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ABSTRACT

The main result of the present paper is a classification theorem for finite-sheeted
covering mappings over connected paracompact spaces. This theorem is a gen-
eralization of the classical classification theorem for covering mappings over
a connected locally pathwise connected semi-locally 1-connected space in the
finite-sheeted case. To achieve the result we use the classification theorem for
overlay structures which was recently proved by S. Mardesi¢ and V. Matijevic¢
(Theorems 1 and 4 of [5]).
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1. Introduction

The well-known classical classification theorem of the covering space theory refers
to covering mappings of connected spaces, where the base space is locally pathwise
connected and semi-locally 1-connected. It establishes a bijection between classes of
equivalent pointed s-sheeted covering mappings f : (X,*) — (Y, %) over (Y,*) and
subgroups H of index s of the fundamental group G = 71 (Y, *). In the unpointed case,
it establishes a bijection between classes of equivalent s -sheeted covering mappings
f:X — Y over Y and conjugacy classes of subgroups H of index s of the fundamental
group G = w1 (Y, %) (see, e.g., Theorems 8.1 and 8.4 of [1]).

In 1972, R.H. Fox, using the shape-theoretic approach, extended the classification
theorem to arbitrary connected metric spaces. However, he had to restrict covering
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mappings to a narrower class, called overlay mappings. Fox has also noticed that
for overlay mappings, connectedness of the total space X has to be replaced by the
indecomposability of the overlay mapping f, a property which he calls vertical con-
nectedness of f. Moreover, he replaced w1 (Y, x) by the appropriate shape-theoretic
notion, i.e., by the fundamental progroup = (Y, *) (Theorem 6.1 of [2]). He consid-
ered only the unpointed case and instead of fundamental groups used the related
notion of fundamental tropes. His classification theorem for s-sheeted overlay map-
pings over connected metric spaces was stated in terms of transitive representations
of the fundamental trope in the symmetric group X(s).

In 1978, T.T. Moore [7] introduced the notion of an overlay structure and exhib-
ited examples of overlay mappings over connected metric spaces which admit different
overlay structures. He also noticed that Fox has actually classified overlay structures
over connected metric spaces and not overlay mappings.

Recently, S. Mardesi¢ and V. Matijevi¢ classified indecomposable overlay struc-
tures over arbitrary connected topological spaces. Their classification theorem es-
tablishes a bijection between the set of all pointed equivalence classes of s-sheeted
indecomposable overlay structures over connected topological spaces (Y, *) and the
set of all subprogroups of index s of the fundamental progroup m, (Y, *) (Theorem
1 of [5]). In the unpointed case, it establishes a bijection between the set of all
equivalence classes of s -sheeted indecomposable overlay structures over connected
topological spaces Y and the set of all conjugacy classes of subprogroups of index s
of the fundamental progroup m, (Y, *), where * is an arbitrary point of ¥ (Theorem
4 of [5]). These results are achieved using ANR-resolutions, an important technique
introduced in [4], the fact that overlay mappings are pull-backs of covering mappings
over ANR’s (see [8]) and the classical classification theorem. Although these classifi-
cation theorems are rather general, the problem of classifying covering mappings (in
distiction to covering structures) over arbitrary connected topological spaces is still
open.

The main result of the present paper is a classification theorem (see Theorems 4
and 5) for finite-sheeted covering mappings with connected total space over connected
paracompact spaces. This theorem can be considered a proper generalization of the
classical classification theorem of the covering space theory. It is actually a restric-
tion of the Mardesi¢ and Matijevié¢ classification theorem to the finite-sheeted case,
because, in the finite-sheeted case, equivalence classes of covering mappings over a
connected paracompact space (Y, *) with a connected total space (X, %) coincide with
indecomposable overlay structures over (Y, x*) (Theorems 1, 2 and 3).

2. Overlay structures for finite-sheeted covering mappings of paracompact
spaces

By a paracompact space we shall mean Hausdorff paracompact space. Recall that the
class of paracompact spaces contains the class of compact Hausdorff spaces and the
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class of metric spaces as its proper subclasses. Recall that each paracompact space
is normal. Also recall that an open covering is called normal provided it admits a
subordinated partition of unity. Since each locally finite open covering of a normal
space is normal ([6], Appendix 1, 3.1 Theorem 1), in paracompact spaces all open
coverings are normal.

Let Y be a connected topological space, let f : X — Y be a continuous mapping
and let S be a set of cardinality s = card S. Let B = {B} be an open covering of YV’
and let A ={A% : B € B, 0 € S} be an open covering of X. We will say that (A, B)
is an s-sheeted covering pair for f : X — Y provided the following three conditions
are fulfilled:

(CL) f71(B)= U Ag, B € B;
c€eS

(C2) AyNAL =0,for o,7€S,0#T1; B€EDB;
(C3) flag : AL — B is a homeomorphism for each A% € A.

Recall that a mapping f : X — Y is an s-sheeted covering mapping provided it
admits an s-sheeted covering pair (A, B).

An s-sheeted covering pair (A4, B) for f : X — Y is said to be an s-sheeted overlay
pair for f provided B is a normal covering and the following additional condition is
fulfilled:

(C4) If B,B' € B and BN B’ # B, then every o € S admits a unique o’ € S such
that A% N A, # 0.

A mapping f : X = Y between topological spaces is said to be an s-sheeted overlay
mapping provided it admits an s-sheeted overlay pair. Clearly, every overlay mapping
is a covering mapping. In the realm of metric spaces the converse implication holds
in some important cases. In particular, it holds if the base Y is locally connected (see
Theorem 3 in [3] or Proposition 2.1 in [7]) or if the number of sheets s is finite (see
Theorem 3 in [3] or Proposition 2.2 in [7]). Fox has given an example of a covering
mapping over a metric continuum, which is not an overlay mapping (see [3]). Clearly,
in that example the number of sheets is infinite.

