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ABSTRACT

We study the Poincaré inequality in Sobolev spaces with variable exponent.
Under a rather mild and sharp condition on the exponent p we show that the
inequality holds. This condition is satisfied e. g. if the exponent p is continuous
in the closure of a convex domain. We also give an essentially sharp condition
for the exponent p as to when there exists an imbedding from the Sobolev space
to the space of bounded functions.
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1. Introduction

There has recently been a surge of interest in Sobolev spaces with variable exponent,
cf. [4-7,9-11, 17, 22]. These spaces, introduced in [17], are the natural generalization
of Sobolev spaces to the non-homogeneous situation; they have been used e. g. in mod-
eling electrorheological fluids, see the book of M. Ruzicka, [22]. Lebesgue and Sobolev
spaces with variable exponent share many properties with their classical equivalents,
but there is also some crucial differences. For instance the Hardy-Littlewood maximal
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operator is bounded on LP() if the exponent is 0-Hélder continuous (i. e. satisfies (10))
and 1 < essinfp < esssupp < oo, [5]. If the exponent is not 0-Holder continuous,
then the maximal operator need not be bounded on LP(), [21].

The Poincaré inequality, although of great importance in classical non-linear po-
tential theory (especially in metric spaces) has not been previously studied in the case
of variable exponent Sobolev spaces. Our first result, Theorem 2.2, is the following:
If D C R™ is smooth domain, say a John domain, and the essential supremum of p
is less than the Sobolev conjugate of the essential infimum of p then the Poincaré
inequality

lu = upllLee () < ClIVul| o) (p)

holds for every u € WP()(D), where up = f u(z)dz. Here the constant C' depends
on n, p, diam(D) and the John constant of D. We give an example which shows that
the condition for p is sharp even in a ball. It follows from this that if p is continuous
in the closure of a convex domain then the Poincaré inequality holds (Corollary 2.7).

In classical theory the constant of the Poincaré inequality is C diam(D). It is
possible to achieve this also for variable exponent Sobolev spaces, as we prove in
Corollary 2.10. The price we have to pay is that the exponent p has to be 0-Holder
continuous.

Sobolev imbeddings in variable exponent Sobolev spaces have been studied by
many authors in the case when p is less than the dimension, see [6,9-11]. We give
two results in the case when p is greater than the dimension. We prove a result for
continuity of the Sobolev functions, namely that every Sobolev function is continuous
if the exponent is locally bounded away from the dimension. We show that if a
domain satisfies a uniform interior cone condition and p(z) > n + f(d(z,dG)) for
every x and a certain increasing function f then there exists an imbedding from the
variable exponent Sobolev space to L>°. Our condition is essentially sharp.

Notation

We denote by R" the Euclidean space of dimension n > 2. For x € R™ and r > 0 we
denote an open ball with center z and radius r by B(z, 7).

Let A C R™ and p: A — [1,00) be a measurable function (called a wvariable
exponent on A). We define p’| = esssup,. 4 p(z) and p; = essinf e p(z). If A=R"
we write p* = p, and p~ = pg..

Let © C R™ be an open set. We define the generalized Lebesgue space LP() () to
consist of all measurable functions u: €2 — R such that

o) = [ M@ do < o0
Q

for some A > 0. The function g,(.): LPO)(Q) — [0,00) is called the modular of the
space Lp(')(Q). One can define a norm, the so-called Luzemburg norm, on this space
by the formula |ul|,.) = inf{\ > 0 : g,)(u/A) < 1}. Notice that if p = po then
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LPO)(Q) is the classical Lebesgue space, so there is no danger of confusion with the
new notation.

The generalized Sobolev space W'P()(Q) is the space of measurable functions
u: 2 — R such that v and the absolute value of the distributional gradient Vu =
(014, . . ., Opu) are in LPC)(Q). The function 01,p(): WP (Q) — [0,00) is defined
as 01,p(-)(u) = 0p()(w) + 0p)(|Vul). The norm |ully ) = [|ullp) + [[Vullp) makes
W1P()(R™) a Banach space.

See [17] for basic properties of variable exponent Lebesgue and Sobolev spaces.

2. The Poincaré inequality

In this section we give a relatively mild condition on the exponent for the Poincaré
inequality to hold. We also show that this condition is, in a certain sense, the best
possible. For Sobolev functions with zero boundary values the Poincaré inequality
was given in [10, Lemma 3.1] and considerably generalized in [14].

