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Abstract
Wc introduceaud study the le—jet ampleneasaud the le—jet

spannednessfor avector bundle,E, on aprojectivemanifold. We
obtain different characterizationaof projectiveapacein ternís of
suchpositivity propertiesfor E. Wc comparedic 1—jet ampleneas
with different notionsof very ampleneasin the literature.

Introduction

Let E bearankr vectorbundieon an vi—dimensionalprojectivemanifold
X. If r = 1, thereja a well underatoadand acceptednotion of very
amplenesa.If E is avectorbundiethereareanumberof notionaof very
ampleneasthat turn out to be different. Restricting to notiona with
good properties,e.g.,direct sumaof very amplebundíesarevery ample,
we havetwo main notions. One definition is that E ja very ampleif the
tautologicalbundle& on ¡‘(E) ja very ample,and the aecondatronger
definition iabasedon theexistenceof enoughsectionato separate1—jeta.

In §1, we study thesenotiona and define k—jet ampleneasof E, the
naturalgeneralizationof theaecondnotion to the casewhenglobal sec-
tiona separatek—jeta (tbe first notion doesnot generalizeto the caseof
le—jets with k> 1).

In §2, westudy the behaviorof k—jet amplenesaunder direct suma,
tensorproducta,and blowing up of finite seta. We afro point out the
analogueof the Chernclassinequalitiesof [3] in thecaseof le—jet ample
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vector bundíes
In §3, we give lower boundaon the numberaof sectionaanddet(E)”

for a le—jet vector bundle 6, and we give characterizationsof (X, E)
when the lower boundsaretakenon. We diacuasthe behaviorof le—jet
ampleneasunder adjunctionandmakesomeconjecturesof whatshould
optimally be true.

In §4, we comparethe different definitiona used in the preceding
sections.

Wc would like to tank the Max-Planck-Inatitutfiir Mathematikfor
its support. Part of thia paperwas preparedduring short visita of the
secondauthorat the University of Genovaandthe University of Notre
Dame, which ahe thanksfor their hospitality. The third author would
afro like to thankthe Alexandervon HumboldtStiftung for ita support.

We thankthe refereefor acareful readingand for helpful comínenta.

1 Backgroundmaterial

Throughoutthis paper we deal with complexprojectivemanifoldaX.
We denoteby O~ the atructuresheafofX andby Kx thecanonicalbun-
dle. By a vector bundiewe meana locally free sheaf(of 0x —modules)
of finite rank.

1.1 Notation

In this paper, we use the standardnotation from algebraicgeometry.
Let us only fix the following.

hi(fl, the complexdimensionof Hi(X, .9, for anycoherent
sheafFonX;

~ denoteslinear equivalenceof Une bundíes;

~(E)= H0(fl, the apaceof the global sectionsof a vector
bundleE on X. We say that E is apannedif it is apannedat
alí pointa of X by r(e);
¡ y , the linear ayatemassociatedwith a vectoraubapace,
t/ C I’(E), for avector bundleE on X.
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If 3 18 an ideal sheafof X andE la avectorbundleon X, we write
8/3 for 8 ® (Ox!]).

Line bundíes and divisora are uaedwith little (or no) distinction.
Hencewe freely usethe additive notation.

1.2 k—th order embeddings

Let X be aamooth algebraicvariety. Let E be a rank r vector bundle
on X. For eachpoint x on X let m,, be the maximalideal sheafof x in
X, i.e., the atalk of m~ atapoint y z is 0x,y andat X la the maximal
ideal m~Ox, cE 0x,r- Let 1/ C ~(8) be asubvectorspaceof ~(8).

We aay that E is le—jet spaviviedal x wíth respectlo V if V givea
global sectionawith arbitrarily prescribedle—jets at x, i.e., if theevain-
ation map

Xx V —* r(e® (Ox/mt))

is surjective. Wc aay that e is k—jet spanviedwith respecílo V if e la
le—jet apannedat z with respectto V for eachpoint z E X.

We saythatE is le—jetspaviviedal z (respectivelyC is le—jetspavivied)
if V = [‘(8) in the aboyedefinitiona.