If (A, B) and (A, B') are s-sheeted covering (overlay) pairs for f, we say that the
first pair refines the second one, and we write (A, B) < (A, B'), provided, for every
B € B there exists a B’ € B' such that B C B’ and for every o € S, there exists
a o' € S such that A C A’ g,. We say that two s-sheeted covering (overlay) pairs
(A,B) and (A’,B') for f are equivalent if there exists an s-sheeted covering (overlay)
pair (A", B") for f, which is their common refinement. By an s-sheeted covering
structure (overlay structure) [A, B] for a covering (overlay) mapping f we mean an
equivalence class of s-sheeted covering (overlay) pairs (A, B) for f. By an s-sheeted
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covering structure ( overlay structure) over a space Y, we mean an s-sheeted covering
(overlay) structure for some mapping f : X — Y.
Let 4 and V be coverings of a space X. If U refines V, we shall write i < V.

Theorem 1. Let f : X — Y be an s-sheeted covering mapping over a connected
paracompact space Y. If the number of sheets s is finite, f : X — Y is an s-sheeted
overlay mapping. Moreover, f admits a unique s-sheeted overlay structure.

Proof. We need to show that f : X — Y admits an s -sheeted overlay pair (A4, B)
and that, for any two s-sheeted overlay pairs (A',B'), (A" B") for f, there exists
an s-sheeted overlay pair (A"',B""), which is their common refinement. Since each
s-sheeted overlay pair for f is an s-sheeted covering pair for f , the theorem will be
proved, if we prove the following claim.

Claim. If (A'B') and (A" B") are s-sheeted covering pairs for f, then there is an
s-sheeted overlay pair (A, B) for f, which is their common refinement.

Let us prove the claim. There is no loss of generality in assuming that B’ = B”.
Indeed, if this is not the case, we can take a common refinement B’ of B’ and B"”
and the restrictions of (A, B’) and (A", B") to B"'. Let A’ = {A :BeB',o0€ S}
and A" = {AY :Be B, 0 €S}, cardS = s. Since Y is paracompact, X is also a
paracompact space (see [10]). Therefore, there exists an open covering U of X such
that St3U < A', A”. For each point y € Y choose a member B, € B’ such that
y € By. Let z be an arbitrary point from the fiber f~'(y). Then there exist a unique
o € S such that z € Agy and a unique 7 € S such that x € A%Z. Consequently, the
set Sy = {(o,7) : f7H(y) NAE NAY # 0} C S x S has cardinality card S, = s.
Note that if (o,7),(0',7') € Sy and (o,7) # (0',7') then ¢ # ¢’ and 7 # 7. If
r = f Yy n Ag N AE, let us denote z by z(@7), For (o,7) € Sy let U;J’T) =
St UNAE NAY W, = N FUST) and V7T = f1(W,)NAg NAY .

o,T)ESy
Since card Sy = s is finite and f i(s ari open mapping, W, is an open set and, obviously,
y € W, C B,. Furthermore, f~*(W,) € U Ul Put B = {Wy:yeY}. B
0,T)ESy
is an open covering of Y, which refines l;” . )Since for each y € Y, the cardinality

card S, = card S = s, there exists a bijection ¢, : S = Sy. Put now AI),‘Vy = Vywy()‘)

and let A = {A{‘,Vy : Wy, € B, A€ S}. Ais an open covering of X, which refines both
A" and A"”. We claim that (A, B) is an s-sheeted overlay pair for f.

To prove (C1) we need to show that f~1(W,) = U A} = U ny(x) =

res AES

U Vy(a’T), for each W, € B. By definition of the sets Vy(J’T), it is clear that
(0,7)ESyY

U W c ft(W,). So, we need to prove that f~*(W,) € U v,
(0,7)ESyY (o,7)ES,y
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Let ' € f~*(W,). Then f(z') € W, = () FUS™). Let (0,7) € Sy be
(0,7)ESy

an arbitrary index. It follows that f(z') € f(Ugsa’T)) C f(Ag, N Ag ). Since
f |A}§’y Ay A'gy N A']’3’; — f(A'gy N A%Z) is a homeomorphism, there exists a unique
point " € Ag NAY such that f(z") = f(z'), ie. 2" € f’l(f(ac’))ﬂA’gy NAE . So,
for the choosen (o,7) € S, we can find a unique 2" € f~1(f(z')) N Ag, NAY . Since
card S, = s it follows that f~*(f(z")) = U [ '(f(2)) N AE N A . Therefore,

(o,7)ES,
there must exist an index (09, 70) € Sy such that o' = f~!(f(a"))NAE°NAF*. Since

f(z") € W,, it follows that 2’ € f~1(W,) N Agﬁ N A']';;O. Now, we get =’ € Vy(JO’TO) C

U V"7, which proves ) c U v,
(0,7)ESyY (o,7)ES,

To prove (C2) we need to show that for different indices A\, A’ € S the sets A{,‘Vy =
V?fy()\) = V" and A{,“',y = ny()\l) = Vy(JI’TI) are disjoint. Since ¢, : S — S, is a
bijection and A # X', ¢, (A) = (0,7) and ¢, (X') = (¢’,7') are different elements of
Sy. Then o # ¢’ and 7 # 7' and, therefore, A} N Agy/ = () and also A N Ag_é}: = 0.
Since V77 NV = (f7HW,) NAE N AL )0 (FHW,) N A NAK) =0, it
follows that V" "and V""" are disjoint.

