let X be a smoothprojectivecurve of genusg =2. For ah
integers r,& with r > O let M(X;r,6) be the modulí sehemeof
rank r stablevectorbundíeson X with degree6.

Here we prove that for ahí integers vi, d with vi > 3 and d >
(5n — 8)g + 2n2 — 5» + 4 there is a» open densesuhset S2 of
M<X; vi —1,(vi + 1)d+2g— 2) such that for everyN Ef? there isa
non-degeneratedegreed embeddingof X in IP” with N as normal
bundie.

Por the proof we usereduciblesmoothahlecurves.

Introduction

Let X be asmoothcurve and1 : X -4 IP” an embedding.We havean
exact sequenceof bundieson X: O -4 Tx -4 f5Tpn —> IVj —* O. The
quotient N

1 is calla! the normal bundieof f. Pta C := f(X). The
bundieN1 is isomorphicto the normalbundieNc of C, that is thedual
bundieof Io/T5 whereXc denotesthe ideal sheafof C.

Severa! propertiesof the embeddingf of X are reflected by the
geometricalatid cohomological propertiesof the vector bundie Nc of
C = f(X). For instancethe Hilbert schemeof IP” at C hasH

0(C, IVa)
as tangentspace, moreover,if h’ (C, Nc) = O, then it is smoothat C
andof dimension h0(C,Ncy).

‘Both authors were partially supported by MURST asid GNSAGA of
CNR (Italy).

1991 Mathematics Subject Claseification: 14H10, 14H60, 14C05

ServidoPublicaciones Univ. Complutense. Madrid, 1999.



18 EdoardoBallico and LucianaRamella

Furthermore,if the homogeneousideal of C is generatedby formsof
degree< k thenN,~(k) is spannedby its global sections.

Severalresultson smoothcurvesin IP” were prova! flnding suitable
reducible curves in IP” with “good” normal bundie.

Herewe want to study the normalbundieNc asan abstractbundle
on C ~ X. Thereis anaturalquestion.

Which bundieson a smooth projectivecurve X are isomorphic to
bundíesarising asnormal bundiesof sornenon-degenerateembeddingf
of X in 1P’?

Thestructureasid propertiesof the vectorbundieson X dependson
the genusg of X. The casesg = O,g = 1 andg=2 haveavery different
flavour becauseonly ifg > 2 thereare many stablebundíeson X.

From now on we will assumethat X has genusy =2. For alí
integersr,6 with r > O Iet M(X;r,6) be the moduil seherneof rank r
stablevectorbundíeson X with degree6. The schemeM(X; r, 6) is an
irreduciblesmoothvariety of dimensionr2(g — 1) + 1 (see [9] or [10]).

In this paper we prove the following result:

Tbeorem1. Fiz ivitegersg,n,dwith n>3 9=2 avid

d> (5» — 8)g + 2n2 — 5» + 4.

Leí X be o smoothprojectivecurve ofgenusy. Thevi diere Ls a Zariski
open devisesubselQ of ihe modulíscherneM(X; vi—1, (vi + 1)d+2

9—2)
such thai for everij N E Q diere Ls a non-degeneratedeyreed embedding
of X 1» IP” with N os normalbuvidie.

We think that the lower boundo» d in thestatementof Theorem1
is not optimal. Let Hom~(X,IP”) be the schemeof alí degreed non-
degenerateembeddingsof X into IP”. Thecomparisonof the dimension
oftheschemesHom~(X,)P”) andM(X;n— 1,(n+1)d+29—2) shows
that a ratherlargeJower boundon d is necessaryfray (u + 1)(d — u —

y) + y =(u — 1)2(g — 1) + 1 for non-specialembeddings).
To prove Theorem1, we will usereduciblesmoothablecurvesY in

IP” and the propertiesof stablebundíeson reduciblecurvesproved in
[6] and [2].

We work over an algebraicallyclosed fleid k with char (1<) = 0.
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1 Preliminary remarks

Let X be asmoothprojectivecurve and 1’ E X. Considertwo vector
bundiesE andE on X fitting in an exactsequence

0-> E-*F-*Op-->0,

whereOp is the skyscrapersheafof length 1 supportedby P. Note that
we haverank (E) = rank (F) anddey(F) = dey(E) + 1.

We will say thatE is obtainedfrom E makingapositive elementartj
travisformationsupportedby 1’ and that E is obtainedfrom E making
a viegative elementarytravisformationsupportedby P.

