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ABSTRACT

We prove sharp embeddings of Besov spaces By (R™) with the classical smooth-
ness o and a logarithmic smoothness « into Lorentz-Zygmund spaces. Our re-
sults extend those with @ = 0, which have been proved by D. E. Edmunds and
H. Triebel. On page 88 of their paper (Math. Nachr. 207 (1999), 79-92) they
have written: “Nevertheless a direct proof, avoiding the machinery of function
spaces, would be desirable.” In our paper we give such a proof even in a more
general context. We cover both the sub-limiting and the limiting cases and we
determine growth envelopes of Besov spaces with logarithmic smoothness.

Key words: Besov spaces with logarithmic smoothness, Lorentz-Zygmund spaces, sharp
embeddings.
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Introduction

The aim of this paper is to prove sharp embeddings of Besov spaces By ;" (R™) with the
classical smoothness o and a logarithmic smoothness « into Lorentz-Zygmund spaces
both in sub-limiting and limiting cases. As mentioned above, our results extend the
corresponding ones from [15, 22, 23], where a = 0. Our methods, based on those of
[9,12,20], are quite elementary and can be extended to the case of Besov spaces of
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generalized smoothness. In contrast to [15,22], we do not use the interpolation theory
(to prove embeddings) and the atomic decomposition of spaces By *(R™) (to prove the
sharpness of embeddings). We also establish growth envelopes of spaces in question.
For basic facts about this notion we refer to [16,23]. Note also that growth envelopes
of Besov spaces with generalized smoothness are established in [5,6]. However, the
authors of these papers again make use of atomic decompositions to get their results.

Our paper is organized as follows. In section 1 we introduce the notation and give
basic definitions. The main results are presented in section 2 while their proofs are
given in sections 3 and 4. The proofs of some facts concerning growth envelopes can
be found in the Appendix.

1. Notation and preliminaries

We write A < B (or A 2 B) if A < ¢B (or cA > B) for some positive constant
¢ independent of appropriate quantities involved in the expressions A and B, and
A~ Bif A< Band A2 B. For p € [1,00], the conjugate number p’ is defined by
1/p+1/p’ = 1 with the convention that 1/00 = 0.

Let  be a measurable subset of R™ (with respect to n-dimensional Lebesgue
measure); by ||, we mean its (n)-volume while yqo stands for the characteristic
function of Q. The volume and the surface area of the unit ball B,,(0,1) in R™ is
denoted by 3,, and by s,,, respectively. The symbol () is used to denote the family
of all scalar-valued (real or complex) measurable functions on the set Q. By 9T (Q)
we mean the subset of MM () consisting of those functions which are non-negative a.e.
on Q. If Q = (a,b) C R, we write simply M(a,b) and M+ (a,b) instead of M((a,b))
and Mt ((a,b)). Finally, M* (a,b; |) stands for the collection of all f € 9M™(a,b)
which are non-increasing on (a, b).

1.1. Embeddings

Given two (quasi-)Banach spaces X and Y, we write X =Y (and say that X and Y
coincide) if X and Y are equal in the algebraic and the topological sense (their
(quasi-)norms are equivalent). The symbol X < Y means that X C Y and the
natural embedding of X in Y is continuous.

1.2. Generalized Lorentz-Zygmund spaces

Let p,q € (0,00, m € N, aq, ..., € R and let Q be a measurable subset of R”. The
generalized Lorentz-Zygmund (GLZ) space Ly g4, ....a., (§2) consists of all functions
f € 9M(Q) such that the quantity

e = |05 (T 62 @) £

Jj=1

¢;(0,00)
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is finite, where £, ..., ¢, are (logarithmic) functions defined on (0, c0) by
ey = 6t = 1+ ogtl, 40 = €GB (> 1),
f* denotes the non-increasing rearrangement of f given by
) =mf{A>0: {zeQ: [f(x)|>A}.<t}, t>0,

and ||||q;z is the usual L9-(quasi-)norm on the set E.
We shall also need the maximal function f** of f* defined by

f**(t):%/of*(s)ds, £>0

(clearly, f* < f**).

Let us note that when each «; = 0, the space Ly g.a,,....a,, (§2) coincides with the
Lorentz space LP*?(Q2) which is just the Lebesgue space LP(2) when p=g¢q. Iif m =1,
Ly 4:0, (Q) is the Lorentz-Zygmund space LP9(log L)**(§2) introduced in [2] which,
when p = ¢, is the Zygmund class L?(log L)**(2). The spaces Ly g.a,.....a., (§2) Were
studied in [7-12,19], where more information can be found.

If Q = R™, we sometimes omit this symbol in the notation and, for example, simply
write [[-[|p.gar,am OF Lp.giar,....an nstead of [||lp.gar,...am®r OF Lpgia,....an (R"),
respectively.

.....

1.3. Orlicz spaces

Let ® be a Young function (that is, a continuous, non-negative, strictly increasing,
convex function on [0, 00) such that lim; .o, ®(t)/t = lim;_,o t/®(t) = 0) and let Q
be a measurable subset of R". By L4 (Q2) we denote the corresponding Orlicz space,
equipped with the Luxemburg norm ||-||¢.o (for details of such spaces we refer to
[1,3,17]). Orlicz spaces and GLZ spaces are two different classes of function spaces
having a nontrivial intersection. For example (see [2, Thm. D)), if 2 is a domain in R"™
with [Q], < oo and v > 0, then the space Lo oc:—1/,(€2) coincides with the Orlicz
space L (€2), whose Young function satisfies ®(¢) ~ expt” for all large ¢t. Thus, in
this case we put

EXP LY () = Loo cor—1/0(Q).

