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BAIRE-LIKE SPACES C(X, F)

Jerzy KAKOL~

Abstract

We characterize Baire-like spaces C.(X, E) of continuous func-
tions defined on a locally compact and Hewitt space X into a
locally convex space E endowed with the compact-open topology.

1 Introduction and preliminary facts

Throughout this note “les” will stand for “Hausdorff locally convex topo-
logical vector space”. The word “space” will mean “completely regular
Hausdorff topological space”. R and Q denote the sets of the real and
rational numbers, respectively. By C.(X, E) we denote the space of all
continuous functions defined on X with values in a lcs E endowed with
the compact-open topology. As usual C.(X) denotes the space C;(X, R).
For a space X by 8X and vX we denote the Stone-Cech and the Hewitt
compactification of X, respectively. The space X is called a Hewitt space
if X =vX, cf. [5].

In [18] Saxon defined a lcs E to be Baire-like if given an increasing
sequence (A, ) of closed absolutely convex subsets of E covering E, there
is an integer n € N such that A, is a neighbourhood of zero. When
the sequence (Ajy) is required to be bornivorous, E is said to be b-
Baire-like, cf. [19]. Clearly Baire = Baire-like = barrelled. Every
metrizable lcs is b-Baire-like, see also [16] and [4]. Recall that a Ics
E is barrelled (quasibarrelled), if every closed absolutely convex and
absorbing (bornivorous) subset of E is a neighbourhood of zero of E.
Every metrizable barrelled space is Baire-like, see also [1], [6], [7], [9],
(11], [21]. It is known that the spaces of Pettis or Bochner integrable
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functions are not Baire spaces but Baire-like, (2], [3]. In contrast to
the Baire spaces, cf. [12], Baire-like spaces have "good“ properties. For
instance, Saxon showed [18] that Grothendieck’s factorization theorem
for closed linear maps from a locally convex Baire space into an (LF)-
space remains true for closed linear maps from a Baire-like space into an
(LB)-space. Recall that Baire-like spaces are also stable under arbitrary
products, quotients, countably codimensional subspaces, etc., cf. [18],
[16], [15].

Mendoza [13] realized that the space co(E) of sequences in E con-
verging to zero, endowed with the uniform topology, is essential for the
study of C.(X, E). In this paper, applying rather known techniques, we
prove the following

Theorem. If X is pseudo-finite, i.e. every compact subset of X is
finite, then C.(X, E) is Baire-like iff E and C.(X) are Baire-like. If X
is locally compact and Hewitt and X is not pseudo-finite, then C.(X, E)
is Baire-like iff co(E) is Baire-like.

The proof heavily depends on the following result that we established
in [10].

(+) If X is locally compact and Hewitt and (z5,) is a sequence in BX\X,
then there exists a continuous function f : BX — (0, 1] which is positive
on X and vanishes on a subsequence of (z,).

On the other hand, as we proved in [8],

(*) the space co(E) is Baire-like iff E is barrelled and the strong dual
E, = (E',B(E',E)) is strong fundamentally ¢ -bounded.

Some particular cases of the theorem were proved in [7], [8], [10],
(11), [13], [14]. For instance, C;(X) is Baire-like provided X is locally
compact and Hewitt. The assumption "X is locally compact“ cannot
be removed; the space C.(Q) is barrelled but not Baire-like. If X is first
countable, then C.(X) is a bornological Baire-like space iff X is locally
compact and Hewitt.

Recall that a lcs E is fundamentally ¢,-bounded (or has property
(B)), cf. [17] or [16], if for every bounded subset H of £; (E), there exists a
closed disc B of E'such that )7, pp(z,) < 1forall (z,) € H, where pg
denotes the Minkowski functional of B. A Ics E is strong fundamentally
£1-bounded, see [8], if E is fundamentally ¢, -bounded and the space ¢,(E)
satisfies property (s) and a lcs F is said to satisfy property (s) if for every
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decreasing sequence (Hy) of absolutely convex subsets of F such that for
any p € F(E) there exists m € N with sup ¢y p(z) < oo, then there is
k € N such that sup,¢ g, p(x) < oo for every p € F(E).

For a lcs E by F(F) and U(E) we denote the set of all contin-
uous seminorms and absolutely convex neighbourhoods of zero on E,
respectively. By E’ we denote the topological dual of E. An increasing
sequence (Ap) of absolutely convex and closed subsets of a lcs E is ab-
sorbing if it covers E. It is bornivorous if for every bounded subset B
of E there exists n € N such that B C A4,,. Recall that in a barrelled
space every absorbing sequence is bornivorous, cf. [16], 8.1.23.

2 Proof of Theorem

It turns out, cf. [13], [20], that

(**)  Ce(X) is barrelled iff every bounding subset of X is relatively com-
pact. If X is pseudo-finite, then C.(X, E) is barrelled iff E and C,(X)
are barrelled. If X is not pseudo-finite, then C.(X, E) is barrelled iff E
and Cc(X) are barrelled and E} is fundamentally ¢ -bounded.