Let zí, - - -, Xt be 1 distinct pointa of X. Let m
1 be the maximal

ideal aheaveaof the points z~ E X, i = 1, - . - , 1. Considerthe O—cycle
2 = z1+- - -+zt. We aay that 8 lá le—jetampleal 2 with respecílo V if
forevery 1—píe (k1,...,k~)of positiveintegerssuchthat2k le1 = le+1,
the evaluationmap

x >< V —> [‘(8® (Ox! ®:=~ m~))(~ eL1r(e® (Ox/nt)))

is onto. Here mk’ denotesthe le1—th tensorpower of m1. We aay that
8 la le—jet amplewilh respectlo V if, for any 1 > 1 andany 0—cycle
2 = z1 +- - -+Zt, whcrez1,- - .,z1arel diatinct pointaon X, the vector
bundieE is le—jet ampleat 2 with respectto V.

Wc say that 8 is le—jet ampleal 2 (respectivelyE ja le—jet ampie)
if V = [‘(8) in the aboyedefinitions.

Hencein particular8k—jet ampleimplica that£ is le—jet apanned.
Note that8 18 0—jet ampleif andonly if E 18 0—jet apanned,if avid

only if C is apannedby ita global sections. Moreover, for r = 1, i.e.,
= L is a line bundle,L is 1—jet ampleif andonly if L is very ample

(see§4 for the casele = 1).
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Note alao that for a line bundle L, 1—jet apannednesswith reapect
to y ja equivalentto V spanningL andthe mapgiven by j V 1 being an
immersion.

We refer to [1] and [4] for moreon k—jet ampleneasin the caseof
unebundies.Wc alao refer to [9] for resultain the caseof surfaces.

1.3 The k—tb jet bundie

Let X be aamoothalgebraicvariety of dimensionvi andlet E be a rank
r vectorbundleon X. By the k—th jet bundieof E, denotedJk(X,E) or
4(8) when no confusionwill occur, we meanthe vectorbundieof rank
r(k+fl) asaociatedto thesheafp*8/(pE®3~+í),wherep: Xx X —* X

la the projectionon the firat factor, the tenaorproduct la with reapect
to 0XXX and ¿T~ ja the sheafof idcals of the diagonal,A, of X >< X.

Note that .Jk(E) = UXEXJk(E)X, wherethe fiber over eachpoint x E X
ja Jk(E)

3, ~ £~/m~+í. Note alao that Jo(S) = E. Moreover thereia a
naturalmap1k -— j

t - £ —> Jk(E), definedon the aheaflevel andwhich
la not abundlemap. It sendaagerm of asectionto ita le—jet.

InterpretingJk(E) as the bundleof k—jeta of 8, j.c., Taylor expan-
alonaof holomorphicaectionaof £ truncatedafter the le—th term, one
hasan exact sequence

(1)

whereT~k) Sk(Tk)denotesthe le—th symmetricpowerof thecotan-
gentbundleT. In particularthereis asurjectivenaturalmap4(E) —*

J&’(8) —* O for le’ <le. Thenit follows from (1) that

• If 4(8) is apannedby ita sectiona for aome le, then Jk’(E) is
apannedby ita sectionawhen le’ < le.

NotethaI 1k gives riseto anaturalevaluationmap,which we denote
by the samesymbol,1k : X x [‘(8) —* 4(8). Thia maptakes (z,.s)E
X x [‘(E) to the le—th jet jkfr(z)) E Jk(E). Since for eachpoint z E X
there ja a canonical iaomorphism£ ® (Ox/m~+í) ~ J~4~’», it followa
that

• £ ja le—jetapannedif andonly if the evaluationmap1k iaaurjective.
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We havethe following generalresult.

Lemma 1.4. Leí 8 be a buvidie o» a smoolhprojeciive variety X. Leí
p: ¡‘(8) —* X be Ihe buvidieprojectiovi avid leí ¿g be die tautological ¡¿ye
buvidie of ¡‘(8). TheviJ,(S) ~p.J«&).

Proal’. One has a natural surjectjve map p~£ —> ¿e —* O which induces
asurjectivemapa : J1 (p*5) ~ Ji (¿e) —> 0. We alao haveacanonical
exactaequence

0—> ptl,(£) —> Jí(p£) TP(e)/x ®P
5 —>0,

where T~(¿),xdenotesthe relative cotangentbundle. Applying p. to
thia aequenceand noting that P.(fl’<e>¡x) ia the zero sheafwe get
J, (E) ~ p.Jí(pS). Thus, it aufficesto ahow that

To thia purpose conaider the cominutative diagraní with exact rowaand
columna

o O O
4- -1- -1-

0 + T~¿> ® TP(e)/x® ¿¿ 4 ® 95 + 74<e> ® ¿¿4 O

4. 4. 4.
O—*K=ker(a) —* Jí(95) —> JdEe)—*O. (3)