1.4. Besov spaces with logarithmic smoothness

For each h € R" the first difference operator, A, = A}, is defined on functions on R"
by
Apf(z) = f(z+h) = flz), zeR",

and higher order differences of f are defined inductively by
AT () = Ap(AFf), keN,
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The k-th order modulus of continuity of a function f € LP(R"), 1 < p < o0, or
f e L*R™) NC(R™), is given by

wi(f,t), = sup ||AF f||, for all ¢ > 0.
[h|<t

Each modulus wy(f,t)p, 1 < p < oo, is a non-negative non-decreasing function of
t > 0. Furthermore,

wi(£,t)p < 2°(1f - (1)

Let 1 <p,r < 00,0 >0and o € R. Let M be a positive integer such that M > o.
The Besov space Bg*(R") (with the classical smoothness o and the logarithmic
smoothness «) consists of those functions f € LP(R™) (if p < 00) or f € L>®(R™) N
C(R™) (if p = o0) for which the norm

£l = Ifllp + 11E7 77 L) war (£, E)pllr 0,00 (2)

is finite. (Note that the classical Besov space By .(R™) is obtained on putting o = 0.)

1.5. Equivalent norms in Besov spaces

It follows directly from (1) that an equivalent norm results on By *(R") if the range
(0,00) of ¢ in (2) is replaced by (0,1). Equivalent norms result also from different
choices of integers M > ¢. This is a corollary of the Marchaud theorem:

Theorem 1.1 ([3, Thm. 4.4, Chap. 5]). If k and m are integers satisfying
0 < k < m, then, for allt > 0,

C wn(fu), du

2k_mw7n(.f7 t)p S wk(.f) t)p § tk/ - -
t

uk U

2. Main results

QOur main results are Theorems 2.1 and 2.3.

Theorem 2.1. Let K € MT(0,1;]), 1 <r<s< o0, 1 <p<oo, 0<0o<n/p,
1/g=1/p—0o/n and a € R. Then the following two statements are equivalent:

(i) There is a positive constant C' such that
#7916 (0) (8) £* Ol oy < CllFllage o 3)
for all f € By (R™).
(ii) The function k is bounded on (0,1).

Remarks 2.2. (i) Putting @ = 0and s = r in Theorem 2.1, we arrive at Theorem 2.3
of [22].
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(ii) Let @ C R™ with ||, = 1. Taking x = 1 in Theorem 2.1, we obtain the
embedding
Byt (R™) = Ly s:0(2)  for all s € [r, 00]. (4)
Moreover, Theorem 2.1 implies that embedding (4) is sharp. For example, if
Q€ (0,00), meN, ay,...,a, € R and

Bg”f‘(R") — L0 s:a1,a0,....a,, () for some s € [r, 00], (5)
then
either ¢ > Q;
or q=@Q, a1 <aq
or ¢=Q, ar=a, a<0;
or gqg= Qa o] = «, Qg = 07 sy Qpp—2 = 0; Am—1 < 07
or q= Q7 Q] = o, Qa2 = 07 e, Qup2 = 07 Ap—1 = 07 Oy < 0.

Since Ly iy .0, nam (2) = Lg.siar.as,....an (§2) if s > 7, we see that the space
Loy ... am (§2) is the optimal (i.e. the smallest) target space for the embed-
ding (5).
(iii) Putting a =0, r =p and s = ¢ in (4), we obtain the embedding
By ,(R") — L(Q),
which corresponds to the Sobolev embedding theorem.

Theorem 2.3. Let k € MT(0,1;5]), 1 <r <s<o0,1<p< oo, and either § < 0,
ord <0 whenr =1 and s = co. Then the following two statements are equivalent:

(i) There is a positive constant C' such that

672 €072 @) 5(8) £ O lsso,1) < OIS grmssrret gny ©)

for all f € BMPOTY (R7),
(ii) The function k is bounded on (0,1).

Remarks 2.4. (i) Putting p =r = s € (1,00) and § = —1/7" in Theorem 2.3, we
arrive at Theorem 2.5 (with A, = B,%,p) of [15].
(ii) Let @ C R™ with ||, = 1. Taking x = 1 in Theorem 2.3, we obtain the

embedding )
Bg,4p75+1/r (Rn) — LOO,S;é—l/S(Q)' (7)

Moreover, by Theorem 2.3, this embedding is sharp.
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(iii) Putting s = r in (7), we obtain that
B;,{“p’§+1/1ﬂ, (Rn) - Loo,r;é—l/r(Q)

for any Q C R™ with [Q,, = 1. In addition, if » > 1 and § = —1/7/, we arrive
at the embedding
By P(R") = Loo,ri-1(S2),

which is an analogue of the result from [4].
(iv) Putting s = oo and £ = 1 in (6), we obtain that
Bt (R?) < Loc.oeis(©) ®)

for any Q C R™ with |Q],, = 1. In particular, if r > 1 and 6 = —1/7/, we arrive
at
B;L74P<Rn) (SN Loo,oo;fl/T’(Q) — EXP Lr/ (Q)’

which is the result of [21] (and an analogue of the embedding from [24]). More-
over, the choice r = 1 and 6 = —1/r' = 0 in (8) yields the well-known embedding

Bl (R™) — L=(Q).