Recall the following well known Sobolev-Poincaré inequality. By ¢* we denote the
Sobolev conjugate of ¢ < n, ¢* = ng/(n — q).

Lemma 2.1. Let D C R"™ be a bounded John domain. Let 1 <p<mn andp < q < p*
be fized exponents. Then

lu = uplly < Cn,p, A)| DIV =P |Tul,

for all functions u € WYP(D), where X is the John constant.
If p>n and g < 0o then

lu = uplly < C(n,q, X)| D[V 42|V,
for all functions uw € WHP(D).
Proof. The case p < n and ¢ = p* is by B. Bojarski [3, (6.6)]. The case ¢ < p* follows

from this by standard arguments: we choose s € [1,n) such that s* = ¢ (or s = 1 if
g < 1*). By Hélder’s inequality and Bojarski’s result we obtain

1
*

1
(][|u—uD|qu> <|D|£*</ |u—uD|S*dx) gcpsl*(/ |Vu|sdx)
D D
D

= C|D| (7[ |Vu|sdm> " <olp| (7[ |vu|de> "
D D

which is clearly equivalent to the inequalities in the theorem. O

1
s
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Theorem 2.2. Let D C R™ be a bounded John domain, with constant \. If pj{, <
(pp)* orpp = n and pB < oo then there exists a constant C' = C’(n,pl_),p'g, A) such

that
11

" Pp Po|[Vullpe (1)

lu = upllp) < C(1+|D])?|D|
for every w € WHPO)(D).

Proof. Assume first that pf, < (pp)*. Since p(z) < pf;, < (pp)* we obtain by [17,
Theorem 2.8] and Lemma 2.1 that

lu = upllp) < (L+[D]) [lu = upl,s
i, L L
< C(n,pp, A) (L+ (D) [D|" 7o Po|[Vull,
11

1
1,1 1
"R P ||Vl ).

< C(n,pp, A) (1+[D)* D]

The case p,, > n is similar, the only difference is that the constant in the second
inequality in the above chain of inequalities is C'(n, p},, A). O

Remark 2.3. John domains are almost the right class of irregular domains for the
classical Sobolev-Poincaré inequality, see [3], [1] and [2, Theorem 4.1].

Previous results on Sobolev imbeddings in the variable exponent setting have
been derived in domains whose boundary is locally a graph of a Lipschitz continuous
function, see [9-11]. It is therefore of interest to note that every domain, whose
boundary is locally the graph of a Lipschitz continuous function, is a John domain,
see [19]. In particular every ball is a John domain.

If D is a ball in Theorem 2.2, then the constant in inequality (1) is the classical
Sobolev-Poincaré inequality in a ball, see for example [18, Corollary 1.64, p. 38].

The next example shows that if p;, < n and pf, > (p},)* then there need not exist
a constant C' > 0 such that inequality (1) holds for every v € W*() (D).

Recall that the variational capacity for fixed p, capp(E,F; D), is defined for sets
E, F and open D by

E, F;:D) = inf Pd
cap, (£, F'; D) uEL(IJI‘El,F;D)/Dlvu‘ s

where L(E, F; D) is the set of continuous functions u that satisfy u|gnp = 1, u|pnp =
0 and |Vu| € LP() (D). We use the short-hand notation cap(E, F) for cap(E, F;R"),
similarly for L(E, F'). For more information on capacities see [15, Chapter 2] or [20].
The following lemma will be used several times to estimate the gradient of variable
exponent functions.
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Lemma 2.4 ([15, Example 2.12, p. 35]). For fized p # 1,n, arbitrary x € R™ and
R >r >0 we have

p—nl’"
p—1

cap,(R™ \ B(z, R), B(z,7)) = wn_1 |RP=m)/ (=) _ p(p=m)/ (1) 177

Example 2.5. Our aim is construct a sequence of functions in B = B(0,1) C R?
for which the constant in the Poincaré inequality (1) goes to infinity. Let B; =
B(27%,327%) C R? and B} = B(2 ey, %Q*ig) C R? for every i = 1,2,... and let
1 < p1 < 2. Choose a function u; € C§°(B;) with ui|32 =1 be such that

1
P

(2cap,, (LRI B) ™ = IVuill i 5,): (2)

Let po > 2 and define p(z) = PIXB;\B] (z) + p2xp: (v) for x € B with positive first
coordinate. Since Vu; = 0 in B; we obtain