To prove (C3) we need to show that for each A € S, f |A3vy: Aévy — Wy, is a
homeomorphism. Let AI),‘Vy = Vf”’(x) = Vy(U’T). Since VyU7T) = f_l(Wy)ﬂA'gy NAYE C
Ag NAY and f |A'§y Ay A NAY — f(AE, NAY ) is a homeomorphism, it is
sufficient to prove that f(V,™)) = W,. It is clear that f(V,""")) C W, so we need

only to prove that W, C f(Vy(J’T)). Let y' € W,. Since W, = () f(UéU/yTl)) C
(o/,7")ESy

FUST) = (St Uy N AG NAY ) C f(AG, NAY ), it follows that there exists
a point z’ € A NAY" such that f(z') = y' € Wy. So, 2’ € f~H(W,)NAE NAY =
V") Therefore, y' = f(z') € F(V,{"7).

(C4) Let W, NW,, # 0. We need to prove that for each A € S there exists a unique
A" € S such that AI)/\Vyl N A%,‘{,yz # 0. Assume the contrary. Let A" € S be another
index, X" # X', such that Ay, N Ajy  # 0. Let A, = yon N Z ylen), Ay, =
Vyi”()‘) = V;;’7T’), Ai‘{,’yz = V;;”()‘ ) = Vy(;”J”). Since ¢,, : S — Sy, is a bijection
and \' # \", glayzl()\') = (157’,”7") and <py2(%\”,) = (o",7") are different elements ofI:LhS set
Syo- Then 27 £ 287 where 237 ™) = f=1(y2) N A;gy’2 N A%Z; and 27 7)) =
) n A% N A, Since v;f v,” C St(x;"’:),u) nAg, NAg, C St(z\""),u)
and analogously V7 ™) € St(z" " ), V) € St(zl” ), ), it follows by as-
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sumption that St(wga’T),U)ﬂSt(wéJ/’T/),U) # 0 and St(wga’T),L{)ﬁSt(wg‘T”’T”),U) #0.
Therefore wgal’Tl), ;Uéa”’T”) € St(St(wga’T) ,U),StU) C
St(z\7™,St2 ). Since St3U < A', A" there exist B € B' and ¢ € S such that
27 27T e A'g. But , this contradicts the fact that f laig: A — Bis a
homeomorphism since f(acgal’T/)) = f(wéa”’T”)) = ys. So, we have proved (C4).
Since, (A,B) is the s-sheeted overlay pair and (A B) < (A",B’), (A" B’) the claim
is proved. [ |

3. Indecomposable finite-sheeted overlay structures over paracompact spaces

In classical covering space theory one always requires that the total space X be
connected. Therefore we shall now consider finite-sheeted covering mappings f :
X — Y with connected total space over a connected paracompact space. According
to Theorem 1, it is sufficient to consider finite-sheeted overlay mappings f: X — Y
with connected total space over a connected paracompact space, because in the finite-
sheeted case the notions of an overlay mapping and of a covering mapping coincide.
As we mentioned before, Fox noticed that for overlay mappings, connectedness of the
total space X has to be replaced by some property of the overlay mapping f, which
we call the indecomposability of f. Our aim in this section is to prove that in the
finite-sheeted case connectedness of the total space and indecomposability coincide
(see [5]).

Let us first recall the definition of a decomposable overlay structure (see [5]). We
say that an overlay pair (A4, B) for a mapping f : X — Y is decomposable provided
there exist non-empty disjoint open sets X', X2, whose union is X, and there exist
non-empty disjoint subsets S*, S?, whose union is S. Moreover, the collections A? =
(A% ,B € B,o* € S, i = 1,2, together with B form overlay pairs (A%, B) for the
mappings f! = f|x: : X! = Y, i =1,2. Clearly, if (A, B) is decomposable, the total
space X cannot be connected. We say that an overlay structure [A, B] for a mapping
f: X =Y is decomposable provided it contains a decomposable overlay pair. We
say that an overlay mapping is decomposable provided it admits a decomposable
overlay structure. Fox has exhibited examples of indecomposable overlay mappings
f: X — Y between metric spaces, where the total space X is not connected (see [2]).
In those examples the number of sheets was infinite.

Now, we can state the main result of this section.

Theorem 2. Let (A, B) be an overlay pair for an s-sheeted overlay mapping f : X —
Y over a connected paracompact space Y and let the number of sheets s be finite.
(A, B) is indecomposable if and only if X is connected.

The proof of Theorem 2 is based on the following three lemmas.

Lemma 1. Let f : X — Y be an s-sheeted overlay mapping over a connected,
paracompact space Y and let (A, B) be an overlay pair for f. If the number of sheets

Revista Matemdtica Complutense 316
2003, 16; Nam. 1, 311-327



Vlasta Matijevic Classyfying finite-sheeted covering mappings of ...

s is finite, then for every open covering U of X there exists an open covering V of Y
such that V < B and f~*(V)NA < U.

Proof. For each y € Y choose an arbitrary member B, € B such that y € B,. Let
W be an open covering of X such that St W < U. For each point z° = f~1(y)N Ag
o €S, and W7 =St(z7, W)NAG , put V, = [} f(W)). Since s is finite and f is an
oc€ES
open mapping, Vy is a well-defined open set and y € V,, C B,. Let V ={V, :y € Y'}.
Then V is an open covering of Y, which refines B. We claim that f~'(V)NnA < U.
Let f~*(V,) N A"B be an arbitrary nonempty member of the covering f=1(V) N A.
Then @ # f(f~'(V,) N A%) C V, N B C B, N B. Since (A, B) is an overlay pair,
for a given o € S, there exists a unique 7 € S such that A N Ag # (). Now, we

conclude that f=1(V,)NAg = (ﬂ FWM)NAg C (U St( W)NAR )NAE C

U Sta*, w)yn Ay n Ag C St(a ,W) NAp NAg C St( T W).
AES
Since St W < U, there exists a U € U such that f~!(V,) N AG C U, which proves our

claim. [ |

Note that from Lemma 1 easily follows that, for a finite-sheeted covering mapping
f X — Y over a connected compact space Y, the total space X is also a compact
space.