Remarks 2.5. (i) If we use an analogue of the terminology from [23, section 12],
then we can see from Theorem 2.1 that the function

ts Y907 (),  t e (0,¢), (9)
where € € (0,1) is a given number, dominates the growth envelope function
Ec| By of the space By (R") if

1<r<oo, 1<p<oo, 0<o<n/p, a€R,

and 1/g=1/p—oc/n. (10)

Moreover, using the test function h := f/| f|| gz« with f = fr from Lemma 3.8
below, one can prove the reverse estimate (see the Appendix). Furthermore,
in the Appendix we show that inequality (3) does not hold when x = 1 and
s € (0,7). Consequently, the couple (t~1/9£=%(t),r) is the growth envelope for
the space By (R™), provided that (10) is satisfied.

(ii) Similarly, we can see from Theorem 2.3 that the function
t0(t), te(0,e), (11)

where ¢ € (0,1) is a given number, dominates the growth envelope function
Ec|BRPOTYT of the space Bp/P T (RM) if

1<r<oco, 1<p<oo, §<0. (12)

Revista Matemdtica Complutense 6
2005, 18; Num. 1, 81-110



P. Gurka/B. Opic Sharp embeddings of Besov spaces with logarithmic smoothness

Making use of the test function h := f/|f|l ;n/ps41/ With f = fr from
o

Lemma 4.7 below, one can verify the reverse estimate (see the Appendix). More-

over, in the Appendix it is shown that the inequality (6) does not hold with any

5 € (0,r) when x = 1 and 6 < 0. Consequently, the couple (¢~°(t),r) is the

growth envelope for the space B};,{!”"s“/’“ (R™) provided that (12) is satisfied.

(iii) In particular, if « = 0 and 6 = —1/7’ < 0, respectively, in part (i) and (ii) of
this remark, then our spaces become the classical Besov spaces and our results
on the growth envelopes coincide with those of [23]. On the other hand, our
results on the growth envelopes of Besov spaces with logarithmic smoothness
are particular cases of [5,6], where the growth envelopes of Besov spaces of
generalized smoothness are established. Note also that the approach of [5, 6]
is completely different from that of ours; they use atomic decomposition to get
their results.

3. Proof of Theorem 2.1

First, to prove the inequality (3), we shall make use of the following lemma which
gives a relationship between the non-increasing rearrangement and the modulus of
continuity.

Lemma 3.1 ([3, Thm. 4.19, chap. 5]). Let 1 < p < oo. Then, for all f € LP(R™)
and every t > 0,

* walfy)p d
s [ ey (13)

Furthermore, we shall use a convenient version of the Hardy inequality.

Lemma 3.2 ([14, Lemma 4.1 (ii)]). Let 1 <r <s<oo, 4,6,y € R andv # 0. Then
the inequality

( SN 0O(8) g(1) 10,00 (14)
5;(0,00)

Y500 (¢) /t h g(u) du

holds for all g € M*(0,00) if and only if v > 0 and § < 3.

Proof of the implication (ii)=(i). Clearly, it is enough to prove (3) with x = 1. To
this end, assume that f € By*(R"). Applying (13), the change of variables 7 = t/n,
(14) (with v = n/q, 6 = B = a and g(t) = t"'""/Pw,(f,t),) and the equality

]7 Revista Matemdtica Complutense
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1/q =1/p — o/n, we obtain

Hf“q,S;u = ”tl/IFI/S £ (t) f*(t)”s;(o,oo) S

tl/qfl/s éa(t) /OO wn(f}y)p %
ti/m YP Y

5;(0,00)

~
~

Tn/qfl/s ea(,r)-/ wn(,ﬂy)p @
.Yy

$;(0,00)
n T'I [0 wn f’ T) —0— r le%
a1/ gy “nld Ty T ) om0

5|
~ 7—n/p—i—l

73(0,00)
< |IfllBg:e @ny-
The inequality (3) with x = 1 is a consequence of the previous estimate. O

Now we turn our attention to the proof of the converse implication. We shall start
with some auxiliary results.

Lemma 3.3. Let 1 < p < oo and M € N. Let F : [0,00) — [0,00) and assume
that the derivative of F of order (M — 1) is absolutely continuous on any subinter-
val [0,b] C [0,00). Put f(x) = F(|z|), x € R™. Then there is a positive constant
co = co(M,n,p) such that, for all h € R™\ {0},

IAR" £ llpizen
M

posanp) + 1R IIF® (o) pk7M+(n71)/p||p;(M\h|,oc)} (15)
k=1

<o [IF(p) ptn 7

(here F¥) stands for the derivative of F of order k).
Remarks 3.4. Let all the assumptions of Lemma 3.3 be satisfied.

(i) Let M <1+ n/p. Suppose that

lim F®(p)=0 forallke{l,...,M —1} when M > 1. (16)

p—00

Then there is a positive constant ¢y = c¢o(M, n, p) such that, for all h € R™\ {0},

IAR" £llpime
< co [I1F(p) 0"V P o saaingy + IR IEXD (0) o7 Pty o ] (A7)
Indeed, the result follows from Lemma 3.3 when M = 1. Thus, assume that

1<M<1+n/p. Lette (0,00)and k € {1,...,M — 1}. Since the derivative
F*) is absolutely continuous on any subinterval [0, ] C [0, 00), (16) implies that

F®R(p) = 7/ F*RU(7)dr  for all p € [0, 00).

p
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Hence,

|F®) (p) pb=M+a=D/p H(/ F(k+1)) pE=M+(n=1)/p (18)
P

p;(t,00)

The assumption M < 1+ n/p guarantees that k — M +n/p > 0. Thus, there is
a positive constant ¢ = ¢(k, M, n,p) such that the Hardy inequality

H(/Oo F(k:+1)) ph=M+n=1)/p
p

p;(t,00)
< CHF(k+1)(p) pk+17M+(n*1)/p||p;(t7oo) (19)

holds (cf. [18]). Consequently, putting C' = maxjc1,... . a—13 ¢(j, M,n, p), we
arrive at

M—1 M-1
D IFEE (p) pFMECIP ) < <Z CM_k) IFD (0) " 7P| 1,009
k=1

k=1
which means that (17) follows from (15).

