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ABSTRACT

Let L be a line contained in a Grassmannian variety G. A d-rope C' C G sup-
ported on L is a locally Cohen-Macaulay curve of degree d with Cieqa = L and
(Zr,c)? C Zo,g. We characterize the d-ropes C supported on L and embedded in
G. In some cases we describe also the vector bundles on such a rope C. Finally,
we describe the parameter spaces for ropes embedded in G.
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1. Introduction

Given a smooth curve L, a multiple structure C' supported on L is a curve with
Cieq = L, where a curve is a locally Cohen-Macaulay scheme of pure dimension 1.
Particular multiple structures are the so-called d-ropes, where a d-rope is a degree
d-deg L curve whose ideal sheaf satisfies (Z1)? C Zo C Iy, i.e. its relative ideal sheaf
T =1y, ¢ satisfies 72 = 0.
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Geometrically the curve C'is contained between L and its first infinitesimal neigh-
borhood. It is easy to see that a d-rope C' of degree d-deg L corresponds to a rank d—1
subbundle E of the normal bundle Nz, of L via the exact sequence

0—>E*=IL)C—>00—>0L—>O. (1)

We say that C' is a rope if it is a d-rope for some d.

The definition of rope was given in [5], while 2-ropes (called ribbons) and d-ropes
embedded in the projective space were studied in [1] and [9], respectively.

If the support L is a line and the rope C is embedded in P, the Hilbert function,
the homogeneous ideal, the Hartshorne-Rao module, their biliaison classes and their
Hilbert schemes were studied in [10] and [11]. Moreover, curves C' contained between
two infinitesimal neighborhoods of a line L, embedded in P", were studied in [2].

In this work we want to study ropes C' supported on a line L, both embedded in
a Grassmannian variety G. This fact seems quite natural because the Grassmannian
varieties are a generalization of the projective spaces P".

The plan of the paper is the following.

In Section 2 we give a characterization of the bundles

E*=Tpc =0 Or(a; — 1)

(see the previous exact sequence (1)) which define d-rope C' embedded in the Grass-
mannian variety G. Furthermore, we deduce some numerical invariants of such em-
bedded ropes (for example we easily prove that go = — Zf;ll «;, where g¢ is the
arithmetic genus of C).

In Section 3 we describe the vector bundles A on a d-rope C' embedded in G,
supported on a line L, which satisfy the condition Ay, is rigid.

Recalling that every Grassmannian variety G = G/, can be embedded via Pliicker
morphism in the projective space PV with N = (:f) — 1, in Section 4 we show that
for almost every d-rope C' embedded in G C PV, there exists a d’-rope C’ C PV such
that C' is the scheme-theoretical intersection of C” with G.

Finally, in the last section we study the parameter space for the d-ropes embedded
in G. Whenever we choose two suitable parameter spaces we describe a flat family of
d-ropes embedded in the same Grassmannian variety G such that the general element
belongs to one of the two parameter spaces and the special one belongs to the other
one.

2. Characterizations of ropes supported on a line, embedded in
the Grassmannian variety

In this section, we consider a line L contained in a Grassmannian variety G and we

give a characterization of a d-rope C supported on a line L both embedded in G.
Throughout this paper we work over an algebraically closed field K of any charac-

teristic and we’ll use the following notation. Let G := G, be the set of r-dimensional
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linear subspaces of the vector space K™. Of course each r-dimensional linear subspace
of K™ can be view as a (r — 1)-plane in the corresponding projective space P"~1.
We have that dim G, ,, = r(n —r) and it is well known that G, , can be embed-
ded via Pliicker morphism in the projective space PN = Proj (K|xo,...,zy]) with
N (1)1

We refer to [6] for generalities about the Grassmannian variety.

We recall also this well known result that we use in the following. We give a proof

for the convenience of the reader.