Lemma 2. Let

X, <& X
fol Lf (1)
Yo «— Y

q

be a pull-back diagram.

(i) Then fy*(fo(p(X))) = p(X).
(ii) If fo : Xo — Yy is a covering mapping with a covering pair (A, B), then for
(

V)N A =

each open covering V of Y which refines B, one has St(p(X), fg

St(p(X), fg ' (V).

Proof. (i) We need to prove that fy (fo( ( ))) € p(X), since the other inclusion
is always valid. Let 7o € f3 ' (fo(p(X))). Then yo = fo(z0) € fo(p(X)). Therefore,
there exists an z € X such that yo = fo(zo) = fgp( ) = q¢f(z). By the assumption (1)
is a pull-back diagram, and thus, p | ;-1 (s(2)): ' (f(z)) = fo H(qf(=)) is a bijection
(Lemma 6 of [5]). Since zg € f, *(qf(z)), there exists a unique z' € f~!(f(x)) such
that p(z') = zo- Consequently, xo € p(X).
(i1) Since LtV N A < foH(V), it is sufficient to prove St(p(X), f, *(V)) C
St(p(X), f, *(V)N ) Let xg € St( (X), fy *(V)). This means that there exists a V €
V such that z9 € fy (V) and f, *(V)Np(X) # 0. Let 2}y € fo *(V)Np(X) and 2’ € X
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be such points that z}, = p(z') € f3* (V). Now, we get fo(x0), fop(z') = q¢f (') € V.
Let B € B be a member of the covering B such that fo(zo), fop(z') € V C B.
There are unique ¢ € S and unique 7 € S such that o € A% and p(z') € A%.
If 0 = 7, then zo,p(z') € f3 ' (V)N A%. Therefore, zo € St(p(X), fi ' (V)N A).
Assume that 0 # 7. Let ay € A% such that fo(zy) = fo(p(z')) = ¢f(a'). Since
P lp-1(f(a)): F Y f(=") — f5'(gf(2")) is a bijection, there exists a unique point
2" € X such that z{ = p(z”) and 2" € f~(f(2')). So, z{f,z0 € AL and fo(z{) =
fo(p(z")) € V. Therefore, zli,z0 € A% N fy (V). Since zfj = p(z"), it follows that
1o € St(p(X), f 1) N A). .

In the next lemma we shall need the notion of an ANR-resolution of a space and
the notion of an ANR-overlay-enriched pull-back expansion of an s-sheeted overlay
mapping f : X — Y over a connected space Y. Let us first recall these notions
following [5].

Let Y = (Y, ¢ n, A) be an inverse system of topological spaces and let ¢ = (g, ) :
Y — Y be a mapping of a space Y. According to [4] (also see [6]), g is a resolution
of Y if it has the following two properties:

(R1) For every ANR P, every open covering V of P and every mapping f : Y — P,
there exist a A € A and a mapping h : Y\ — P such that the mappings hqgy and
f are V-near, i.e., every € X admits a V € V such that hqy(z), f(z) € V;

(R2) For every ANR P and every open covering V of P, there exists an open covering
V' of P, such that whenever, for a A € A and for two mappings h,h’ : Y\ — P,
the mappings hqyx, h'qx are V'-near, then there exists a A’ > A, such that the
mappings hgxa, h'q\n are V-near.

If in a resolution g : Y — Y all the spaces Y, are ANR’s (for metric spaces), we
speak of an ANR-resolution of Y. It is a well known fact that every topological space
admits an ANR-resolution (see [4]). Moreover, if Y is connected, one can achieve that
all Yy, are connected ANR’s. It is also well known that an inverse limit g : Y — Y is a
resolution whenever Y and all Y, are compact Hausdorff spaces. Conversely, if all Yy
are Tychonoff spaces and Y is topologically complete (e.g., paracompact), then every
resolution q : Y — Y is an inverse limit (see e.g., [6]). It is very useful to know that
properties (R1) and (R2) are equivalent to the following properties (B1) and (B2)
(see e.g., [6]):

(B1) For every normal covering I/ of Y, there exist a A € A and an open covering V
of Y such that q)TlV <U;

(B2) For every A € A and every open covering V of Yy, there exists a A’ > ), such
that gan (Ya) C St(ga(Y), V).

We shall now recall the notion of an ANR-pull-back expansion of an s-sheeted
overlay mapping f : X — Y, denoted by E (see [5]). It consists of f, of an ANR-
resolution ¢ = (gy) : Y — Y, of a mapping p = (p)) : X — X and of a mapping
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f=1(fr) : X =Y, such that fp = gf and the following diagrams Dy, A € A, are
pull-back diagrams

X, & X

i Lf

Y)\ — Y
ax

Moreover, for A < ', similar diagrams Dy \: consisting of the mappings fx, fr, Pax’
and g,y are also pull-back diagrams. Furthermore, we require that the mappings
X = Yy, A € A, be s-sheeted covering mappings. If Y is connected we require
that all the ANRs Y, also be connected. If all mappings appearing in the ANR-pull-
back expansion FE are pointed mappings, we shall say that the expansion is pointed
and we shall use the notation F,.

We also recall (see [5]) the notion of an ANR- overlay-enriched pull-back expansion
of an s-sheeted overlay mapping f : X — Y over a connected space Y, abbreviated to
ANR- enriched pull-back expansion and denoted by EE. It consists of an underlying
ANR-pull-back expansion E for f together with an s-sheeted overlay pair (A, B)
for f, s-sheeted overlay pairs (Aj,B)) for f\ and some functions 3, : By — B,
which complete the pull-back diagrams D) to enriched pull-back diagrams ED). The
latter condition imposes some additional requirements (see section 4 of [5]). For our
consideration the only important additional requirement is that q)fl(B ) refines B and
py ' (Ay) refines A, for each A € A. If all mappings appearing in the ANR-enriched
pull-back expansion are pointed mappings, we shall say that the expansion is pointed
and we shall use the notation EFE..