4, 4- -1.
> p*S —* & ~

4. 4. 4.
O O O

The iaomorphiam(2) will follow if we ahow
1. that p

5K = 0; and
2. that thereja a» injection O —+ p<l>K —4 p<í>Ji (¡9£).
Since the derivedfunctorsp<~> (TPCC)/x® ¿¿) are zero for alí i > 0,

we concludethatpjC ~ p4TP(¿>®TP(¿)¡x 0¿e). To seethat thia aheaf
is zero, conaiderthe exact sequence

0 -4 p*T* ~4 fl’(¿) —> T5(¿),x—*0 (4)

tensora! with TI>(¿)/x®&. Sinceletting r denotethe rankof 5 we have

H
0(7j¡

1 (1)) = O
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and
H0(T,r

1 ® T~1 (1)) = 0,

weconcludethat

p.(pTj ® ® ¿e) ~ 74 ® pe(TP<e>ix ® ¿e) = O

and
PC(TP(e),x0TP(e),x®&) = O

reapectively. Thus using again sequence (4) tensored with TP(e)/xGte
we have p~ (Tp~>® Tk(e)/x® ¿e) squeezed between two zero aheaves
and thua zero. Thus PS la zero.

Notethat P5(Tb<~>®p
5S)—> P.(T~e~®¿e)is ay isomorphism (both

areiaomorphicto T~ ® 5). Using this and the fact that P(l)(TP(e)/x®

¿e)= 0, adiagraníchaseshowsthat therela an injection 0 —> P(í)K —>

P(i)Ji (¡95) if there ja an injection

0—>P(í)(TP(C> ®¡?S) —> P(i)Jí(z5)- (5)

To show (5), consider the diagram with an exact row and colunín

O

4,
® P8

4,
O —> p’}T,~< ® 5) —> Ji(p55) —* Jí/x(p*£) ~+O,

4,pee

4,
o

whereJ
11x(p

55)denotesthe relative1—jet bundle(definedby the hor-
izontal exact sequenceaboye). Sincepcí>(p’(Tk ® 5)) ~ ní)(Cr(e>) ®
74 GE = 0, we haveasurjection

p.J,(p55) —* S(~p
59£)—÷0, (6)

if we have aaurjection p.Jx,x(p*S) ~> £ —> O. Letting p~iQ~ denote
the topological inverseimageof

0x, andnoting that Ii givea a
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splitting of the vertical sequence, the last aurjection follows from the
decomposition,P(i)Ji/x(P5S) ~ p«>&~£) e P(i)(Th(e)/x ® ¡9S),i =0.
By looking at diagram (3), we see that surjection (6) impílea (5), which
in turnagives the desirediaomorphiam(2).

u
For furthergeneralpropertieaof jet bundíeswe refer to [8] and [13].

2 Sornegeneralproperties

In this section we will examine various functorial properties of the defin-
itiona given in §1. In thia section X always denotes a smooth projective
variety.

Proposition 2.1. Leí S~ be a b~—jet ample vectorbundie o» X, j =

1,..., m. Thevi¿he---eSm isamin,
1~..,m{bá1—jeiarviple vectorbuvidie

o» X.

Proal’. Aasume e.g., that b, = min11 »{b5}. Let {Zi,...,Xt} be
a collection of 1 distinct pointa of X and let (le,, - . ., kt) E Z% auch
that Z~ le1 = b1 + 1. Then, by asauníption,we haveaurjective mapa
a5 H

0(£
5) — H

0(£/ Gt__ ~ = 1,..., m. Ihus, by composition,
WC get a aurjective map

H0(eyL,Sá) = e’L
1H

0(5
5)e,,> eyL1H

0(5
5/® í

u

Proposition 2.2. Leí £ be a le—jet ample vector buvidie o» X. Thai
5/Y is a le—jet amplevector buvidiefor eachsubvectorbuvidieY of 5.