Lemma 2.1. Let L be a line contained in G. Then the normal sheaf of L restricted
to G is
Nyjg 20021 @ o D=1,

Proof. Let @ (S, respectively) be the tautological quotient bundle of rank r ( tauto-
logical quotient subbundle of rank n — r, respect.) of the Grassmannian G = G, .
We have that the tangent bundles of the Grassmannian variety G and of the line L
are TG =2 Q ® S* (see [6], p. 201) and 7L = O(2). Moreover, Q;, = O (1) & O} "
and S = OL(1) & O} " because Q and S* are spanned, det(Q) = Og(1), and
det(S*) = Og(1). Then, we get TG\, = OL(2) @OL(l)”*Q@O(LT_l)(”—T—l) and from
the exact sequence:

0—>TL—>TG|L _)NL|G_)0 (2)

we can compute Ny|q. O
Remark 2.2. The isomorphism Ny g = (’)272(1) D O(erl)(nﬂul) is the key point of

our construction and for this reason the construction holds also for every rational
smooth variety U containing L such that Ny = O3 (1) ® OF, with s > 1 and ¢ > 0.

Now, we recall the definition of a d-rope following [5]. This definition applies
for a rope C not necessarily embedded in a projective space (and supported on an
irreducible smooth curve).

Definition 2.3. A d-rope C' is a projective scheme such that:
(i) L = Cyeq is an irreducible smooth curve;
(ii) the ideal sheaf 7 = 7, ¢ has 72 = 0 and hence is an Or-module;
(iii) Z is locally free of rank d — 1 over L.

In the following the scheme L will be a line.

As recalled in Section 1, it is easy to see that a d-rope supported on a line L
corresponds to a rank d — 1 subbundle E of the normal bundle N}, of L via the exact
sequence (1)

0—-FE"=Irc — Oc — O —0.

The subbundle E* is the conormal bundle of L in C.
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Theorem 2.4. A d-rope C' supported on a line L C Gy, defined by
E* = 0{Z{O1(a;i - 1)
can be embedded into G, if, and only if, either
(i) d <dim Gy p;
(ii) a; >0 Vi;
(iii) n > 2+ |{i | oy =0};
or
(i) d=dim G, p;
(ii) a; = 0,1 Vi
(i) {¢ |a; =0} =(r—-1)n—r—1), and |{i | s =1} =n—2.

Proof. According to Definition 2.3 and recalling that G ,, is smooth in a neighborhood
of L, the rope C can be embedded into G, ,, by O¢(1) if, and only if, we can give an
injective map

B =01 - o) = Nye = 03 2(1) @ 0f DY (3)

which does not drop rank in codimension 1, that is to say, it provides an embedding
of vector bundles.

This is possible if, and only if, (1—«a;) <1, Vi=1,...,d—1, and either rk(FE) <
rk(Npig) i e. dimG > d, and at most n — 2 integers a; — 1 are equal to —1, or
rk(E) = rk(Npg), i. e. dimG = d, and E = Ny q.

From the embedding of vector bundles (3), the exact sequence (2), and the fact
that E is a free Op-module, we get that there exists a surjective morphism 7G|, — F

whose kernel is 7EC, and so the claim follows. O

Remark 2.5. For every x € L = Choq, 7C; has dimension dim G — d + 1.

Corollary 2.6. If C is a d-rope embedded into a Grassmannian variety G and sup-
ported on a line L C G then O¢ is an Op-module and the sequence (1) splits as
sequence of O -modules.

Proof. If we apply Hom(Oy,, —) to the sequence (1), we get
- — Hom(Op,0¢) — Hom (O, 0p) — Ext' (O, E*) — - --

By [7], Ch. III, Proposition 6.3(c), Ext'(Or, E*) = H'(L,E*) = 0 because of
previous Theorem 2.4, and so we have the surjectivity of the map Hom(Op,O¢) —
Hom(Oyp,Or). Hence, there exists a map ¢ : Op — Oc¢ which lifts the identity
idy, : O — Op, that is to say, O¢ is an Op-module and the sequence (1) splits as
sequence of Op-modules. O
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Remark 2.7. (i) Previous Corollary 2.6 proves that the split ropes supported on a
line, which are the simplest possible abstract ropes, are the only one that can
be embedded in a Grassmannian variety.

(ii) The existence of a retraction of the map O¢ — Of, of the sequence (1) can be
proved directly using a projection argument, as in [3], Lemma 2.6

Remark 2.8. If the conditions of Theorem 2.4 hold, then the map
E — NL|G

induces a surjective map:
* *
NLIG — F

and so we can deduce the exact sequence:
0->K—>Njg—E" —0
which can be also written as
0 — im0 (—g; — 1) 22
750 (D)@ 0] VY EL 00— 1) 0 (4)
Now, we can deduce some numerical invariants for the rope C' embedded in G, .