(ii) Let M < 14 n/p and let (16) hold. Then there is a positive constant ¢y =
co(M,n,p) such that, for all h € R™ \ {0},

IAY fllpmn < co [IF(p) p(n_l)/p”p;(O,SM\hD
+ [RM([|EF (p) p M =D oo
+IFM (p) p VP aigooy ) |- (20)

Indeed, if M € {1,2}, then (20) coincides with (15) and Lemma 3.3 yields the
result. Thus, suppose that 2 < M < 1+ n/p. The assumption M < 1+ n/p
guarantees that kK — M +n/p > 0 for all k € {2,...,M — 1}. Consequently,
(20) follows on using (18) and Hardy inequalities (19) (with ¢t = M]h|) for all
ke {2,...,M—1} to estimate 0" |[F®)(p) pb~M+(n=1)/p
right-hand side of (15).

|p; (M|l 00) 00 the

(iii) In particular, (16) holds if F' has a compact support.

Proof of Lemma 8.3. Assume that 1 < p < oo (when p = oo, the proof is similar and
is left to the reader). Since (cf., for example, [3, p. 332])

M
AN ) =) ()M *f(e+kh), zeR, (21)
k=0

]9 Revista Matemdtica Complutense
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we have

M
AM f(@)P de < (M + 1P S (1) / \F (2 + k)P da

|z|<2M|h| || <2M |h|

k=0
M

(M + 1)ty (3 /If(y)\pdy.
R=00 jyi<amnl

Hence, using spherical coordinates, we arrive at

3M]h|
AV F@)P dr < e / F(o)Po™" dp, (22)
|z|<2M |h| 0

where ¢; = ¢1(M,n,p) is a positive constant.
Furthermore, one can easily show that, for all z € R",
AV @) < [RM Y [ IDTf(@+ (4 m)h) e dray, (23)
vI=M 7,,

where v = (y1,...,7n) is a multiindex, |y| := 1 + -+ + 7, is its length, and
Iy = (Oa 1)M

Applying Holder’s inequality (if p > 1) and then Fubini’s theorem, we obtain
from (23) that

A f ()P da
|z|>2M|h|
<co|n|MP Z ( / ‘D”f(x—l—(ﬁ—l—---—I—TM)h)‘pdx) dry - dry
=M 7, |z|>2M|h)|

<l S [ ([ 10 swray)an - an,
=M Ty Jy>Min|

where ¢o = co(M, n,p) is a positive constant. Thus, using spherical coordinates and
the estimate

D7 f(y)] < s Z\F(k’ pFMAE Jyl = pand || =
we arrive at

N >|de<c4|h|MPZ [ ORIt o
|z|>2M|h|

Revista Matemdtica Complutense 90
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where ¢35 = ¢5(M, n,p) and ¢4 = ¢4(M,n,p) are positive constants.
The inequality (15) is a consequence of estimates (22) and (24). O

Now we make an appropriate choice of the function F' appearing in the previous
lemma. We assume that

1<p< oo, 0<o<n/p, M €N,

25
M € [n/p,1+n/p), and € (-n/p,oc—n/p). (%)
Taking a fixed R € (0, 1), we define the functions
9(t) = gr(t) = " Mxry (1), teR, (26)
and ) -
_ _ _ \M-—1
F(p) = Frlo) = 7= / (t- Mg dt, pel0,00).  (27)
Obviously,
[FMD(p)] = g(p),  p € (0,00). (28)

Moreover, we have the following assertion.

Lemma 3.5. Suppose that (25) holds. Let F be given by (26), (27). Then there is
a positive constant ¢ = c(y, M,n,p) such that

0 if pé€ll,00),
F(p)<Secp?” if p€[R1), (29)
¢cRY if pel0,R),

and
||F(p) p(n—l)/p p;(0,t) < CR’Ytn/pv (30)
IFD (p) pr=D/P|| s 00y < e RITMFTP (31)
for all t € (0, R], and
1F(p) p" 7P|l pu0.6) < ¢ [min{t, 137772, (32)
||F(M)(P) p(nil)/p”p;(t,oo) < ety MAn/p X(r,1)(t) (33)

for allt € (R, 00).
Proof. Since
1

/ t77hdt, pel0,00),
(p,00)N(R,1)
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and v < 0 by (25), the estimate (29) follows (with ¢ = ¢(vy, M)).
Now, let ¢ € (0, R]. Then, by (29),
||F(p) P(n_l)/p”p;(o,t) < CRW”P(n_l)/p”p;(O,t) < en YPRY tn/pa
which gives (30). Moreover, (28), the equality supp g = [R, 1], and (26) imply that