Proal’. Let {xi, - - .,Zt} be acollection of 1 diatinct pointsof X and let
(le,, ..., lee) E Z5~ suchthat z:=~ le1 = le + 1. Note that, by tenaoring
with Ox! ®L1 mi’., the aurjection £ —> 5/Y —> O induces a aurjective
map 5/ GV1m~ —> (£/Y)/ GV,m~. Thua the assertionfollows from
the commutativity of the diagraní

H

0(S) —* H0(S/®~_1 m~)

4, 4-
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wherethe upper horizontal arrow la aurjectiveby assumptionandthe
right vertical arrow ja surjectiveby conatruction.

u
Praposition 2.3. Leí 5 be a» a—jet arnple vector buvidie o» X avid leí
Y be a 6—jet ample vector buvidie o» X. Thevi 507 Ls ay (atb)—jet
ample vector buvidie o» X -

Proal’. It is astraightforwardmodification of the proof of [4, Leníma
(2.2)].

u
Aa an immediateconaequenceof (2.2) and (2.3) we havethe follow-

ing.

Corollary 2.4. Leí £ be a le—jet ample vector buvidie of ravile r o» X.
Then AtmS avid S¶S) are mle—jet ample vector bu»dles. lvi particular

det(S) Ls a rle—jel araple Une buvidie o» X.

R.emark2.5. Note that if in (2.1) we asaume that the vector bundíes
areb

5—jet apannedfor each j and aimilarly in (2.2), (2.3), (2.4) we
assumethat the vector bundle £ is le—jet apanned,then alí the cor-
reaponding conclusiona hoid true for jet spannedness as well. This is
an imníediateconaequenceof the aboyeproofs, by noting also that the
proof of the key-lemma [4, (2.2)] makes only use of jet spannedneas.

Proposition 2.6. Leí O —> 5 —> Y —> Q 0 be a shorl ezacísequevice
of vector buvidies o» X. Assurne thai 5 Ls le—jet ample avid Q Ls le—jet
ample with respecí lo V := Im(17(Y) —* P(Q)). Thevi Y Ls le—jet ample.

Proal’. Let x1, - - . , Z~ be t distinct pointa and let le1,..., le~ be positive
integersauchthat EV1 le~ = le + 1. Let m~ be the ideal sheaves of the
pointa z1, i = 1, .., 1. We havethe commutativediagramwith exact
rowa

o -~ Xxl’<£) -4 XxI’(F) -> Xxv - o
¿ea

o —> r(e/®~ m~’) —> r(F/®~_1m~’) —> r(g/®~, mt’) —* 0,

where the vertical arrowa are the evaluation maps. By hypothesis e¿, Cg

are aurjective. By a diagraní chase we aee that ey is surjective,so we are
done. u
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Ihe following is the rank > 1 version of [6, Propoaition(3.5)] (com-
parealso with [3, Corollary (1.1)] and [4, Lemnía(3.1)]).

Proposition 2.7 Leí £ be a le—jet ample vector buvidie o» X. Leí
- - - , z~ be 1 distincí poi»ts o» X a»d leí a1,..., at be 1 positive ¿vi-

teyers. Leí ir : X —~ X be die blouáviy up of X al z1, - . ., x1. Leí
ic’(zi) be ihe ezceptiovial divisors, i = 1,..,t. The» ,r

58 ®
O~(—EV

1 a~E~) ¿sp := min{le — EL1 a~, a1,..., ae} —jet ample.

Proof. It is aatraightforwardmodification of theproofof [6, (3.5)].

u

lvi the aetting of Proposition (2.7), if we blow up a aingle point
z E X, ir : X —> X, we havethat ir*5 G (9~(—leE) ja spannedby global
sectionaonly assumingthat 5 la le—jet apanned.Therefore,comparing
with Corollary (1.5) of [3], we see that a formal extenalonof the argu-
mentaof [3] gives ua the following lower boundsfor the Chernclassea
and the Segreclasaesof 5.

Corollary 2.8. Leí X be a» vi—dimevisio»al smooth projeclive variety
avid leí 8 be a le—jet spa»viedvectorbuvidie of ravile r ovi X. Thevi

1. c~,(S)- ..c(S) =le”Q) - . -(4) forO =~ ~ r,i1 + ---+ij = vi;

2. s~1(S) -sé(S)=len(r+:i~i) . . - (r+it—l) forO =¿~ ~ r, lí + - - - +

tt = vi.

1» particular c»(S)=k”Q) avids45)=k”c~~—
1).

Remark 2.9. It is worthwhile to note thai the sameargumentas in
the proofof Lemmas(3.2), (3.3) in [6] gives us the following result.