Proposition 2.9. Let C be a d-rope supported on a line and embedded in the Grass-
mannian variety G = Gy ,. We have:

(i) Z?i:HiGid Bj = Z?;ll a; +n—1—-dimG;
(i) go = — Z?;l Q.
Proof. (i) Computing the Hilbert polynomials from (4), we get:
dim G—d d—1
z—pj z z+1 z+q;
—(n—2 —(r=Dh-r-1 =0.
> (1Y) -e-a(g) oo ()2 (1)

Now, an easy computation gives the first claim.
(ii) We have that x(Or(z)) = z+ 1 and x(E*(z)) = Zf;ll(z +a;)=(d—-1)z+
Zfl:_ll a;. Then, we obtain x(Oc(z)) =dz+ 1+ Zfl:_ll a; which gives the genus. [0

Remark 2.10. In [10] the authors studied d-ropes supported on a line, embedded in
P™. In particular they consider the exact sequence

0 — &0 (—8; — 1) 22 037} (—1) 24 @8- Opi (i — 1) — 0
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similar to the sequence (4), which defines a d-rope C in P™. Using this sequence,
they deduce that Z;L;ld B = Zf;ll a; and go = —Zztll a; (see Lemma 2.8 and
Proposition 2.9 in [10]).

We observe that both for ropes in P™ and for ropes in G,.,, the genus depends on
the twist of the sheaf IZ. Moreover, the relations between the shifts a; and 3; are
different and depend on the Grassmannian variety where the rope is embedded.

3. Vector bundles on ropes on the Grassmannian variety

In this section we want to describe the vector bundles A on a d-rope C supported on
a line L, both embedded in G ,,, under some constrains on C'.

In the previous section we characterized a d-rope C', supported on L and embedded
in G, using the sheaf E* = @Oy (o — 1).

We need the following definitions

Definition 3.1. We say that C' is semipositive if a; > 1, Vi =1,...,d — 1.

Definition 3.2. We say that a sheaf &0y (a;), with a1 > a2 > -+ > @, is rigid
if ay, > a1 — 1.

For the semipositive ropes on G we have:

Proposition 3.3. Let A be a vector bundle on a semipositive d-rope C supported on
a line L embedded in a Grassmannian variety G. If Ajp, = ©ierOr(a;) is rigid then
A= Bier0c(a;).

Proof. We set B = ©;crOc(a;). We have that Bj;, = Ajr, or, more precisely, there is
an isomorphism:
1/) : A\L — B|L
We have that Hom(A, B)|p = Hom(®ie1OL(a;), ®je10L(a;)) = @4 jerOL(a; — a;)
and for the rigidity, we have that —1 < a; —a; < 1.
If we tensorize the exact sequence (1)

0—=FE"—0Oc—0—0

by Hom(A, B) and if we write the associated cohomology sequence, we obtain:

0 — HY(E* ®0, Hom(A, B)) — H*(Oc ®0, Hom(A, B)) —
— H°(0Op ®0, Hom(A, B)) — HY(E* ®0, Hom(A,B)) — --- .

In fact E* o, Hom(A, B) =2 & ,0r(a; — 1) ®0, Hom(A, B) and this is a sum of
line bundles twisted by w; > —1.

Then, the isomorphism v € H°(Op ®0, Hom(A, B)) can be lifted to a mor-
phism ¢’ € H*(O¢ ®p, Hom(A, B)). By Nakayama’s Lemma the morphism 1)’ is an
isomorphism, too. O

Revista Matemdtica Complutense 186
2004, 17; Ntm. 1, 181-193



E. Ballico/R. Notari/M. L. Spreafico Ropes on a line embedded in a Grassmannian variety

Remark 3.4. Let C' be a semipositive d-rope supported on a line L both embedded
in a smooth rational variety U (see also Remark 2.2) with Oy (1), , = Or(1). If A is
a vector bundle on C such that A, = Or(a)™, then A= O¢(a)™. In fact, the same

proof as in Proposition 3.3 works in this case too, pointing out that Hom(A, B) & (’)22.