IVuill ooy (,y = VUil Les (5,).- (3)

Let B; = B(—27"ey, 127%). We extend u; to B as an odd function of the first

coordinate in B; and by zero elsewhere. We also extend p to B as an even function of
the first coordinate. We denote the extensions by @; and 5. By (2) and (3) we obtain

1

255 ((cap,, (BL R\ By)) ™ > Vil oo -

By Lemma 2.4 this yields
,iu i “p1
IV ll o 3y < Clpn) |32 A7 — Lo i ™ (4)

For large i the right hand side is approximately equal to C(p1)2~" 71 .
Since (4;)p = 0, we obtain

1 22
@ — (Uz’)BHm-)(B) = ||u||L15<'>(B) > |Bj|7 ~ Pz (5)
By inequalities (4) and (5) we find that

@ — (@:)BllLsc) (B) > C(p1)2i2 212,

Vil o) ()

2p1 %
2—p1 =P

. 2 2 ..
asz—>001fp—1—1—p—2>O7thatls,1fp2>

*

We next show that the condition pE < (pp)* in Theorem 2.2 can be replaced by

a set of local conditions.
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Theorem 2.6. Let D C R" be a bounded John domain. Assume that there exist
John domains Gy, i = 1,...,j, so that G; C D for every i, D = U!_|G; and either
pa < (pa)* or pg, = n for every i. Then there exists a constant C > 0 such that

v —upllpey < ClIVullpe (6)

for every u € WHPC)(D). The constant C depends on n, diam(D), |Gy, p and the
John constants of D and G;, i =1,...,7.

Proof. Using the triangle inequality of the norm we obtain

j
v —upllre)(py < Z |lu—up|lror(ay)
1%1 ; (7)
<Y llu =gl + D lup — el e @)
i=1 i=1

We estimate the first part of the sum using Theorem 2.2. This yields

v —ug; |l Lror @y < Cny ey, [Gil, M)l Vull oo ) ®)
< C(n.p6,, 1Gil, A [Vl oo
for every i = 1,...,j. Here ); is the John constant of G;. We next estimate the

second part of the sum in (7) using the classical Poincaré inequality for the third
inequality. We obtain

lup — we |z an < 1o an ][ () - upldz
G

G /D fu(z) — upldz (9)

< Ul zeor ey

< C(n, diam(D), MIG3| 11| o) ()
< O(n, diam(D), A)(1 + | D))|Gi| ']

Vullr1(py

1||LP(‘)(G,-) ”VUHLP(‘)(D)

for every i = 1,...,j. Here X is the John constant of D. Now inequality (6) follows
by inequalities (7), (8) and (9). O

Corollary 2.7. Let D C R"™ be a bounded convex domain and let p: D — [1,00) be
a continuous exponent. Then there exists a constant C > 0 such that

lu—upllpey < ClIVullp)

for every u € WHPO)(R™),
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Proof. Since p is continuous we find for every x € D a constant r(z) > 0 such that
either
+ — —_
PB(a,r(z)nD S (pB(m,r(m))ﬂD)* Or  Ppar(@)np = ™

Since D is compact it is possible to find finite covering of D with balls B(z,r(z)).
It is easy to see that each B(x,r(z)) N D is a John domain and hence the corollary
follows by Theorem 2.6. O

Sometimes it is useful to have better control over the constant in the Poincaré
inequality as the domain D changes than we have in (1). In the fixed exponent case the
constant of the Poincaré inequality is C diam(D). We show that this kind of constant
is also possible for variable exponent Sobolev spaces. The price we have to pay for
this is that the exponent p has to satisfy a much stronger condition in Theorem 2.8
than in Theorem 2.2; in Theorem 2.2 the exponent p could be discontinuous even in
every point, but in Theorem 2.8 the exponent is 0-Holder continuous.

Theorem 2.8. Let D C R" be a bounded uniform domain. Let p: D — R be such
that 1 < pp, < pj{) < 00. Assume that there exists a constant C' > 0 such that

Ip(@) — p) < —C

<—— 10
—log |z — y| (10)

for every x,y € D with |x — y| < % Then the inequality
lu = upllpe) < € diam(D) (1+ max {|D|Y7b =2/ | D[YPo=1/rb L) [Vl (11)
holds for every u € Wl’p(')(D). Here the constant C depends on the dimension n, the

uniform constant of D and p.