Let Xl,..., X~ be 1 smoothprojectivevarietiesand let 5,,-. .,S~bel
vectorbundíeson Xy, ... , X,~ reapectively.Let p,: X

1 x. x X~ —> X, be
the projectionaon eachfactor, i = 1,..., 1. For i = 1,..., 1 asaumethat
8,-la k1—jet ampleand let le :=min{leí,...,ke}. ThenpS1®--•®pSg
¡a a le—jet amplevectorbundleon the productX, x --- x X~.

3 Characterizationsof projectivespace

Let 5 be a le—jet ample or le—jet apannedvector bundle on a amooth
projectivevariety X of dimension vi. In this section we give a lower
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bound for h0(S)andthe degreeof det(S). We afro study the “boundary
cases” when either h0(S)or (det(S))” reachesthe lowest poasiblevalue.
For anymerely amplevector bundie£ we alsoconaiderthe apecialcase
when the le—th jet bundle 4(5) is trivial for a given le (compare with
[13] for the line bundlecase). Thia givea different characterizationaof
projective apare. As a consequenceof theae resulta we obtain.an ad-
junction typeresult concerningthe jet apannednessof Kx + det(S)for
a le—jet spannedvector bundle 5.

Theorem3.1. Leí £ be ay amplevector btrndle of ravile r o» a srnooth
projective var¿etyX of dirnevisiovi vi. Assurnethai 4(5) is trivial for
sorne le > 0. The» (X,S) ~ (IPn,erOpn(k)) (hevice¿vi particular 5 Ls
le—jet ample).

Proal’. By dualizingand by tensoringwith 5 theexartsequence(1) we
get a aurjective map Jk(S) G5 —* Ti? G 8* ® 5 —*0.

Notice that we have an injection 0x ~ £ GE. By dualizingand by
tenaoringwithTf~> weobtainaaurjective mapTV>®S~®S-4 T}<t~ —*0.

Ihus by composition we get a surjective mapJk(S)®S~* Tj<~~> —* 0.

Since Jk(S)is trivial and 5 is ample,we concludethat Ti”> ia ample. it
thus follows that —Kx = det(Tx)is ample, so that Xis a Fano manifold.
Therefore Mori’a theory applies to say that X containaay extrema! ray
R = R[y], wherejis apossiblysingular reducedirreduciblerational
curve satisfying the numericalcondition —~x y =vi + 1. Let f
IP’ —* C c X be the normalization of any irreducible reducedrational
curve C c X, in particularany deformationof y. Note that f*(TV)) ~
(fe Tx)(k) la ample since TV> is ample. Thua f*TX la ampleon F~.

Therefore, by uaing Mori’s proof of the Hartahorneconjecture(seee.g.,
[11,section 4] for a diacuasion) we conclude that X ~ IP”. By dualizing

the exactaequence(1) we getaaurjectivemapJk(E) ~> Tf~’> ®5 —* 0.

Since Jk(5) is trivial it follows that Tfk> ® 5~ la apanned. Takea une
£ c IP” ~ X. From the normal bundlesequenceof 1 in IP”

0 * T, ~ Opd2) -4 Tx~ie —* Nqx ~ e”’O~~ (1) —*0,

we get T<k> ( e Thereforewe seeTXí,)Q”) (e”—’O,,~ (1) OF’ (
2))(k)

that O,,, (le) occura as a direct summandof T<k>x ¡i~
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The restriction of 5 to 1 la Ej ~ ~ (a~) for sornepoaitive

integeraa~, i = 1, ..., r. Since,by the aboye,the restriction (TQ> ® Eje
is spanned and containa O~i (le — a~) as direct aummanda we conclude
thata~<le ¿—1 ...,r.

For a rank r vector bundle £ on X it follows that

1(

le+»\
det(Jk(S))~ »+q (lerKx + (vi+ 1)det(S)).

Since the asauníption on 4(5) implies that det(Jk(S))la trivial and
X ~ IP”, we get det(S) ~ Opn(ler). On the other hand, det(5)
Opn(a, + ... + a,.). Then we infer that a1 + ... + a,. = ler. Since
a <le i =1,...,r,wethenconcludethata,=lefori=1,...,r.

Therefore (5 G Opn(—k))¿ ~ e’o~. From [12, (3.2.1), p. 51] it
followa that£ ® Opn(—k) ~ e~opfl, i.e., s~ e~Opn(le).

u

The result aboye hasthe following consequences.