4. A lifting problem

In this section we want to show that a d-rope C supported on a line L, both embedded
in the Grassmannian G = G,.,, C PV, with N = (:‘) —1, can be lifted to a d’-rope C’
of PN such that C is the scheme-theoretical intersection of ¢’ and G.

Lemma 4.1. Let Ngp~ be the normal sheaf of the Grassmannian G embedded via
Pliicher morphism in PN. Then

Nepv) i =207 (1) @ 072(2)
where m; = N —2dimG +n — 1 and mg = dimG — n + 1.

Proof. The Grassmannian variety G is scheme-theoretically cut out by quadrics in
PN. Then Zg pn (2) is spanned and so

Tapn
()@ = Woam(2), =001
G,PN IL
with a; > 0, Vi, i. e. (Ngp~v) = @0 (bs), with b; < 2. Let us consider the exact
sequence:
0—Nrg—Nppy = (Ngpv) — 0
where N7 ¢ =2 OY @ 0% (1) withp = (r—1)(n—r—1), ¢ =n—2and N pv = O *(1).
We deduce that (Ngp~)r is ample and then b; > 1 and (Ngp~ ) = 07" (1) @
07%(2) with my +mg = N — dim G, by rank argument. Moreover, comparing the
first Chern classes, we get my + 2mg = N —n + 1. A simply calculation gives the
claim. O

Remark 4.2. We can prove the same result if we consider a scheme U C PV with
L C U such that Np y 2 O¢ & Og(l). In this case we have that (NVyp~ ) = OL(cs).
For example we can take any homogeneous smooth variety as U.

Now, we consider L. C G C PV. In Section 2 we showed that we can construct a
rope supported on L contained in G, using the exact sequence (4):

0 — @imE=do (—g; 1) 2% 0p2(-1) @ OF VD 24 gd 10, (0, — 1) — 0

We can also consider the dualized exact sequence of normal sheaves written in the
proof of Lemma 4.1:

0— (NC*;,PN)IL HNz,PN - NE,G —0 (5)
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Pointing out that Ny 5 = O} 2(-1) @ (’)(Lr_l)("_r_l), we construct the following
diagram:

0
l
( C*J,]P’N)|L

i

N

¥YB

/! Lp

0— @M oL (-4-1) & Te T eiflO0L(ai—1) —0

l
0

Theorem 4.3. With the notation as above, suppose that 3; > 0 for all j. We can lift

the morphism g to a morphism ¢’y : EB;“ZI? Gid(’)L(—ﬁj -1)— LN (not uniquely)

which gives a d'-rope C' C PN, supported on L, with d = N —dim G + d.
We have that C is the scheme-theoretical intersection of C' with G.

Proof. Applying Hom(®;Or(—8; — 1), —) to the sequence (5) we get:
0 — Hom(®;0r(—8; — 1), Ngpn)iz) —
— Hom(®;0L(=8; — 1), (N} px) i) — Hom(®;0r(-6; — 1), Nf ) — 0.
If we write the associated cohomology sequence we have that

H1<H0m(@j0L<_6j - 1), C*:JPN‘L» =0

because 3; > 0 and then the morphism pp € Hom(®;0L(—3;—1), N} ) can be lifted
(not uniquely) to a morphism ¢% € Hom(®;Or(~f; — 1), N} pv) which gives the d'-
rope C’. The commutativity of the diagram (py’s = ¢p) assures that C = C' N G,
while d’ can be computed as N —rk(¢’z) = N—dim G+d (cf. [10], Remark 2.5 (i)). O

Remarks 4.4. (i) (Geometrical meaning) In some sense, given a rope C' on G we
can fat the directions transverse to G obtaining a rope in PV .

(ii) We can prove the proposition replacing G with a scheme U satisfying the condi-
tions introduced in Remark 4.2 and with the extra assumption 3; > ¢—1 where

¢ =maz;{c;}.

(iii) The lifted ropes C’ are completely studied in [10].
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5. Families of ropes on the Grassmannian variety
Whenever we want to construct a rope C' on G we start with a sheaf
E* =0/ Op(o; — 1)
with «; > 0 and we fix a surjective morphism
pa: O 2(-1) @ O(Lr_l)(n_T_l) — @1 Op(a; - 1).
As shown in Section 2 we naturally get the sequence (4):
0 — &M 1oL (- — 1) £2 07 2(-1) e Of VY 24 0710, (0, — 1) — 0

To fix notation, suppose that in (4) a; > ag > -+ > ag—1 and BgimG—a > -+ >
B2 > B1 > 0.