Proof. Since Wol’p(')(D) — WH(D) we obtain as in the proof of [12, Theorem 11]
for every u € WHP()(D) that

lu(z) —u(y)| < Clz — y[(MVu(z) + MVu(y)) (12)

for almost every x,y € D. Here M is the Hardy-Littlewood maximal operator:
MVu(e) =sup { - [Vu(y)ldy,
r>0
B(z,r)

with the understanding that Vu = 0 outside D. The constant C' depends on the
dimension n and the uniform constants of D.
Integrating inequality (12) over y we obtain

ju(e) ~ f utds] < f (@) - ulwlay
D

D

< O diam(D) (MVu(x) + ][ Mvu(y)dy).
D
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By Holder’s inequality [17, Theorem 2.1] this yields

COU e py

|u(z) —up| < C diam(D) (MVu(x) + D

IMVuly)-

Since the previous inequality holds point-wise, it is clear that we have an inequality
also for the Lebesgue norms of both sides:

. c
lu = uplly) < Cdiam(D) (IIMWHp(-) + ﬁl\lllp%-) 15 IIMVqu<v>)

< C diam(D) (1 + |D|~* max{|D|**/Po—1/Pp \D|1+1/p571/p£}) MV,

By [5, Theorem 3.5] (see also [7, Remark 2.2]) the Hardy-Littlewood maximal
operator is bounded, and so we obtain

= upllpy < C diam(D) (1+ max {|D"/75=1/75, | D|'/ro =155 1) | Tu .,

where the constant C' depends on the dimension n, the uniform constant of D
and p. O

Remark 2.9. We refer to [19] for basic properties of uniform domains: Every uniform
domain is a John domain. Every domain, whose boundary is locally a graph of a
Lipschitz continuous function, is a uniform domain. In particular if D is a ball then
the constant in (11) depends on the dimension n and p.

Corollary 2.10. Let p be as in the previous theorem. If B is a ball with |B| < 1 then
lu —upllp() < Cdiam(B)[[Vaully.),
where the constant C' does not depend on B.

Proof. Since |B| < 1 we have
max{|B\1/p§’1/pz_s’ |B|1/PE*1/P§} — |B|1/p§*1/p§_

Since p is 0-Holder continuous, (10), we obtain by [5, Lemma 3.2] that there exists a
constant C' > 0, depending only on the dimension n and the constant in (10), such
that |B|1/pg_1/p§ < C for every ball B. Hence |B| < 1 implies that the constant in
(11) is less than C diam(DB). O
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3. Continuity

The functions in the classical Sobolev space WP are continuous if p > n. In this
section we consider when functions in variable exponent Sobolev space are continuous.

Theorem 3.1. Suppose that p > n is locally bounded away from n in D. Then
wtr)(D) c C(D).

Proof. Let © € D and consider the ball B = B(x,d(x)/2). Define ¢ = essinf,cp p(y).
Then, by [17, Theorem 2.8],

whPO)(B) — Wh4(B) c C(B).

Therefore every function in W“’(')(D) is continuous at z, and since x was arbitrary,
the claim follows. O

The following corollary is immediate.

Corollary 3.2. Suppose that p is continuous in D. Then WLP()(D) c C(D) if
p(x) > n for every x € D.

We next use a classical example to show that the assumption that p is locally
bounded away from n in D is not superfluous when p is not continuous.

Example 3.3. Let B = B(0,1/16), € > 0 and suppose that

log, log, (1/]z()
log, (1/][)

for z € B\ {0} and p(0) > n. We show that then W'?()(B) ¢ C(B).

Define u(x) = cos(log, | log,|z||) for z € B\ {0} and u(0) = 0. Clearly u is not
continuous at the origin. So we have to show that v € W1P()(B). Tt is clear that u
has partial derivatives, except at the origin.