Proposition 3.2. Leí 5 be a» ample vector bur¿dle of ravile r o» a
srnooihprojectivevariety X of dirnevisio» vi. We have:

1. Jf e is le—jetspa»viedal a givevi poivil z E X, ihe»h
0(S)=r(k~fl);

2. If equal¿ty happens avid 5 Ls le—jet spavined, thevi (X, 5) ~

Prao?. For a given point z E X, the mapH0(E) —* H0(S ® Ox/m~~’)
la onto andtherefore

h0(S)=ho(S®Ox/m~±í)=rho(Ox/m~+¼=r(letj.

Since 5 is le—jet apanned,the evaluationmap1k : X>< [‘(5) —* Jk(S) la
aurjective. If h0(S) = r(ktn) = rank(Jk(S)) it thuafollowa that j,. is in
fact an isomorphiamandtherefore4(5) la trivial. ThenTheorem(3.1)
appliesto give the reault.

u
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Proposition 3.3. Leí 5 be a» amplele—jet spaviviedvector bundleof
m»le r o» a srnoothprojective variety X of d¿rnevisiovivi. Thevi

1. det(5)” = (rle)” ifavid ovily if(X,S) Y (F”,e~Opn(le));

2. det(S)” =(rle)”’(rk + 1) oíherv.nse.

Proa?. Since det(S) la rle—jet apannedby Corollary (2.4) and Re-
mark (2.5), we have (det(S))” = (rle)” if and only if (X,det(S)) ~
(IP”, Opn(rle)) by [4, Corollary (3.1)]; note in fact that the proof of
Theorem (3.1) and Corollary (3.1) in [4] makes only use of the jet
apannednesa.Now, the sameargumentas in the proof of (3.1) shows
that £ ~ e~Opn (le) in thia case. This provea1).

Thuawecanasaume(X, det(S))~ (IP”, Opn(rle)), so that 2) followa
againfrom [4, Theorem(3.1)].

u

Building up on the argumentof [10, §1], we can now prove the fol-
lowing result for jetasupportedon asinglepoint (comparewith [3, (2.4)]
and [14] for relatedreaultain the caseof averyamplevector bundle).

Theorem 3.4. Leí £ be ay arnple le—jet spa»viedvectorbuvidie of ravile r
onosrnoothprojectivevarietyXof dirnevisio»vi. Assurneler> vi. Thevi
Xx + det(5) Ls (kr — vi) —jet .spaviviedu»less(X, 5) Y (IP”, e~Opn(le)).

Prao?. Wc haveto show that for every z E X, themap

H<>(Kx Gdet(S)) —* H0((Kx®det(£))/mkn±l)

is surjective.Let ir : Y —> X be theblowing up of X at z with E =

the exceptionaldivisor. Notice that det(5) ia rle—jet apannedby (2.4)
andRemark(2.5). Hence we can apply [4, Lemnía(3.1)], whoseproof
only usesjet apannedness,to concludethat ir5 det(S)— rleE la apanned.
Moreover, by (3.3),oyehas(~ det(S)— rleE)” = (det(£))” — (rle)” > O
unless(X,S)Y 9P”,e~Opn(le)).

Thus by Leray’sspectralsequenceand the Kawamata-Viehwegvan-
ishing theorem(seee.g., [7]), wc have

H’(Kx ®det(8) ® m;kn+1) — H1(ir~(Kx+det(S))—(rk—vi+1)E)

= H1(Ky + ,r* det(5) — rkE) = O.
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The aboyeresultgives sorneevidenceto expectthe following conjec-
turesto be true in the unebundlecase.

Conjecture 3.5. Leí £ be a le—jet arviple ¡¿ye buvidie o» a srnooth
vi—dirnevisio»al projective variety X, vi> 2. Ássurne le > vi. The» Kx +
£ Ls (le — n)—jet arnple ur¿less (X,C) ~ (P”,Opn(k)).

Note thai the following conjecture is true for aurfaces in the classical
case le = 1.

Conjecture 3.6. Leí £ be a k—jet ample ¡¿ye buvidle o» a srnooth
vi—dimevisio»al projeclive variely X, vi > 2. Assurne le > vi — 1. lAke»
Kx+C is (k—vi+ 1)—jet spavivied(perhapseve»(le—vi+ 1)—jet ample)
uvitess elíher (X,C) ~ (IP”, Opn(a)), with a = le,le+ 1, or (X,C) ~
(Q, O~(le)), Q hyperquadric ¿vi ~ or X Ls a IP”’—buvidle, p : X —>

(2, over a srnooth curve (2 avid CF ~ Opn-x (le) for aviy fiber E ~
of p.