The decreasing sequence of integers a = (aq,...,aq—1) is the splitting type of
E*(1) and analogously, the decreasing sequence of integers 3 = (=1, ..., —SBdim G—d)
is the splitting type of ker ¢ 4(1). N

Definition 5.1. We say that the sequence of integers a = (o, . . ., ag—1) is admissible
if B* = @Oy (o — 1) satisfies the hypotheses of Theorem 2.4.
The sequence of integers 8 = (—f1, ..., —Bdim c—d) is admissible if there exists an
admissible sequence a such that in the exact sequence (4) ker ¢ 4 has splitting type (.
The pair (a, 3) is admissible if o is admissible and ker ¢ 4 has splitting type 3.

If the rope C on G is associated to the sequence (4) we say that C has a-type «
and (-type .

We define the degree of a (3 respect.) as dega = >, q; (deg = =, Bi,
respect.). Now, we define the following partial order between splitting types of the
same degree.

Definition 5.2. Let oy = (a1,1,...,01,4-1) and @y = (@21,...,a2,4-1) be two a-
types of the same degree. We put: ay > ap if g1 +---+ay; <ag1+---+ag; for
1<j<d-1.

The analogous definition holds for the G-types.

We can also define a partial order between the admissible pairs.

Definition 5.3. Let (a;,/3,) and (a,,3,) be two admissible pairs. We say that
(a1,8,) = (@2, 8,) if @y > a, and 3, > B, according with Definition 5.2.

Now, let I'y be the set of all ropes C' with admissible a-type o, Ag the set of all
ropes C' with admissible 3-type 8 and let ), 3) be the non-empty set of all ropes C
with a-type a and S-type 8, with (a, 3) admissible pair.

For ropes C' in G,.,, we can state a result analogous to Theorem 1 in [2] and we
can prove it with similar arguments.
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Theorem 5.4. Let (ay,3,) and (ay,B,), be two admissible pairs with degay =
degay, deg f, = degf3,, (gl,gl) > (g2,§2) and with the extra assumption o g1 > 1
and ag -1 > 1. Let C € Q(g27§2). Then there exists a flat family of ropes in G pa-
rameterized by a non empty open subset of an affine line whose special member is C'
and whose general member is an element of Q(%vﬁl)‘

We need some preliminary results.

Lemma 5.5. Let oy and a, be two admissible a-types with dega, = degay and
a; > ay. Let C €Ty,. Then there exists a flat family of ropes in G, (parameterized
by a non-empty open subset of an affine line) whose special member is C' and whose
general member is an element of I'y, .

Proof. We set oy = (a11,...,214-1) and @y = (a2,1,...,a24-1). We observe that
o1 > 0,09, >0 foralli=1,...,d —1 for the admissibility of the a-types.

Because of the inequality a; > @, it is well known that there exists a flat family
of rank d — 1 vector bundles on L (the support of the rope C') parameterized by an
open subset T of an affine line A! whose special member is Ay 2 EB?;ll(’)L (2 — 1)
and whose general member is isomorphic to 4; = EB?;%OL(aM —1).

A surjective morphism f € HO(L, Hom(O}?(—1) @ O(Lr_l)("_r_l),Ag)) induces
a rope C in G given by the sequence:

0— &G0, (—p; - 1) 25 0p2(-1) e Of VY Ly 4, 0,

Since deg a; = deg oy, we have that

BO(L, Hom(O} 72(=1) @ O V"1 Ay)) =
RO(L, Hom(O} 72 (=1) @ O V"0 ),

Applying [8], it is easy to check the existence of a vector bundle E on T with rk(E) =
RO(L, Hom (O} 2(-1) @ O(erl)(nﬂul), A;)) which is a universal parameter space for
the family of the homomorphisms parameterized by T, that is to say, V P € T the
fibre Ep = HO(L, Hom(0O} (1) @ 0 D=7 4,),

Hence, we can find a rational path in the total space E joining the element rep-
resenting f to a surjection g : O} ?(—1) @ Ogﬂ*l)(”*r*l) — Aj, and so the claim
holds. O

We can state the same result for the S-types.