IFDD (p) p D700y < Nlg(p) p /P

pi(t,R) T llg(p) p(”*l)/p|

p;(R,00)
= ||P’Y_Mp(n_1)/p”p;(R71)' (34)
According to (25), v — M + n/p < 0. Consequently,
||p(7—M+n/p)—l/p||p;(R71) < [(M = 5)p —n] VP Ry=M+n/p (35)
and (31) follows from (34) and (35).
Suppose that ¢ € (R,1). Then
1E(p) 27D 0,00 < IE (D) 0V Pl ysgo,m) + 1E(0) 00V P llpymy. - (36)
By (30),
1E(p) p" 0Pl yo,my < e RYEP. (37)

On the other hand, using (29) and the inequality v+ n/p > 0 (cf. (25)), we see that

IF(p) 9" D P iy <ellp™ 0™ D Py
<l p0 TPy = clp 4 n] TP (38)

The estimate (32) is a consequence of (36)—(38). Moreover, (28), the fact that
supp g = [R, 1], and (26) yield

[P0 () om0/

p;(t,00) :”g(p) p(nfl)/p| p;(t,1)
_ ||pfy—Mp(n—1)/p||p;(t’1) < [(M _ ,Y)p _ n}—l/p t’Y—M-‘rn/P

(cf. (35)), and (33) is verified.
Finally, let t € [1,00). Then, since supp F' = [0, 1],
1E(p) 0" P,y = 1 (0) 07 Pl 0,0y < el +n] 717

(cf. (36)—(38)), and
HF(M)(p) P(nil)/p”p;(t,oo) =0.

Thus, (32) and (33) again hold. O

Lemma 3.6. Suppose that (25) holds. Let f(x) = F(|z|) = Fr(|z]), * € R",
where the function F is given by (26)—(27). Then there is a positive constant C =
C(v, M,n,p) such that, for all T € (0,1),

wyr(f.7)p < CLRY TP x(0.m)(T) + TP X (1) (7) ] (39)
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Proof. Let h € R™, 0 < |h| < 1. Then, by Remarks 3.4 (i) and (iii), the inequality (17)
is satisfied, that is,
IAR Fllpmn < o [Ni([h]) + Na(A])], (40)

where
Ni(r) = |F(p) p" VPl 0,3007)
Ny(7) =7 | FM) (p) p(n_l)/pHP?(MT,oo)
for 7 € (0,1). By (30)—(33),

RYT™P if 0 < R/(3M
M) < {0 < < B/(3M), (41)
TP if R/BM) <7< 1
and
v=Min/p M gp <1< R/M
No(r) < c R T 1 0<7<R/M, (42)
¢y TVTN/P if R/M<rt<1,

where ¢; = ¢1 (7, M, n, p) is a suitable positive constant. These estimates immediately
imply that
Ni(7) + No(7) < 26, 777 if R<7<1. (43)

Since M —n/p > 0 (cf. (25)), we have M = 7M-n/pn/p < RM=n/p /v for all
7 € (0, R], which, together with (42), implies that

No(r) < et RV7™/P if 0<7 < R/M. (44)

Moreover, since v < 0 (cf. (25)), we have RY < 77 < (B3M)~" R" for all 7 €
(R/(3M), R]. Consequently,

Ny(r) < et V7P if R/M <1 <R,
and
Ni(1) < et BM)™YRY7"/? if R/(3M) <1 <R.
The last estimates, (44), and (41) imply that
Ni(7) + No(7) < g RY 777 if 0<7<R,
where ¢ = ¢1[(3M) ™7 + 1]. Together with (43), this yields
Ni(7) + No(7) < o N(7), 7€(0,1),

where

N(7):=R" /P X(0,R] () + rytn/p X(r,1) (7).
This estimate, the fact that the function N is increasing on the interval (0, 1), and
(40) imply (39). O
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Now, we are able to estimate (from above) the norm of the test function
[ = fr in the space By *(R").

Lemma 3.7. Suppose that (25) holds, 1 <r < oo and a € R. Let f(x) = Fr(|z|),
x € R™, where the function Fr is given by (26), (27). Then there is a positive constant
¢ independent of R such that, for all R € (0,1),

£l < €RTHPE(R). (45)

Proof. Using spherical coordinates, the estimate (29), the conditions v +n/p > 0 and
v—o+n/p <0 (cf. (25)), we obtain

1£llp = s3/P 1 (p) p" V7P| y(0,00)
< sy [IF(p) o™V P o, m) + 1F () o2 i Rooo) |
< S}L/pc [RAY”P(nil)/p |p;(O,R) + ||PW+(H71)/p||p;(R,1)]
< Srll/p c [n—l/pR’y-i-n/p + ||pv+(n—1)/p||p.(0 1 ]

< s}/pc [nil/p +(ywp+ n)*l/p] < ¢RYotn/p (“(R) (46)

for all R € (0,1), where ¢ is a positive constant independent of R.
Furthermore, putting

Il = (O,R] and IQ = (R, 1),

we have
1776 (@) wnr (f, Oplleso.1) < N1+ Na, (47)

where
Ni = [tV ) wpr (f, Opllrz,, 0= 1,2.

Applying (39), we arrive at

Ny < C Rt~ Y (t) tV/P||,.;, = RY~H/P2(R) (48)
for all R € (0,1). Similarly, we obtain

Ny < Clt=o Ve (@) 7t /P|| g, S RYOTP4%(R) (49)
for all R € (0,1). The estimate (45) is a consequence of (46)—(49). O

The next lemma gives an estimate from below of the left-hand side of inequality (3)
with an appropriate choice of a function f.