Notethatanegativeelernentarytransformationof the vectorbundie
E supportedby a point P E X correspondsto a point of the projec-
tive bundle lP(F) belonging to the fiber IP(F)p. Moreovera positive
elementarytransforrnationof the vector bundleE supportedby P E X
correspondsto apoint of F(EV)p.

Remark2. Fix asmoothprojectivecurveX of genusy =2 andintegers
r, 6 with r > 0. It is very well-known (seefor instance [3] Lemma2.5
in arbitrary characteristic)that for a generalE E M(X; r, 6) we have
that a generalnegativeelementarytransformationof E and a general
positiveelementarytransformationof E arebothstable.

Sinceehar(k) = 0, a strong result is true: tbereis a Zariski open
densesubsetU of M(X; r, 6) such that for every E E U every positive
elementarytransformationof E is stableandalsoeverynegativeelemen-
tary transformationof E is stable (use [8] Thm. 3.10, or the stronger
statement[7] Thm. 4.4, quotedin [8] Rem. 3.14).

We wihl not usethis strongerstatement,but we wilI use the weaker
statementin the following form.

Let Z(X; r, 6) be a ramified covering of M(X; r, 6) such that on
2(X;r,6) tbere is a semi-universalfamily a : E -4 2(X;r,6) of sta-
ble vector bundíeswith rankr anddegree6. E is called asemi-universal
bundleon 2(X;r,6).

The projectivebundleIP(EV) -4 2(X; r,6) pararneterizesthe posi-
tive elementarytransforrnationsof the vector bundíescorrespondingto
the points of 2(X; r, 6). Set Z’(X; r, 6) := IP(EV). Hy the flrst part of
the Remarkweobtainarationalmap/3 fromn 2’(X; ‘“, 6) to M(X; r, 6+1).
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Hy usingnegativeelementarytransformations,from the flrst part of the
Remark,we obtain that the aboyerational mapis dorninant.

Notation 3. The aboyeconstructionrnay be done for fiat families of
smoothcurveswith aprescribedsection.

We will calI this type of construction “up to adding parameters”
andwewill passvery often to ramified coveringto obtain semi-universal
families of bundíesand families of sectionsof fiat families of curvesjust
saying“up to a finite covering”.

As in [3], §2, we considerthe following concept:

Definition 4. Leí X be a smoothprojective curve of yenusy =2 avid
E a rank r vectorbundieo» X.

Leí t(E) be ihe mínima) integert such thai a yevieral G E
M(X; r,dey(E) + 1)18 oblaiviedftnm E by 1 positiveelementarytravis-
forrnations, i.e. .such thai O has a subsheafisomorphic lo E. We wil¿
cal! 1(E) ihe generalityindex ofE.

Remark 5. a) If E is a rank r vector bundleon X, from Remark2,
we havethat, for every 1=1(E), a generalGE M(X;r,dey (E) +1)18

obíainedfrom E by 1 (general)positiveelementarytransformations.
Notethatfor every unebundleL E Pic(X) we havet(E®L) = 1(E).
Easyexampleswith direct sumsof line bundíesshowthat the integer

1(E) dependaon the instability degreeof the bundie E.
b) Following the constructionof Remark2, we can define “up to a

finite covering” the schemeZ(t)(X; r, 6) parameterizing1 positive ele-
mentarytransformationsof stablebundies1» M(X; r, 6) and we havea
rational map[4] /3: 2(t)(X;r,6)~~.*M(X;r,6+t).

If E E M(X; r, 6), denoteby /
3E the restrictionof the aboyerational

map/3 to the fiber of ZW(X;r,6) at E. Then for 1 > 1(E), we have
that the rational map/3E is dominant.

c) Let E e M(X; r, 6), theschemeparameterizing1 positiveelemen-
tary transformationsof E is of dimensionrl. Thenif the aboyerational
map /3E is dominant,we haverl > r2(g — 1) + 1. Thus we obtain the
bound1(E)=r(g — 1) + 1.

In [3] we provedthe following results:

Lemma 6. a) ([3] Lemma2.8) We havet(rOx) = ry (r =2).
b) ([3] Lemma2.9) Leí E be a mnk r vector bundie o» X spanned

by ¿te y¡obal sectiovis. Thevi1(E)=(r — 1)dey(E) + ry.
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Remark 7. Denoteby G(r, u) the Grassmannianof the rank r quo-
tients of k”. Let X be a smoothprojectivecurve of genusy =2 and
E E M(X;r,6). Assume6> 2gr+r. Since h’(X,E(—P—P’)) =

h’(X;E(—2P)) = O for ah P,P’ eX ([9] Lemma5.2), wc havethat E
is spannedby its global sectionsand the quotient 0x ® H0(X,E) —+

E —>0 inducesay embedding~ X —> G(r,u), whereu — h0(X E) =

6+r(I —y).