Lemma 3. Let (A, B) be an overlay pair for an s -sheeted overlay mapping f : X =Y
over a connected paracompact space Y and let EE be an ANR-overlay-enriched pull-
back expansion asssociated with f and (A, B). If the number of sheets s is finite, then
p=(pr): X = X = (Xy,par, A) is a resolution of X.

Proof. Since p = (py) : X = X = (X, pan,A) is a mapping of X, we need to prove
(B1) and (B2).

(B1) Let U be an arbitrary open covering of X. According to Lemma 1, there
exists an open covering V of Y such that V < B and f~*(V) N A < U. Since
g=(q\) : Y =Y = (Yn,qon,A) is a resolution of Y, there exist a A\ € A and
an open covering Vy of Yy such that ¢;'(Vx) < V. Let (Ay, By) be the overlay pair
for fx : X\ — Y, given by EE. Without loss of generality we may assume that
Vy < B,. Let us now consider the open covering f;l(VA) N Ay of X,. We claim that
Py (f P (Va) NAy) < U. Indeed,

px (O NAN) = o3 (T O0) Ny HAL) < (Apa) T ) NA =

@) NA= g T M) NALS FH (V) NnA<U.

This proves (B1).

(B2) Let U be an arbitrary open covering of X, A € A. According to Lemma

1, there exists an open covering V of Yy such that V < By and f,'(V) N Ay < U.
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Since g = (q\) : Y =Y = (Y), qxn, A) is a resolution of Y there exists a A’ > X such
that gxa (Ya) C St(ga(Y), V). This implies that gy (fr(Xx)) C St(ga(f (X)), V),
ie., fapan (Xa) C St(fapa(X), V). So, using Lemma 2 (i) and (ii) we get

pav (X)) € £ H(St(Fapa(X), V) C St(f (Fapa (X)), fr 1 (V) =
which proves (B2). [ |

Proof of Theorem 2. We only need to prove that indecomposability of (A, B)
implies connectedness of X, because connectedness of X always implies indecompos-
ability of (A,B). Let ¢ =(gx) : ¥ = Y be an ANR-resolution of Y consisting of
connected ANRs Yy. Then there exists a Ag € A such that (A, B) and the restriction
of g=(gr) : Y = Y tothe subset Ag = {A € A: A > Ao} C A can be completed to an
ANR-enriched pull-back expansion EE (Lemma 23 of [5]). Since (A, B) is indecom-
posable, all the mappings fy : X — Yy, A € Ag, given by EFE are indecomposable
and all ANRs X, A € Ao, are connected (Remark 7 and Remark 8 of [5]). Since the
number of sheets s is finite, Lemma 3 implies that p = (py) : X = X = (X, par, Ao)
is a resolution of X. Since all Xy, A € Ag, are connected, (R1) implies that X is con-
nected. [ |

4, Classification theorem for finite-sheeted covering mappings over con-
nected paracompact spaces

Let [A, B] be a covering (overlay) structure for an s-sheeted covering (overlay) map-
ping f : X — Y and let [A’,B'] be a covering (overlay) structure for another s-
sheeted covering (overlay) mapping f' : X' — Y over the same connected space
Y. We say that the two structures are equivalent if there exists a homeomorphism
¢ : X — X' such that f'¢ = f and the covering (overlay) structure [(p)~*(A"), B']
coincides with [A4, B] (or equivalently, [¢(A), B] coincides with [A’, B]). A mapping
of pointed spaces f : (X, %) — (Y, %) is a pointed covering mapping ( pointed overlay
mapping) if f : X — Y is a covering (overlay) mapping. In the same way one de-
fines pointed equivalence of structures of pointed mappings f : (X, *) — (Y, ). The
only difference is the additional requirement that the homeomorphism ¢ be a pointed
mapping ¢ : (X, *) = (X', %).

Let Y be a connected paracompact space and let s be finite. We define a function
(T,) ¥ from (pointed ) s-sheeted covering mappings (f : (X,*) = (V,%)) f: X —
Y with a connected total space X to (pointed) s-sheeted indecomposable overlay
structures ([A4, B].) [A, B] over Y. By Theorem 1, each s-sheeted (pointed) covering
mapping f : X — Y admits a unique (pointed) overlay structure [A, B] and since
the total space X is connected, [A, B] is indecomposable, by Theorem 2. We put
U(f) = [A,B] (¥.(f) = [A, B]« for pointed f). Let (pointed) covering mappings f :
X > Y and f': X' - Y be equivalent, i.e., there exists a (pointed) homeomorphism
¢ : X — X' such that f'o = f . Then, by Theorem 1, the (pointed) overlay
structures (V. (f) = [A, Bl.) ¥(f) = [A,B] and (.(f") = [A, B'].) ¥(f') =[A",B']
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are equivalent. This enables us to define a function (¥,) ¥ on the set of (pointed)
equivalence classes by putting (V. ([f]«) = [P.(f)]) ¥[f] = [¥(f)]. So, (. : € —
O3%) U : €% — 9% is the function from the set (€2) €* of all (pointed) equivalence
classes of s -sheeted covering mappings f : X — Y with a connected total space X
to the set (D2) O° of all (pointed) equivalence classes of s-sheeted indecomposable
overlay structures over Y. It is obvious that (¥,) ¥ is an injection. Namely, if (pointed)
indecomposable s -sheeted overlay structures [A4, B] for f : X — Y and [A', B'] for f':
X' = Y are equivalent, then by definition, there exists a (pointed) homeomophism
¢ : X — X' such that f'¢ = f. However, this means that f and f’ are equivalent.
Furthermore, (¥,) ¥ is a surjection, since by Theorem 2, indecomposability of an
overlay structure [A,B] for f : X — Y implies connectedness of X. So, we have

proved the following theorem.