Remark 3.7. Note that if £ is a le—jet ampleline bundleon asmooth
surfaceX with le> » + 1 = 3, thenKx + £ la very ampleby Reider’s
theorern.Indeed,from [4, Theorem(3.1)] we have£2 =(»+ 1)2+ (vi+

1) = 12. If Kx + £ is not very ample we know froní Reider’atheorem
(seee.g., [5, (8.5.1)]) that thereexistaan effective curve (2 on X auch
that

£ . (2—2 < (2- (2 < £ . (2/2< 2.

Thus (2. C = 1 and £ - (2 < 3. This contradictathe Hodge inequality
(C.C)(C.C) =(C.C)2.

4 Comparingdefinitions

In thia sectionwecomparethecasele = 1, i.e., the 1—jet ampleness,with
some other positivity properties given in the literature. The following
twa notionsof “very ample” vector bundíeshave been introduced for
“ad hoc” settingand, Rs we will see,arenot equivalent. We heardthe
secondnotion to be attributedto Lazarafeld(seee.g., [11, §3]).

Let X be a smoothprojectivevariety. A vector bundle£ on X ia
saM to be veryj ampleif the tautologicalline bundle¿e of IP(S) ia very
ample.
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A vector bundle 5 on X la said to be stroviyly ven0’ ample if there
existaavery ample¡me bundle£ on X such that £ 0 t’ is generated
by ita global aections.Forexample,the tangentbundleof IP” is strongly
very ample.

Note that for a Une bundle, M, very ampleneas and strong very
ampleneas coincide since M®M’ =

0x la apanned(seealsoe) below).
We want to ahowthat 1—jet ampleneas¡a a “middle point” definition

betweenthe previouatwo, i.e.,

• strongly very ample 1 1—jet ampleneas~ very amplenesa.

Proposition 4.1. Leí 5 be a stroviyly very ample vector buvidle o» a
srnooth projective variely X. lAbe» 5 is 1—jet ample.

Proof. Since5 la atrongly very ample, thereexiatsa very ample Une
bundle £ auch that 8 0 t’ ja apanned. Therefore Proposition(2.3)
implica that 5 = (5 o £‘) ® £ ja 1—jet ample (recalí that for une
bundíes,1—jet amplenesa¡a equivalentto very ampleneas).

u

Proposition 4.2. Leí 5 be a 1—jet ample vector buvidie ovi a srnooth
projectivevariety X. Thevi5 Ls veryample.

Proof. Let r := rank(S),vi := dim X and let ¿e be the tautological
line bundle of the F~1—bundIe p: E(S) —* X. We haveto ahow that
¿e la apannedby global sectiona.Since no leas thanal the sectionaof
Opr—i (1) span Opr—i(l), we see that the mapping~ : IP(S) —> IP<r,
associatedto J ¿e j, embedsalí fibers of p. Thua we rnust show that

1. giventwo distinct pointax, y of IP(S) with x’ := p(z) # =

it follows that «z) # «a);

2. given apoint x E IP(S) andanonzerotangentvectorr,, at x, then
the differential dt(r~) ja not zero.

Let z,y be two distinct pointaof IP(S) with z’ : p(z) # u’ =

andnotethatby the 1—jet amplenesaof 5 the map H0(£) —> 5,,’ ~S,,,, ia
onto. Thus we canchoosesectionas~,s

2 of H
0(S) auchthat, regarding

S
1,82 Rs sectionaof fi <>(¿e) under the isomorphiamH

0(£) ~ fi 0(p,¿e),
onehass,(z) = O ~ s

2(z) and s2(y) = O ~ s,(y). To see this recalí
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that z correspondsto aone dimensionalvector aubapaceof S~, and y
correspondato aenedimensionalvectoraubapaceof 5;~, andunderthe
iaomorphism H

0(&) ~ H0(S) sectionaof 5 are identified with linear
forms en the fibera of ~*, Thus«x) !=«y).

Now takeanypoint z E IP(S). Using the fact that£ is 1—jet ample,
we havethat the mapH0(S) —* S/m~, ja onto. Thus we canfind.global
sectionaof Se

1,ei4 with 1 = 1,..., r and j = 1,...,» such that

1. the e, apanS,,~, with 4(i) = O for 1 > 1, e,(x’) !=0;

2. e~,s(z’) = O for ah i,j, and

3. with reapectto alocal trivialization of 5 and local coordinatesz~
in aneighborhoodof Y with Y asorigin, we have

— 6’c(x’)
(
9Zk

where6~ la O unIesele = j, in which caseit la 1.