We start with the following

Lemma 1. Let X be infinite compact. Then C.(X,E) is Baire-like iff
co(E) is Baire-like.

Proof. Assume that C¢(X, E) is Baire-like. Since C.(X)®, F is a large
subspace of C.(X, E), cf. [16], p. 414, it follows that C(X) ® E is
b-Baire-like. By 11.4.46 of [16] the space

Y = (co ® (CC(X)),) ®r (Ce(X) ®c E)

has a quotient isomorphic to Z = ¢y ® E. On the other hand, applying
the argument of [16], 11.2.4, one deduces that Y is b-Baire-like. Con-
sequently Z is b-Baire-like, so c¢o(E) is b-Baire-like, since it contains a
dense b-Baire-like space Z. Since a barrelled space is Baire-like iff it is
b-Baire-like, (**) applies to deduce that the space co(E) is Baire-like.
For the converse assume that cy(F) is Baire-like. Since U = co @ E is
a large subspace of ¢y(E), cf. proof of 11.5.9 of [16], U is b-Baire-like.
On the other hand the space

Yo = (Ce(X) ®c 1) ®x (co ®¢ E)
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has a quotient isomorphic to the space C’C(X) ® E, cf. 11.4.46 of [16].
Proceeding as above one gets that Yy is b-Baire-like, so C.(X, E) is
b-Baire-like. By (**) C.(X, E) is barrelled, so it is Baire-like.

From Lemma 1 it follows immediately that if C.(X, E) is Baire-like
for some infinite compact X, then C.(Y, E) is Baire-like for any infinite
compact Y.

Recall that if D is an absolutely convex subset of C.(X, E), a hold
K of D is a compact subset of X such that f € C.(X, E) belongs to
D if its continuous extension f? of 8X into B E is identically zero on a
neighbourhood of K. The intersection k(D) of all holds of an absolutely
convex set D in C.(X, E) is again a hold, [20], II.1.2, and it is called a
support of D. If moreover D is bornivorous, then k(D) is contained in
v X, [20], I1.2.4, II. 1.2, IL.1.4.

Lemma 2. Let X be locally compact and Hewitt. Let (D,) be a borniv-
orous sequence in C.(X, E) covering C.(X, E). Then there exists m € N
such that k(Dp) C X.

Proof. If this fails, for every n € N there exists z,, € k(D,) \ X. Let
f be a function as in (+). Since (D,) is increasing we may assume that
f(zn) =0, n € N. Thesets A, = {y € BX : f(y) > m~!} are open
in 8 X and form an increasing sequence which covers X. Since z, ¢ A4,
for n € N,

k(Dn) ¢ An

for every n € N, where the closure is taken in 8X. This implies that A4,
is not a hold of D,, for any n € N. Hence there exists a sequence f, €
C¢(X, E) \ D, such that its extension ff = 0 on some neighbourhood
of A,. Since (fn) converges to zero in C,(X, E), there exists p € N such
that f, € D, for all n € N, a contradiction.

Proof of Theorem. Assume X is locally compact and Hewitt but
not pseudo-finite. If C.(X, E) is Baire-like, then E is Baire-like and
C.(K, E) is Baire-like for any infinite compact K in X. Indeed, the
restriction f — f|K defines a linear map of C.(X,E) — C.(K,E)
which is open and has a dense range. Next, Lemma 1 applies to con-
clude that co(E) is Baire-like (or equivalently E is barrelled and Ej
is strong fundamentally ¢;-bounded by (*)). Conversely, if co(E) is
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Baire-like, then the space C.(5X, E) is Baire-like (by Lemma 1). Fi-
nally we prove that C.(X, E) is Baire-like. By (*) and (**) the space
C.(X, E) is barrelled. Let (D,) be an absorbing sequence in C.(X, E).
Since C.(8 X, E) is Baire-like, we get m € N and h € F(F) such that
{p € C(BX,E) : SUPzex h(p(z)) < 1} C Dy N C(B X, E). Since
C.(X, E) is barrelled we apply [16], 8.1.23, to deduce that (D,) is bor-
nivorous. By Lemma 2 there exists n > m such that k(D,) C X.
Finally, using the local compactness of X and following the argument
of 1V.4.3, [20], one gets {y € Cc(X, E) : supgex(p,)h(e(z)) <1} C Dy,
Hence D,, € U(C.(X, E)) and consequently C.(X, E) is Baire-like.

Now assume that X is pseudo-finite and C;(X) and F are Baire-like.
Then, by (**), C.(X, E) is barrelled. Clearly C.(X, E) is dense in EX.
Let (A,) be an increasing sequence of closed absolutely convex subsets
of C.(X, E) covering it. Then

E* = )4,
n

the closure is taken in EX, cf. [16], 8.2.27. Since EX is Baire-like, [16],
9.2.6, we deduce that some A, is a neighbourhood of zero in C.(X, E).
Clearly C.(X) and E are Baire-like provided C.(X, E) is Baire-like.

The author wishes to thank the referee for valuable comments.
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