Theorem 3. Let Y be a connected, paracompact space and let s € N. Then the
function (¥, : € — O3%) ¥ : € — O° which to each (pointed) equivalence class
of a (pointed) s-sheeted covering mapping (f : (X,*) = (YV,%)) f: X = Y with X
connected assigns a (pointed) equivalence class of the unique indecomposable overlay
structure ([A, B)«) [A, B] for f, is a bijection.

As we already mentioned in the Introduction, Mardesi¢ and Matijevi¢ recently clas-
sified indecomposable overlay structures over arbitrary connected topological spaces.
Their classification theorem establishes a bijection @, : ©% — P2 between the set O?
of all pointed equivalence classes of s-sheeted indecomposable overlay structures over
connected topological space (Y, x) and the set PB2of all subprogroups of index s of the
fundamental progroup m, (Y, %) (Theorem 1 of [5]). In the unpointed case it establishes
a bijection s L PB* between the set O° of all equivalence classes of s-sheeted
indecomposable overlay structures over connected topological space Y and the set
P2 of all conjugacy classes of subprogroups of index s of the fundamental progroup
m, (Y, %), where * is an arbitrary point of Y (Theorem 4 of [5]). Before briefly describ-
ing the functions ®, and 5, we recall the definitions of progroups, subprogroups of
index s, conjugacy classes of subprogroups of index s and the fundamental progroup.

In general, a progroup is an inverse system of groups, G = (G, gy, A). We define
a subprogroup of G as a progroup H = (H)y, g\, Ao), where Ay is a subset of A such
that A € Ag and A < X imply X' € Ag. Moreover, Hy is a subgroup of G\, A € Ao,
and ¢\ : Hy — H now denotes the restriction of gy : Gy = Ga, A < X' from Ag.
Often Ag will have an initial element Ao, i.e., Ag = {A € A: A > Ag}. We consider
two subprogroups H,H' C G as equal, provided there exists an element \* € AgNA'q
such that Hy = H}, for A > \*. Note that the quotient sets Gy /H) of the right cosets
and the induced functions ryy : Gy /Hy — G/ H)y form an inverse system of pointed
sets G/H = (Gx/Hx,r\n,No). We say that the subprogroup H C G has indez s,
and we write {G : H} = s, provided there exists an index A such that for every
A > A the index {G) : Hy} = s and ryy is a bijection, for X' > A > A!.

Subprogroups H = (Hx,qxx,Ao) and H' = (H}, g\, A'g) of a progroup G =
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(G, qxn, A) are said to be conjugate subprogroups of G provided there is a A* € AgN
A{ and there is a system of elements gy € G, A > X*, such that H} = g;lH)\g)\, A>
A", and gax (gn) € Haga, A > X > A"

To define the fundamental progroup m, (Y, *) of a pointed space (Y, *), one takes
an ANR-resolution g : (Y,*) — (Y ,%) = ((Y),*),qn, A) of (Y, ). Application of
71 yields the progroup 71 (Y, %) = (71(Y), %), (¢xn )%, ), which is by definition, the
fundamental progroup m, (Y, *). It is independent (up to natural isomorphism) of the
choice of the ANR-resolution (see II.3.3 of [6]).

First we define the function ®, from s-sheeted indecomposable overlay pairs
(A, B), for pointed overlay mappings f : (X,*) — (Y,%), to subprogroups of in-
dex s of m; (Y, *) in the following way. Associate with a connected space Y a fixed
resolution q : (Y;*) — (Y,x*), which consists of connected ANR’s (Y),*) . For a
given indecomposable overlay pair (A, B) for a pointed s-sheeted overlay mapping
f (X, %) = (Y, %), there exists a subset Ag C A such that the restriction g° of g to
Ap can be completed to a pointed ANR-enriched pull-back expansion EE,. For each
A € Ao, put Hy = fag(m1(Xa,*)). Then Hy = {Hx, ¢ax', Ao} is a subprogroup of
index s of the fundamental progroup G = m, (Y, *) (see Sections 5 and 6 of [5] ). Now,
put ®.(A, B) = H..

Since ®, depends only on the overlay structure [A, B] of (A, B), it enables us to
define a function ®, by putting ®.[A, B] = ®.(A, B). Furthemore, ®, depends only
on the equivalence class of [A, B] and therefore, we can define @, on the class of [A, B]
as @.[A, B]. 3, : 0f — P2 is a well-defined bijection (see Lemmas 25, 26 and 27 of
[5]).

In the unpointed case we define the function s L P° as follows. Let * be
an arbitrarily chosen point of Y. Let (A, B) be an indecomposable overlay pair for an
s-sheeted overlay mapping f : X — Y. Choose an arbitrary point * € f~1(x). Now,
we can consider (A, B) as a pointed indecomposable overlay pair for an s-sheeted
pointed overlay mapping f : (X, *) = (Y, %). Let d assign to an equivalence class of
[A, B] the conjugacy class of H,, which is the image of the pointed equivalence class
of [A,B] by ®,. ® is a well-defined bijection (see Section 10 of [5]).

Let us now consider the compositions F, = ®,¥, : € — P and F = 9V :
€ — . Note that F([f],) = ®.T.([f].) = &, [.(/)] = T(¥.(f)) and F([f]) =
dU([f]) = [&uﬁ*([f]*)] = [F. ([f],)]- Since Fy and F are bijections, we get the

following two classification theorems.

Theorem 4. Let (Y,*) be a connected, paracompact space and let s € N. Then F,
establishes a bijection between the set of all pointed equivalence classes of s-sheeted
pointed covering mappings [ : (X, *) = (Y, x) with a connected total space X and the
set of all subprogroups of index s of the fundamental progroup m, (Y, ).