Lemma 3.8. Suppose that (25) holds. Let f(x) = F(|z|) = Fr(|z|), z € R™, where
the function Fg is given by (26)—(27). Let x € IMT(0,1;]), 1/q = 1/p — o/n,
1 <s< o0 and a € R. Put Ry = min{ 271+1/(77M+1),ﬂ;1/"}. Then there is a
positive constant C' independent of R such that, for all R € (0, Ry),

”tl/q—l/s fa(t) Ii(t) f*(t)”s;(o,l) Z CrR“rfaJrn/p ED‘(R) H(ﬂn Rn) (50)
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Proof. Put Ry = 2711/ (=M+1) " First we prove that there is a positive constant
¢ = ¢(y, M) such that

f(x) > c¢R" x(0,r) (|z]) forallz € R" and R € (0, Ry). (51)

Let x € R", || < R and R € (0,R;). Then 2R < 1 which, together with (26)
and (27), implies that

1 ! M—1,y—M RM-1 /1 M
> t— t7 dt> ——— t7 dt.
f@) 2 (M—1)!/QR( 1) = M) Jyp

Moreover, since v — M + 1 <y < 0 (cf. (25)), we have for all R € (0, R;) that

/1 M At = (M -y + 1)7HERR) M — 1] > 2(M — v+ 1) 2R MY
2R

and the estimate (51) follows.
The inequality (51) implies that

[5(t) > ¢ R x0,8,rm(t) foralltec (0,00) and R € (0, Ry). (52)
Consequently, for all R € (0, Ry),

[£/9725 e (t) w(8) £*(1)

:(0,1) = cRY||tM 9715 o (1) E()[ls;0,6,m7)

> cRYR(BuR") 6912 4% (1) | si(0,6, )
RVk(B,R") R"(*(R)
= RV7HP *(R) k(3. R"),

Q

and (50) is verified. O
Now, we are able to prove the implication (i) = (ii) in Theorem 2.1.

Proof of the implication (i) = (ii). Let f = fr, R € (0,Ryp), be the function from
Lemma 3.8. Then inequality (3) and estimates (45) and (50) imply that, for all
Re (Oa R0)7

C RY—P *(R) k(B,R™) < C e RY"H/P (*(R).

Consequently,
k(B,R") < Ce¢/C forall R € (0,Ry)

and (ii) follows. O]

95 Revista Matemdtica Complutense
2005, 18; Num. 1, 81-110



P. Gurka/B. Opic Sharp embeddings of Besov spaces with logarithmic smoothness

4. Proof of Theorem 2.3

To prove (6) with £ bounded on (0,1), we shall need the following lemma.

Lemma 4.1 ([13, Lemma 3.2 (ii) and Rem. 3.4 (iii)]). Let 1 <r < s < oo and § € R.
Then the inequality

ST @) g(#) 0,1
s;(0,1)

1
Ht—l/sﬁ—l/‘*(t) [ otwau
t

holds for all g € 9MT(0,1) if and only if either § <0, or 6 <0 whenr =1 and s = co.
Proof of the implication (ii) = (i). Asin the previous section, it is enough to prove (6)

with Kk = 1. Let f € B;/rp’Hl/T,(R"). Applying the inequality f* < f**, (13), and
the change of variables 7 = t'/", we obtain

o0 n , d

7 05(0) £ O lony € o7 0o [ 2l B
g1/ YMp Y ls;00,1)

~ =1/ Eé_l/s(T) /0O w"(f’ y)p ﬁ
T yn/p Y lls;0,1)

< |71/ 651/5(7)/1 wn(fy)p dy
~ T yn/p Y lls;0,1)

+ T—l/s eé—l/s(T) /O0 Wn(fv y)P %
1 yn/v Y lls;0,1)

=: N7+ Ns.
Using Lemma 4.1 (with g(t) = t717"/Pw, (f,t),), we arrive at

s ey thh
™n

r;(0,1)

= ||7-*n/1071/7" o+ (7-) wn(f, T)pH,-;(O’l) < ||fHB;1,/Tp,5+1/7‘/.

Moreover, by (1),

Na S £llp

Tfl/s 6671/5(7_) /OO i

1 y1+"/P

s;(0,1)
~ || fllp =Y 075 ()

si0,0) & fllp S HfHB;/Tp,Hl/Wv

and (6) follows. O
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Now we turn our attention to the proof of the converse implication. To this end,
we need an appropriate test function f. Let us assume that

l<p<oo, MeN, Me(n/p,l1+n/p], 6<46<0,

and « € (1,00) is such that 1/a’ < min{n/p, M — n/p}. (53)
Take a fixed R € (0,1/2) and define f by
f(@) = fr(z) = F(lz]), =eR", (54)
where the function F' = Fg is given on [0, 00) by
Fp) = {fp: Tﬁlé(Tgliex(RAﬂg)i _ise P (55)
fp Yr(t) [, (T —1t) T U(T) X(r)(T)drdt if > 2,
and ¥p is a C*°(R) cut-off function such that 0 < ¢¥p <1,
Yr(t) =0 for t<R, Yr(t)=1 for t>2R, (56)
‘;;wR] <ERFX(pan it keN, (57)

with the constant ¢ independent of R. (See Remark 4.8 below for an explanation why
the cut-off function ¥R is used in (55).)