2 Proofof Theorem1

We describethe proof 1» severalsteps.

Step 1. We describedic srnoothablenodal curveswe use.
Let Hom~(X,IP”) be the schemeparameterizingthe degree d non-

o
degenerateembeddingsof X in IP”. It gives a subschemeII of the
Hilbert scheme[4] Hilbd,

2(IP”) parameterizingthe degreed genus y
o

curves in IP”. The schemeII is irreducible and,since d > 2g — 2, we
o

havetic Hilbd,g(IP”)reg.
o

Let libe the opensubsetof the closureof Hin Hilbd,,(IP”) forma!
by reducedcurveswith only nodesassingularities.

Fix a very amplehine bundie L E Pic”~~(X) with h’(X, L) = 0.
Let h X —> IP” := IP(H

0(X,L)) be the correspondingllnearly normal
embedding.

Set Y := h(X) and denoteby N := IV,, = Ny its normal bundle.
Wehavedeg(N(—1))=2(n+g)+2y--2. SinceN(—1)isapannedby
its global sections,by Lemma6, we havet(N(—1))=(vi — 2)(4y+ 2»—
2) + (vi — 1)g. Hence1(N) = t(N(—1))=(5» — 9)y + (vi — 2)(2vi —2).

Note that d — vi—y=1(N). Fix 1 := d — vi — y generalpointsg of
Y and for everypoint P~ ageneraluneD, passingthrough it, 1 = <t.

Set Z := Y U (Uk,D~). By [11](or see [1] ThmO, for a stronger
statement),Z is smoothableto acurveC givenby adegreed embedding
of X in IP”, Le. Z E fi.

Wc calI Sy the subachemeof II parameterizingalí such curvesZ
with fixed Y andvarying the points P, andthe lines D

1, 1 <¿ < 1, with
the only restrictionsthat for every 1 we haveP, E D~, D1 fl Y =

D~ intersectsquasi-transversailyY and D, fl D, = 0 for i ~ j. These
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restrictionsareequivalentto the fact tbat Z is of arithmeticgenusy.
Denoteby g(1, vi) the Grassmannianof the lines in IP” and by

Qy(1,») the subvarietyof Q(1, vi) formed by the Unes of IP” meeting
Y-

The scheme,Sy is isomorphicto an opensubsetof the symmetric
t-product S(É)(Qv(1,vi)) of gv (1,»).

If Z is a nodal curve as aboye, the bundle Nz¡y is obtainedfrom
the normal bundle N of Y making 1 positive elementarytransforma-
tiovis supportedby the points Pi, 1 < i < 1 and, for every i, uniquely
determinedby the planedefined by D~ andthe tangentline of Y at Pi
([5] Cor. 3.2 and its prooffor thecasen>3).

Since1 = d—vi—g=1(N),varying the generalpointsF’~ of Y andthe
lines D~ with 1’, E D, for alí i, “up to afinite covering” the associated
bundíesNzjy cover a Zariski open densesubsetof M(X; vi — 1, (vi +
1)(vi + y) + 2g —2 + 1) (seeRemark5).

Note that, for every i, NZ¡DI is ageneralpositiveelementarytrans-
formation of N01 ~ (vi — l)Opm(1) ([5] Cor 3.2 and its proofs for tbe
casevi > 3), then NZ¡DÍ ~ Or’t

2) e (vi — 2)O~i(1) (if F 15 a vector
bundle ands is apositive integer,we denoteby sF the direct sum of s
copiesof F).

Step 2. We covisiderauzíliarij buvidiesassodatedto Ihe normalbuvidie.
Considerthe aboyereduciblecurveZ. For ah integers1 with 1 < 1 < 1
takeQ, E D

1, Q, # Pi and thebundieN5 on Z obtainedby Nz making
a generalnegativeelementarytransformationsupportedby the points

Qí, - - . , Qt- We havean exactsequenceof sheaveson Z

Note that Q, E Zreg, then we may define a negativeelementary
transformationsupportedby Q, of abundleon thesingularcurveZ. The
sheafNS 18 locally free andsuch that ~ N~jy, becausethe points
Q,,..,Q~do not belongto Y, NSÍD ~ (vi —l)O~i(i), for 1 < 1 <1
because,y is general.