Theorem 5. Let Y be a connected, paracompact space and let s € N. Then F
establishes a bijection between the set of all equivalence classes of s-sheeted pointed
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covering mappings f : X — Y with a connected total space X and the set of all
conjugacy classes of subprogroups of index s of the fundamental progroup m,(Y,x),
where x is an arbitrarily chosen point of Y.

The next theorem gives an explicit procedure to detect whether a pointed mapping
f:(X,%) = (Y,%) is an s-sheeted covering with a connected total space (X,*) and
in that case, it also gives the subprogroup Fi([f],)-

Theorem 6. Let Y be a connected paracompact space, let f : (X,%) — (Y, %)
be a pointed mapping and let s € N. Let q = (gx, A € A) : Y = Y be an
arbitrary resolution of Y consisting of connected ANRs. [ is a pointed s-sheeted
covering mapping with connected total space if and only if there exists a pointed
mapping f. = (fr @ (Xx, %) = (Y, %), X € Ag) : X = Y over some subset
Ao = {A€A:A> N}, such that each mapping fr : (Xa,x) = (Y),*) is an s-
sheeted covering mapping with connected total space, for every A < X', pointed map-
pings fx, fx, pax and gy form pointed pull-back diagrams Dyy and f = lim f,.
In that case F.([f],) = H. = {Hx,qxxn#, M1}, where Hy = faz(mi(Xy, %)) and
A ={Ne€eAg: A> N} CAg for some Ay € Ap.

Proof. Let f: (X,x) = (Y,%) be a pointed s -sheeted covering mapping with con-
nected total space X. Since Y is paracompact, then also X is paracompact. According
to Theorems 1 and 2, f admits an s-sheeted indecomposable overlay pair (A, B) and
U.(f) = [A,B], . Then there exists a A\¢g € A such that (A, B) and the restriction
@ :Y - Y%0fqg=(q0) : Y = Y to the subset A\g = {A\€A:A> X} C A
can be completed to a pointed ANR-enriched pull-back expansion EFE,. (Lemma
23 of [5]). Since (A, B) is indecomposable, all pointed s-sheeted covering mappings
fr o Xoh = Yy, A € Ay, given by EE, are indecomposable s-sheeted covering
mappings, and therefore, all ANRs X,, A € Ao, are connected (Remark 6 and
Remark 7 of [5]). Also, note that all pointed diagrams Dyy, A > X > \g are
pull-back diagrams. Since the number of sheets s is finite, Lemma 3 implies that
p=(pr): X = X = (X, par, o) is a resolution of X. Moreover, X is the limit of
X, because X is paracompact. Also, ¢° : Y — Y is the limit, since Y is paracompact
and Ag cofinal in A. Consequently, f is the limit of f, appearing in EE, and f, has
all the desired properties. Furthermore, ®.([A4, B],) = H. = {Hx, ¢\n %, Ao}, where
Hy = frg(m1(Xy, *)). Since, FL([f],) = ®«(¥.(f)) = ®.([A, B],) = H., necessity is
proved.

Let us prove sufficiency. Assume that a pointed mapping f : (X, *) — (Y, %) over
the connected paracompact space Y is the limit of a pointed mapping f, = (fx :
(X, %) = (Yo, %), A € Ag) : X — Y over some subset Ag = {A€ A:A> N} of
A, such that, each mapping fy : (X),*) = (Y),*) is a pointed s-sheeted covering
mapping with a connected total space and all diagrams Dy, X' > A > Ao, are pull-
back diagrams. Since X =lim X, Y =limY° and f = lim f,, all the diagrams D)
cousisting of pointed mappings f, f, px and g are pull-back diagrams (see Lemma 12
of [5]). Consequently, f is an s-sheeted covering mapping (see Lemma 13 of [5]). Using
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some properties of the resolution g, it is possible to find A; € Ay and an s-sheeted
indecomposable overlay pair (Ay,,Bx,) of fa, @ (X, %) = (Ya,,*) such that the
s-sheeted indecomposable overlay pairs (Ay, By) = (pgllAAAI,q)fll)\BM), A > A, and
(A4,B) = (p;llAAl,q)fllB)\l) together with the restriction (p*,q*, f'), of (p,q°, f),
to Ay = {A € Ag : A > A1} form a pointed ANR-enriched pull-back expansion for f
and (A, B) (see the proof of Lemma 27 of [5] ). Since (A, B) is an indecomposable
overlay pair for f, Theorem 2 implies that X is connected. So, f is an s-sheeted

covering mapping with a connected total space. Moreover, ¥,(f) = [A,B], and
O.([A,B],) = H. = {Hx,qpn#,A1}, where Hy = fru(m1(Xy, %)), and therefore,
F(J].) = H.. .

Remark 1. If Y is a compact Hausdorff space, one can take for ¢ : ¥ — Y any
inverse limit consisting of compact connected ANRs.

The unpointed version of Theorem 6 is the folowing.

Theorem 7. Let Y be a connected paracompact space, let f : X =Y be a mapping
andlets € N. Let q = (qx, A € A) : Y = Y be an arbitrary resolution of Y consisting
of connected ANRs. The mapping f is an s-sheeted covering mapping with connected
total space if and only if there exists a mapping f = (fn, A € Ao) : X = Y° over
some subset Ag = {\ € A: X\ > Ao}, such that each mapping fx : Xy — Y is an s-
sheeted covering mapping with a connected total space, for every X < X', mappings fx,
Fas pax and gy form pull-back diagrams Dyy and f =lim f. In that case F([f]) is
the conjugacy class of H., where H, is obtained by f, for an arbitrary points x € Y
and * € f~1(x).

5. Finite-sheeted covering mappings of solenoids

In this section we apply the developed theory to the problem of classifying all finite-
sheeted covering mappings over solenoids.