Since u is bounded it follows that u € LP()(B). We next estimate the gradient:

p(x) <p(lz)) =n+(n—-1-¢)

1 1
oozl | < | togam
[« logz ]| = [[e[log, 2]

[Vu(z)| =

sin(logy|log,|||)
We therefore find that

/ V() P@) da
B

N

/ dx
5 (|z[[logy|x||)r)

1/16 rldr
“’/ (r[log, r[)P(™)

0 21 n—1
r*~dr
= wrX [ g
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Since 1/(r|log, 7"|) > 1 we may increase the exponent p for an upper bound. In the
annulus B(0,27%) \ B(0,27%"1) we have i < logy(1/|z|) <4+ 1. Since y — log,(y)/y
is decreasing we find that

logs @

plr)<n+(n—1-—¢) ;

in the same annulus. We can therefore continue our previous estimate by

o oo P rn=1dr
\% P de < ~ 7
/B‘ u(l‘)‘ €L 12_;/2L1 (7‘|10g2’1"|)”+(n_1_5) log, () /i

—i

e 2 —i(n—
9—i(n 1)dT
s¢ ; /271'71 (12 F)nt(n—1-c)logy(i)/i

—C Z 2(n717€) logQ(i)ifnf(nflfe) log, (i) /1

=5

(3

_ Cziflfeif(nflfs) log, (%) /1 < Cziflfs < 0.
=5 1=5

4. Sobolev imbedding theorems

We start by introducing a relative variational p(-)-pseudocapacity, and proving some
basic properties for it. This capacity is quite similar to the Sobolev p(-)-capacity
studied by P. Harjulehto, P. Histo, M. Koskenoja and S. Varonen in [13].

Let F, E C R™ be closed disjoint sets and D be a domain in R™. The variational
p(+)-pseudocapacity is defined as

¢p()(F7E7 D) = uGL%%,fE;D) ||VUHL1’(')(D)7

where L(F,E;D) is as before (see Section 2). For L(F,E;D) = () we define
Yp(y(F, E; D) = co. We write L(E,x; D) for L(F,{z}; D) etc.

Remark 4.1. Including C(D) in the definition of the capacity is somewhat strange
in this context, since we do not, in general, know whether continuous functions are
dense in WP()(D), but see [8]. However, since we are interested in the case when
p > n, the assumption makes sense, by Theorem 3.1.

The reason for calling the function ¢, (F, E; D) a pseudocapacity is that it is
defined as a capacity but using the norm instead of the modular. This corresponds
to introducing an exponent 1/p to the capacity in the fixed exponent case. Because
of this we cannot expect the pseudocapacity to have all the usual properties of a
capacity. It nevertheless has many of them:
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Theorem 4.2. Let F, E C R" be closed sets and D be a domain in R™. Then the set
function (F, E) — v, (F, E; D) has the following properties:
(i) (s (0, E: D) = 0.
(i) Yp)(F, E; D) = ¢y (E, F; D).
(iii) Outer regularity, i. e. Py (F, B1; D) < ¥y (F, Ea; D).
(iv) If E is a subset of R™, then

U open

(v) If K1 D Ko D ... are compact, then

lim v,y (F, K;; D) = ( ﬂKZ,D>

17— 00

(vi) Suppose that p > n is locally bounded away from n. If E; C R™ for every
1=1,2,..., then

Up() <F, U Ei;D> < Z¢p(~) (F,Ei; D).
i=1 i—1

Proof. Assertion (i) is clear since we may use a constant function. Assertion (ii) is
clear since if u € L(F,E;D) then 1 —u € L(E, F;D). Assertion (iii) follows since
L(F,Es; D) C L(F, Ey; D).

Next we prove (iv). It is clear that

Up() (B3 D) < b4y (BLU5 D).

U open
Let € > 0. Assume that u € L(F, E; D) is such that
IVullpe) < ¥p() (F, B3 D) +
Since u is continuous, {u > 1 — &} is an open set containing F. Hence we obtain

inf ) (F,U; D) < py(F,{u>1—¢}; D)

ECU
U open
Hme{ 1}” (L—2) IVl
g
< (1 - 5)_ wp()(F?E;D) + 1_¢
139 Revista Matemdtica Complutense
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Letting € — 0 yields assertion (iv).
We then prove (v). It is clear that

Vp() (F, M52 K3 D) < Zhjlolo Vp() (F, K5 D)
Let € > 0. Assume that u € L(F,N$2, K;; D) is such that
IVullpy < thpy (F,NZ1 K D) + €.
When i is large the set K; lies in the closed set {u > 1 — ¢}; therefore

.hm ¢p(~)(F7Ki§D) < %(»(F» {u 21 _5};D)

11— 00

u
1—¢’