In the whole paragraph, by A < B we mean that A < ¢B, where c is a positive
constant which may depend only on the parameters «, 8, M, n, and p. Similarly for
AZ Band A= B.

We would like to have a suitable analogue of Lemma 3.6. Since Lemma 3.3 does
not provide a sufficiently sharp estimate of [|A) f||,.5, B = {z € R" : |z| < 2M|h|},
with f given by (54) and (55), we shall look for a more precise one.

Lemma 4.2. Let 1 < p < oo, M € N and a € [1,00). Let F : [0,00) — [0,00)
and assume that the derivative of F of order (M — 1) is absolutely continuous on
any subinterval [0,b] C [0,00). Put f(z) = F(|z]), x € R™. Then there is a positive
constant co = co(M,n,p) such that, for all h € R™\ {0},

(f 1) o]
p p:(0,3M|h])

M
RS DI (o) g OO |
k=1

1Al < co [ 10

(here F' is the first derivative of F and F*) stands for the k-th derivative of F).

The following remarks can be verified analogously as Remarks 3.4.
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Remarks 4.3. Let the assumptions of Lemma 4.2 be satisfied.

(i) Let M < 1+ n/p and let (16) hold. Then there is a positive constant
co = co(M,n,p) such that, for all h € R™ \ {0},

()]
p;(0,3M|h])

JAY fllpzn <co | 1B
P

RMIED () o7 e o |

(ii) Let M < 14 n/p and let (16) hold. Then there is a positive constant ¢y =
co(M,n,p) such that, for all h € R™ \ {0},

([ ey o]
p p:(0,3M]h])

+ [BM (| F(p) p* =M =D)L i oo

+FOD () oD arjng ey ) |- (58)

JAY Fllpzn <co | 1B

(iii) Recall that (16) holds if F has a compact support.
Proof of Lemma 4.2. Take £ > 0 and put

B) ={zeR" : [z <&} and B(£) =R"\ B(¢).
Let h € R\ {0}. Then

IAY fllpme < AR fllpsseneing + I1AR fllp:Be@an)-

By (24),
M
AN Fllpsse@arny S R IF® (p) pb =MD i 0
k=1
and so it is sufficient to show that
, o0 1/«
AM ) < |h 1/« (/ F/ a) (n—l)/pH ) 59
1AL fllpsBemin)y S IR ; || P 05 A) (59)

First assume that M = 1. Let o € [1,00). Then the Holder inequality and the
triangle inequality give

|z+h|

Anf(@)] = |Flle + h) — F(la])| = \ /| F(r)dr

x|

|z+h|
/ F/(7)|" dr
||

€T

1/«

, 1/«
< |h|1/a

< |z + bl — [

|z+h|
[P
ja
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Consequently, for any K > 2,
AR fllpsBcriny < ARSIy poripnnzi<lo+hr T 1 DR llpsBK R 21> 12401}

, 0 1/« o 1/«
(LY 1) )
i ) Y pB(K|h])

Thus, using the change of variables y = x + h and then spherical coordinates, we
arrive at

Ak fllp:B(x|R))

, o /o > /a
< (1L 1) e 1L 110)
([ g
o

Putting here K = 2, we see that (59) with M =1 is satisfied.

Assume now that M > 1. Then AM f = AY~1(A,f). Applying (21) (with M —1
instead of M), the triangle inequality, the change of variables y = x + kh, and then
(60) with K = 3M — 1, we obtain

p;B(K\hI-HhD)

N (60)

p;(0,K|h|+]|h])

IAY (@)l pspmin) < Z ) 1AL (z + kRl ;5201 1n))
© 1/«
< |IA h 1/a’ ‘ / F/ a (n—1)/p
S 1805 @lnar-vmy S W) 1p1) oo
and (59) is verified. O

Lemma 4.4. Suppose that (53) holds. Let F be given by (55). Then there is a positive
constant ¢ = ¢(a, 8, M, n,p) such that

* /1« Ve (n—1)/p —-1/a’ —1-0 4n/p
(] 171 oy SCRTUmT O, (61)
P (Y,
1F" (p) p M0/ oy < e RTMFMP4(R)TH, (62)
IFCD (p) p" /P yr,00) < ¢ RTMFP0(R) T (63)
for all t € (0, R], and
> 1/a /
H(/ |F’\“> (= WpH o < ¢ min{¢™/PYe g(1) 10 1}, (64)
P
IF' (p) p' ~MH=D2 Ly ooy < et ™Mo 710 N g1y (1), (65)
IECD () oD P 1,00y < et MFMP0() T 1y (2) (66)
for allt € (R,0).
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Proof. Observe that
|[FM™ (p)| < p™0(p)~ 17 X(r,1)(p) forall p >0 and for m € {1, M}. (67)

Indeed, the estimate is obvious when M =1 (cf. (55)). If M > 2 and m = 1, then,
by (55), (56), we obtain, for all p > 0,

P =vno) [ T MM ) oy ()

SX(R,l)(P)/ T 2(r) T dr S p ()Y X(r,1)(p)-
o

If M > 2 and m = M, then, using (55)—(57), we arrive at

M-—1 s}
|FMD (p)| = ‘;M T (wR( )/ (r=p)M 2 M) Xy (7) dT)
M-—1 M—-1—k [e%e]
Z M 1 kqu(P) % (/ (r—p)M 2 My(r)=1-° X(r,1)(T) dT)
k=0 P

Sp Mé(/)) X(R 1)(/7)
M—-1

+ R~ kX(R 2R) )/ (r—p)ftrMp(r)=1-° X(r,1)(T)dT
k=1 4

M-—1 s}
SpMie(p)y ! ) + Z P X (rR.2R) (P )/ Th=1=Mp(r) =18 X(r,1)(T)dT
=1 P

~p ML) Xm0, p>0,

and (67) is verified.
Since a € (1,00), (67) implies that

- Vo 0 if pell,c0),
([ @) " {o v wp i pelr, (68)
’ RV ¢(R)™1=% if pel0,R).