Lemma 5.6. Let él and @2 be two admissible (3-types for with degg1 = degg2 and
ﬁl > QQ, Let us take a rope C € AEQ' Then there exists a flat family of ropes in G,
(parameterized by a non-empty open subset of an affine line) whose special member
is C' and whose general member is an element of Agl,
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Proof of Theorem 5.4. Set
Ay =@ Op(ar,; — 1), Ay = B Op(az; — 1)

and
By = &} Op(~B1; — 1), By = &} Op(—fa; — 1).

Let C be a rope corresponding to a surjective morphism f € H° (Hom((’)zﬂ(—l)@
(’)gfl)("ﬂfl), As)). The rope C is defined by an extension of As by By with middle
term isomorphic to O} ?(—1) @ O(LT_U(”_T_U (which is a rigid bundle). Since there
exists such an extension, by semicontinuity the general extension of A and By has
middle term isomorphic to O} (1) @ O(erl)(nfrfl).

As in the proof of Lemma 5.5, we have that there exists a flat family of pairs
of vector bundles on L, parameterized by an open subset 7' of the affine line with

(As, Bs) as special fiber and (A5, B1) as general fibre.
Since the pairs (« ﬁi) are admissible, for ¢ = 1,2, and o; g1 > 1, for i = 1,2

then h(L, Hom(A1, By)) = hO(L, Hom(As, By)) = 0 and so, using Riemann-Roch
Theorem we get h(L, Hom(A1, By)) = h'(L, Hom(Az, By)).

This implies that there exists a vector bundle E on T with
rk(E) = h' (L, Hom(Ay, By)) = h* (L, Hom(As, By))

such that VP € T the fibre Ep = ((41)p, (B1)p) is isomorphic to H' (L, Hom((A1)p,
(B1)p)).

By semicontinuity, for every P € T the general extension of (41)p by (Bi)p
has middle term isomorphic to O7 (1) @ O(Lr_l)("_r_l) and so it defines a rope
embedded in the Grassmannian G, for every P. In fact, we have a line L C G, and
an exact sequence as (4), which defines the scheme structure of the rope embedded
in G, . The family of such extensions is algebraic and projective. Furthermore, the
degree and genus of the ropes we obtain are fixed because deg(C) = rankg (41)p+1 =
rankg (A2)p + 1, and g(C) = —deg(ay) = — deg(a,). The Hilbert polynomial of the
ropes is then independent of P and so the family is flat by [7], Ch. III, Theorem 9.9. O

As last result, we describe a parameter space for the set I'y. Of course, a similar
statement holds for Ag.

Proposition 5.7. The scheme structures of ropes in ' are parameterized by a non-
empty, irreducible, rational variety U of dimension

d—1
dim¥Y = dega(dimG — 1) + (n — 2)(d — 1) — Z (ai - ?j + 1>.

ij=1

Iy is parameterized by F1(G) x U, where F1(G) is the Fano variety of the lines
in G.
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Proof. Let o= (a1, ...,aq_1) and let A= &= Opi (a; — 1).

Every rope in I'y, is uniquely determined by a pair (L, ) where L is a line in G
and £ = Im(p%) C Ny, with ¢4 € Hom(N ¢, A). Then, the parameter space for
the scheme structures of ropes in I', supported on a fixed line is the quotient of the
open subset U of Hom(Nyg, A), corresponding to surjective maps which do not drop
rank in codimension 1, by the action of the automorphisms of A.

Hence, U is irreducible, rational of dimension

dim =h°(Hom(N, g, A)) — dim Aut A =

d—1
—deg(a)ain G- 1)+ (0 - -2 - 3 (V1)

ij=1
The last part of the statement is straightforward. O

Remark 5.8. We want to compute the dimension of F;(G). Each line L in G is
determined by a surjective morphism Op, — (’)];1_1 @ Op1(1) = V because of the
universal property of the Grassmannian G, up to the automorphisms of V and the
ones of P!. Hence, the dimension of F;(G) is

dim Fy (G) = h°(0p" " @ 0p: (1)) — dim AutV — 3 = dim G +n — 3.

Of course, the parameter space for I',, reflects the properties of Fy(G).
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