< (1—e) My (F.N2, K3 D) +

< HVmin{ 1}Hp(.) < (1—e) MVl

£
1—¢

Letting € — 0 yields assertion (v).
To prove (vi) let £ > 0 and choose functions u; € L(F, E;; D) such that

fori =1,.... Let v; = uy+...4wu;. Then (v;) is a Cauchy sequence, and so it converges
to a function v € WHP()(D). Define ©(z) = min{v(x),1}, so that |#| € LP()(D) by
[13, Theorem 2.2]. It is clear that 0|pnp = 0 and 0|gnp = 1, where E = UE;. Since
p > n is locally bounded away from n, it follows from Theorem 3.1 that every function
in WP()(D) is continuous, and so we have o € L(F,|J E;; D), from which the claim
easily follows, since

o0 o0
IV8llpe) < D IVUillpe) <Dty (F, Ei; D) +e. O
=1 =1

Using the pseudocapacity we can start our study of Sobolev-type imbeddings. The
following result is the direct generalization of [20, 5.1.1, Theorem 1].

Theorem 4.3. If p™ < oo, then the following two conditions are equivalent:
(i) WD) N C(D) — L>(D).
(ii) There exist r,k > 0 such that ¥,y (D \ B(z,r),x; D) > k for every x € D.

Proof. Suppose that (2) holds, with constants r, k > 0. Let u € W?()(D)NC(D) and
let y € D be a point with u(y) # 0. Fix a function n € C§°(B(0,1)) with 0 < n < 1
and n(0) = 1. Define v(z) = n((z — y)/r)u(z)/u(y). It is clear that v € W1rO)(D)
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and since v(y) = 1 and v(z) = 0 for # € B(y,r) we see that v € L(D \ B(y,7),y; D).
It follows that
k< () (D\ B(y,), 55 D) < [[Vollp()-

Then we calculate that

Eu@) < [IV(u(@)n((@ —y)/7))llpe
1
< sup (@) [|Vullp) + = sup V() [[ully
x€D T zeD
1
< max { sup n(a), ~ sup V() bl o0,
xeD T zeD

so that |u(y)| is bounded by a constant independent of y.
Suppose conversely that (1) holds and let C' be a constant such that [lufe <
Cllully p(.y for all w € WHPL) (D). For functions in v € L(D \ B(z,r),z; D) this gives

L= [vlle < Clollipey < Clixsamllpe) + [Vullpe))-

Since p* < oo we can choose 7 small enough that ||x (s, |lp) < 1/(2C). For such r
we have ||[Vul|,.) > 1/(2C). It follows that

Up(y(D\ B(z,r),2;D) = _inf IVullpy = 1/(20)
wEL(D\B(z,r),z;D)

for the same r. O

Remark 4.4. Since we do not know whether C°°(D) is dense in W'?()(D) we have
only proved the theorem for continuous functions in W'P()(D). If p is such that
C(D) is dense in WP()(D), for instance if p is locally bounded above n, then we
may replace condition (1) by WhP()(D) < L>*(D).

Define D = B(1/16) \ {0} and let p be as in Example 3.3. Then the standard
example u(z) = log|log(z)| shows that W1P()(D) ¢ L the calculations being as
in the theorem. We next show that the exponent p from the theorem is almost as
good as possible. We need the following lemma.

Lemma 4.5. Let {a;} be a partition of unity and k > m — 1. Then

00 00 1-m
i=0 i=0
Proof. Fix an integer 7 and consider the function

a v (a;+a)"i* + (a1 — )" (i +1)",
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for —a; < a < a;41. We find that this function has a minimum at ¢ = 0 if and only if

()5

Let {a;} be a minimal sequence, so that (13) holds for every ¢ > 0. This partition
is given by a; = i~ F/(m=Vgq for i > 0 and ag = (3. i~ ¥/ ™=1)=1 and so we easily
calculate the lower bound as given in the lemma. O

We next give a simple sufficient condition for the imbedding W ?()(D) < L*>(D)
to hold in a regular domain:

Theorem 4.6. Suppose that D satisfies a uniform interior cone condition. If pt < oo
and

log, logy (¢/d(x))
logy (¢/6(x))

for some fived 0 < & < n — 1 and constant ¢ > 0 then W'P()(D) — L>(D). Here
d(x) denotes the distance of x from the boundary of D

p(x) Zn+(n—1+¢)

Proof. Note first that the claim trivially holds in compact subsets of D which satisfy
the cone condition, since p is bounded away from n in such sets. Therefore it suffices
to prove the claim for §(x) less than some constant.