Using thesesectionait is straightforwardto check that the differential
of 4’ at z hasrank vi + r — 1. Therefore the differential of 4’ mapa the
tangent apareof IP(S) at z isomorphically onto ita image. We thus
cencludethat £ la very ample.

u
We provide exampleste show that the three “very amplenesa”no-

tiona conaideredaboyearein fact not equivalent.
Let us atartahowingthat the 1—jet amplenessis atrongerthanvery

amplenesa.

Example 4.3. There are examples of acrolís V = ¡‘(5) in ¡‘5, where
£ ja a rank 2 vector bundleen aaurfaceX, such that the tautelogical
unebundle¿¿is very ample,and embedaV in ¡‘5, but 5 is not 1—jet
ample.

Froní the list of low degreethreefoldain ¡‘5 (see e.g., [2, Chapter
6]), censiderthe follewing examples.

1. V = ¡‘(5) is of degree6 and 5 is a rank 2 vector bundle over
— ¡‘2 given by the exact sequence

0 4 0p2 —*5 —4 Jz(4)—>0,
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whereA = z1 +~ . . + x10 is a reduced0—cycle of ¡‘2 supporteden
10 distinct pointa in generalposition;

2. V = IP(S) is of degree7 and£ ¡a arank 2 vector bundieover the
blowing up X — IP

2(zi, . . .,z
6) of ¡‘2 at six peintax1,.. .,x6 in

generalpoaltion;

3. V = ¡‘(5) la a ¡‘
1—bundleof degree9 over aminimal ¡<3 surface

x.
Note that in eachcase£ la not 1—jet ample. Asaurneotherwise. Then
in particular 5 is very ample, and hence ample, by (4.2). Therefore
h0(X,S)=6 by (3.2), 1). Sinceh0(¡’(S),¿e) — h0(X E) = 6 in each
of the examplea1), 2), 3), we would haveX ~ ¡‘2 and 8 ~ Op2(l) e
Op2(1) by (3.2),2), which la not the case.

More generally,Fd~bundlesof “middle dimension” in IP» areother
examples.

Example 4.4. Considera1Pd~bundleV = ¡‘(E), La rankd+ 1 vector
bundleen asmoothprojectivevariety X, embeddedin IP” with either
dim V =~ if vi la evenor diní V = ~.i if vi la odd. Thus£ la veryample
but la not 1—jet ample. Indeed,otherwise,we would haveby (3.2), 1),
the numericalcontradictiona

vi+1 = h0(V,&) = h0(X,8) =(d+1) + i) =vi+2, for vi even,or

vi+1h0(V,¿e)t=hO(X,S)>(d+1)(»tl+1)=vi+3,fornodd.

Let uaahowthatatrongveryampleneasis atrengerthan1—jetampleness.

Example 4.5. We constructherean exampleof 1—jet ample vector
bundlewhich la nat strongly very ample. Let C be a nonhyperelliptic
curveof genusy = 5 and let D be anon-cifectivedivisor of degree3 en
(2. Conaiderthe vector bundle£ := ¡<ce Kc(D).

Note thai Xc and Kc(D) are very ampie lime bundíesen (2 and
hencetheya~e 1—jet ample (aee(1.2)). Froní Proposition(2.1) it thua
follows that £ ia a 1—jet ample rank two vector bundieen (2. Take a
very ample line bundle£ en (2. Since thereare no smooth curvesof
genus5 in ¡‘2, we must havethat [‘(U) embeda(2in ¡‘N with N > 3.
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Notice that, by Castelnuovo’sboundon the genus,£ muat be of degree
>7.

If SG £‘ — (KC ® t1) e (KC(D) ® t’) la spa»nedthen,aince
deg(Kc 0 £‘) < 1 we conciude that £ ~ J<C. Thua 5 0

O~e0C (D) is not apannedsinceD la not effective. Therefore£ ia not

strongiy very ample.
Remark4.6. The previouaexampleahowathat strongvery ampleneas
la not a functorial property. In fact 5 = ¡<C e Kc(D) as in (4.5) is not
atrongly very ample, but it la the direct aum of two very ample, i.e.,
strongiy very ampie,unebundíes.

Note afro that if 8,7 areatrongly very ample vector bundieson a
variety X, then,Rs it clearly followa from thedefinition, SoFia atrongly
very ample.
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