Let R = (r1,72,...) be a sequence of prime numbers, let S;, i € N, be the circle S!
considered as the set of all complex numbers z with |z| = 1 and let g; i+1 : Siz1 = Si
be the map defined by g; ;+1(2) = 2", i € N. Let us denote by S the inverse sequence
(Si, @ii+1). The inverse limit X(R) =liinS is the solenoid generated by the sequence
R = (r1,r2,...). In particular, if each r; = 2, X(R) is the dyadic solenoid. X(R) is a
connected, compact, metric space. Since S! is a compact ANR, q = (¢; : Z(R) —5;) :
Y(R) — S =(Si, ¢ii+1) is also an ANR-resolution of X(R), so we can use it in our
counsiderations concerning coverings of ¥(R). Let us now note that the fundamental
progroup m; (X(R),*) of £(R) is the inverse sequence Z<7Z & Z & ... where
r; : Z — Z denotes multiplication of integers by r;. Since this progroup is abelian,

we do not need to distinguish the pointed and the unpointed covering mappings of
Y(R).

Theorem 8. Let X(R) be the solenoid generated by a sequence R = (r1,72,...) and

Revista Matemdtica Complutense 324
2003, 16; Nam. 1, 311-327



Vlasta Matijevic Classyfying finite-sheeted covering mappings of ...

let s € N. ¥(R) admits an s-sheeted covering mapping with connected total space if
and only if s is not divisible by primes which occur infinitely often in the sequence
R = (r1,r2,...). Furthermore, if X(R) admits an s-sheeted covering mapping with
connected total space, its equivalence class is unique and the total space is homeomor-
phic to L(R).

Proof. Let us first examine the existence of subprogroups of index s of the fundamen-
tal progroup m; (X(R),*). Z has only one subgroup of index s and that is sZ. Since
Z|sT = 7Zs, it is clear that the induced mapping r; : Z; — Z, is a bijection iff r; and s
are relatively prime (or equivalently if s is not divisible by r;, since r; is prime). Con-
sequently, m; (X¥(R), *) has only one subprogroup of index s iff s is not divisible by any
of the primes that occur infinitely often in the sequence R = (r1,72,...). According
to Theorem 4, it follows that ¥(R) admits only one equivalence class of an s-sheeted
covering mapping f : X — X(R) with a connected total space iff s is not divisible by
any of the primes that occur infinitely often in the sequence R = (r1,72,...). Con-
sequently, if s is not divisible by any of the primes that occur infinitely often in the
sequence R = (r1,73,...), L(R) admits a unique (up to equivalence) covering map-
ping with a connected total space. Conversely, if ¥(R) admits an s-sheeted covering
mapping with a connected total space, s is not divisible by any of the primes that
occur infinitely often in the sequence R = (11,72, ..).

Let us now assume that f : X — X(R) is an s-sheeted covering mapping with a
connected total space X. Let us consider the following mapping f =
{fi:S' = S| fi(z) = 2°, i € N} : § = S of inverse sequences:

st gt e gt st .. X(R)
s s sl sl s
st st 2 st — 8§t .. XN(R)

Let us denote by f': ¥(R) — X(R) the limit of f. Since s is not divisible by any of
the primes that occur infinitely often in the sequence R = (r1,79,...), there exists an
index i¢ € N such that r; : Zs; — Z is a bijection for each ¢ > ig, and therefore, each
commutative diagram
Si €& Sin
250 1z°

Si o Si+1

is a a pull-back diagram, ¢ > ip (Lemma 10 of [5]). Then Theorem 7 implies that
/' E(R) = X(R) is an s-sheeted self covering of £(R). Since X(R) has a unique (up
to equivalence) s-sheeted covering mapping with a connected total space, we conclude
that X must be homeomorphic to £(R). [ |

Remark 2. (i) The dyadic solenoid ¥(2,2,...) is a self-cover for each odd s € N.
(ii) Let all prime numbers occur in the sequence R = (r1,72,...). If each prime
number occurs only finitely many times in the sequence R = (r1,72,...), then the
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solenoid X(R) is a self-cover for each s € N. If each prime number occur infinitely
often in the sequence R = (ry,72,...), then the solenoid ¥(R) has no finite-sheeted
covering mappings with a connnected total space.

Let us now consider a more general situation. Let (Y),gxr,A) be an inverse
system, where each Yy = S! and each bonding mapping gxy : Yy — Yy, X' > A, is an
rav-sheeted covering of S*, 7y € N. This means that gy (z) = 2"V for each z € S*.
Let us denote by T the set {T’)\)\/ A > )\} . We say that n € N appears cofinally often
in T provided for each (A\,\") € A x A, X' > X, there exists (Ag, A1) € A x A, \; >
Xo > N, and ry,n, = n. Let Z(T') be the inverse limit of the system (Y, gxn, A). Z(T')
is the solenoid generated by the set T. X(T) is a connected compact Hausdorff space
and g = (gx : Z(T) = Y)) : 2(T) — (Yx,qxn, A) is an ANR resolution of X(T') . It is
clear that the fundamental progroup z; (X(T'), ) of X(T') is the progroup ( Z, ryy, A),
where ryy : Z — Z denotes multiplication of integers by ryy. Arguing as above we
conclude that £(T') admits an s-sheeted covering mapping with connected total space
if and only if s is relatively prime with each ry, which appears cofinally often in the
set T'. Furthermore, if ¥(T') admits an s-sheeted covering mapping with connected
total space, its equivalence class is unique and the total space is homeomorphic to
(T).

Following Timm, we say that a connected compact Hausdorff space Y is h- con-
nected if Y satisfies the following property: Whenever f : X — Y is a finite sheeted
covering with a connected total space X, it follows that X is homeomorphic to Y.
It is clear that S' is h-connected. Recently, M. Timm classified h-connected regular
2-complexes (see [9]). Now, we can state the following corollary, which answers a
question raised by Timm.

Corollary 1. Every solenoid X(T) generated by a set T is h-connected.
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