By the uniform interior cone condition there exist real values 0 < a < 7/2 and
r > 0 and a unit vector field v, such that for every x € D the cone

Cx = {yEB(fE,T)Z <1'_y7vm> > |£C—y|COSO[}

lies completely in D, where (-, -) denotes the usual inner product.
Fix z € D. Consider the cone

C={yeB(z,71/2): (z—y,v,) > |z — y|cos(a/3)}
and, for ¢ = 2,3,..., the annuli
A; = (B(z,27"" ')\ B(z,27'r)) N C.

To simplify notation let us assume that z = 0, » = 1 and v, = ej; the proof in
the general case is essentially identical. Since A; C C C D we have d(A;,0D) >
d(A;,0C). We can estimate the latter distance as shown in Figure 1. This gives
d(A;,0D) > 27 sin(a/3) so that

log, (i + ¢)

> -1 ;
pla) > nt (n—14¢) 222
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27sin(ou/3)

Figure 1: The cone C' and the distance to the boundary

log, (i+c) and

for x € A; and some ¢ depending on «v. Let us define ¢; = n+ (n—1+4¢) =1

a new variable exponent by

qi if x € A; for some 14
q(z) = .
p(z) otherwise

By Theorem 4.3 we know that it suffices to find a lower bound for ||[Vul[; ,.) with
u € L(D\ B(0,r),0; D) since, by Theorem 3.1, W'»()(D) C C(D). Since [Jul|; ) =
cl|ull1,q(.), we see that it suffices to estimate v, (D\ B(0, R),0; B(0, R)N D) for small
R in order to prove the theorem. Moreover, by monotony, we need only consider
Yay(D\ B(0, R),0; B(0, R) N C). For every function u € W)(C) we have

||uH1,q(-) > min{]-v 01,q(-) (u)}v

by [17, Theorem 2.8]. Therefore we see that it suffices to show that g1 4(.)(u) > ¢ for
every u € L(D\ B(0, R),0; B(0, R)NC) in order to get wq(.)(ﬁ\ B(0,R),0; B(0,R)N
C) 2 min{1, ¢} > 0, which will complete the proof.

It is clear that |[Vu| > |0u/0r|, the radial component of the gradient, so that

ou
Qi dp > it
/AiVu| dx > /A,- 0

It is then easy to see that the function minimizing the sum over the integrals should
depend only on the distance from the origin, not on the direction. For such a function
let us denote the value at any point of distance 27* from the origin by v;.

qi

dr.
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Consider then a function v which equals v;_; on S(0,27""1) and v; on S(0,27%).
Using Lemma 2.4 we find that

/A [Volfide > (vio1 —v;)% cap,, (R™\ B(0,277%"), B(0,27))

qi—1

= (’Uifl - vi)qz‘wn,l (Wf) (2(Qi—n)/(qi—1) o 1)1_q"2i(qi—n)
qi —

= C(’Ui,1 — UZ»)QiT(Qi—n)’

where the constant ¢ does not depend on ¢;. It follows that

NOEDY /A Vultde > ¢ 3 vy — vr) 28,
1=2 i 1=2

Since the lower bound depends only on the v;, we see that

o0
inf ) > ¢inf o )2i9iai—n)
;relLQl,q()(u) zcinf (vie1 — vi) :
1=2
where the second infimum is over sequences {v;} with v; < v;—1, v9 = 1 and
lim; ,oov; = 0. Let us set a; = v;—1 — v; so that a; > 0 and Y a; = 1. Then
we need to estimate -
inf qdii(ai—n)
{ait = " ’
=2

with the infimum over partitions of unity {a;}. Let N be such that

log, (7)

)an—ugm) ;

1+ c

for ¢ > N. Note that such an N can be chosen independent of z. Since a; < 1 we

>¢—-n=Mm—1+c¢

w| m

have a]' > a?+g/ % for such terms. Then we find that
0o N—-1 oo
inf > af2i@ = > nf Y gfigian) N gt Anetie/2,
(o} 2 “ul s =N

The first sum on the left-hand-side is finite, hence

where ¢ = maxaogicn—1¢;. It follows from Lemma 4.5 that

) oo n+e/3
Z a?+€/3in—1+5/2 > C( Z aZ) )
i=N i=N
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Combining these estimates we see that

oo ) N—-1 q [e'e] n+6/3
s (E) (5

i=2 =2 i=N

is uniformly bounded from below by a positive constant, since the sum of the a;’s
is 1. We have thus shown that the condition of Theorem 4.3 holds, which concludes

the proof. O
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