Now set N := 14(—Q, — - - - — Qt). We havethat N~ is a locally
free sheafon Z, with N$D ~ (vi — ~ for every 1 < 1 < 1 and

~ Nz1y.
We claim that N¡~< is spannedhy its global sectionsand that
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h’ (Z, N~) = 0. To checktheclaim considerthefollowing Mayer-Vietoris
exact sequence:

0—> N —> N~1~e (e~lN~D~) —> @—,N” —*0rip,

The triviality of N,D., for every 1 < 1 < t, implies the surjectivity
of the last mapof global sectionsinducedby the aboyeexact sequence.
MoreoverN~1~ is spanned,thus N¡~ is spanned.

Step 3. We covistn¿cta fiat farnily of siableauxiliang buvidies.
Let C be the universal curve of II (see Step 1). C is a subschemeof
IPA andwe can Considerthe normal bundleNc~p~, that is fi-fiat (the
curvesin II arelocally completeintersection).

lf C is acurveof fi, anegativeelementarytransformationof Nc ~S

given by ak-point of the projectivebundle IP(Ncy), Le. by aquotient
Nc —* k —*0.

The schemeE parameterizingthe negativeelementarytransforma-
tions of the normal bundle of curvesin fi is given by the projective
bundleJP(Ncirn).

If Y is aX-scheme,we denoteby S42(Y)the symmetrict-product
of Y on X.

Moreover, we denoteby Hilb1(Y/X) the relativeHilbert schemeof
1 points of Y.

Let T be the schemeparameterizingthe curvesC of fi with 1 as-
signeddistinct points. 1’ is ay openirreduciblesubschemeof the relative
Hilbert schemeHilbt(C/fi) ayd it is isomorphicto an opensubscheme

of the symmetricproductSIP(C).
Let U be the schemeparameterizingthe aboyecurvesZ having an

assignedpointQ, on ea.chuneD1, with Q, # Pi- TheschemeUzparame-
terizing the aboyeconfigurationswith fixed Y is isomorphiclo an open
subechemeof the symmetricproduct SQ)(fly(1,vi)), whereQy(1, vi) is
the universalschemeover Qy(1,vi). Note thatU is an opensubscheme
of an irreducible componentof the boundaryT \ 1V, where 1V is the
opensubechemeof 1’ consistingof smoothcurves.

Now let T’ be the schemeparanieterizingthe curvesC of II with
1 assigned(smooth)distinct pointsQi,... , Qt and with anegativeele-
mentarytraysformationof Nc supportedby Qí, - - . Qt-
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T’ la an open irreduciblesubachemeof the relative Hilbert acheme
Hi¡b~(E/lH) andit laiaomorphictoanopensubschemeof thesymmetric
productSW(E).

We havea fi-morphiam r : —> It
For every point (C,Q,, ... , Qt, i>) of T’, it la well-defined a Iocally

free subsheafN¿~ of Nc fitting in an exact sequence

We haveravik(Ng) = vi — 1 anddey(Nfl = dey(N) = deg(Nz1y).
We claim that for ageneralpoint of T’, the bundleN¿~ ja atable.
It is sufficient to prove the claim for ageneral (Z,Q,, ... , Qt,n) E

c
1(U) (sn [6] Thm. 2.4). We have that N

1~ ~ Nziy ja atable and
that for every lime D, the bundle N1~ ja trivial ayd hencesemistable.
ThenN is aatablebundleon Z (see [2] Lemma 1.1).

Step 4. We covistrucí rnorphLsms¿vi a Gmssmaviviaavi.

By Remark7, theaboyebundleN~ la apannedby ita global sectiona,we
haveh’(C, Ng) = O andN~ gives ay embeddingX ~ C G(vi —1, u),
whereu — h

0(C Ng) = d + 3y + vi2 + vi — 3.

NotethatN is apannedby it~ global sectiona(Step2) andH0(Z,N~)
inducesamorphiam of Z in G(vi — 1, u) which embedaY andcontracta
the lines Q to the imagesof the pointa Pi-

Hence we havealso a fiat family of morphismsfroní X into the
GrasamannianG(vi — 1, u) (we have u — h0(Z,N~) = h0(Y,NjY) =

h0(C,Ng)),suchthat theimageof alí curvesarealí iaomorphicto X and
the bundíesN~

1,, and Ng arise asrestriction of the universalquotient
bundleof G(vi— l,v).

Step 5. We coviciude.
Since, “up to a finite covering”, varying Z in Sy we obtain as N~, a
Zariski denseopensubsetof M(X; n—1,6),where6 = (n+2)y+d+vi

2—2
(Step 1), wehavethatIhe bundíesNg coveraZariski denseopenaubset
of M(X;vi— 1,6).

Theoremn1 follows froní Remark2 ayd the way we obtainedN~ from
Nc.
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