Assume now that ¢t € (0, R]. Then, by (68),
SRVUR) T I 0,0
p;(0,t)

H (/ | F/|a)1/a p(n—l)/:ﬂ
p
= Ril/a,K(R)ilig tn/p,

which gives (61). Furthermore, since M > n/p (cf. (53)), (67) yields

[E" (p) pr=MF =0/ oy = | F'(p) p =M= 0/P) L my
= ||p= M= e g (p) T | may S ROMP (R
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and (62) is proved. Using (67) and the inequality n/p — M < 0, we get
||F(M)(p) p(nfl)/p”p;(t,oo) _ ”pr g(p)7170 p(nfl)/p”p;(R’l) < R—M+n/p é(R)’lfe,

and (63) is verified.
Suppose that ¢t € (R,1). Then

() e

p;(O,t)
1/« o0
- H / e (n—1)/p +H / I (n=1)/p (69
<p | ) P p;(0,R) | | p p;[R,t) (69)
By (61),
F’ (n 1)/p < R/p=1/" p(p)—1-0. 70
A R (R (10)

Moreover, applying (68) and the condition n/p — 1/a’ > 0 (cf. (53)), we obtain

(1) o] S 17 g

pi[R.t)

S PP ()T oy & VPV 0(6) 70 (1)

The estimate (64) is a consequence of (69)—(71). Furthermore, (67) and the inequality
n/p — M < 0 imply that

Y

p;(t,1)

S llp= M=t e g(p) =1 S MR ()70

NNpsey S

and (65) follows. The estimate (66) can be proved similarly as (63).
Finally, let ¢ € [1,00). Then, since supp F = [0, 1],

1/« o 1/«
o (n-1)/p _ H / e (n—1)/p <1
H (/ | > g p;(0,%) ( P £l ) g pi(0,1) ™
(cf. (69)—(71)) and
IF'(p) pl_M+(n_1)/p||p;(t,oo) =0, ||F(M) (p) p(n_l)/pHp;(t,oo) =0.
Thus (64), (65), and (66) again hold. O

Lemma 4.5. Suppose that (53) holds. Let f(x) = F(|z|) = Fr(|z|), = € R™, where
the function F is given by (55). Then there is a positive constant
C =Cl(a,0,M,n,p) such that, for all T € (0,1),

m(fim)p < C[RTYUR)TIT07/PHY 5 iy (7) + 7201 % (ry ()] (72)
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Proof. Let h € R", 0 < |h| < 1. By (58),
AR fllpsrn S Ni(IR]) + Na(|h]), (73)

where

Ny(7) := /e

(1) o

p
No(7) =™ (|[F(p) ' M=) gy HIF M (0) 07D it r,00) )

pi(0,3M7)’

for 7 € (0,1). Moreover, by Lemma 4.4,

Ni(r) 5 {fnl;ﬁil;e R S
and
i 5 [T T s
These estimates immediately imply that
Ni(T) + No(r) S 7P e(r)71 7% for all T € (R, 1). (76)
Observe that
Ni(7) + Nao(r) < RV g(R)~1=0 7n/pH1/e" for all 7 € (0, R). (77)

Indeed, it is clear from (74), (75) when R/(3M) <7 < R. If 7 € (0, R/(3M)), then
(77) follows again from (74), (75) due to the inequality n/p + 1/a’ < M (cf. (53)).
The estimate (72) is a consequence of (73), (76), and (77) and the fact that the
function ¢ — R_l/alf(R)_1_9t"/p+1/alx(oyR) (t) + t"/PL(t) " %% (r1)(t) is equivalent
to an increasing function on (0,1). O

Now, we are able to estimate (from above) the norm of the test function f = fg

. S+1/v!
in the space Br/PoT1/m

Lemma 4.6. Suppose that (53) holds and 1 <r < oco. Let f(x) = F(|z|) = Fr(|z]|),
x € R™, where the function F is given by (55). Then there is a positive constant €
independent of R such that, for all R € (0,1/2),

W oo < EL(R) (78)
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Proof. One can easily derive from (55) that, for p € [0, 00),

IF(p)| < ()T
(p,00)N(R,1)
Consequently,
0 if pell,c0),
[F(p)l < §tp)~" it pelR1),
((R)™Y if pel0,R).

Thus, using (54) and spherical coordinates, we obtain

£l = 5271 (p) p™ 7P s 0,00)
SIE ) PP lys0,myHIF (0) P77 P iy
SUR) oD P o,y + 10702 L(0) sy
SRYPUR) T+ 0" () o)
~RYPUR)™?+1<1 forall Re (0,1/2). (79)

Moreover, applying Lemma 4.5 and making use of (53), we arrive at
Ht—n/p—l/re(t)é-‘rl/r/ WM(f, t)p”r;(o,l)
SR R) I ()
P 00
SRV UR) T RV YR 4 (R)°
<UR)°~? forall R € (0,1/2).
Together with (79), this implies that

£l g gpssarer S ¢(R)°~% forall R e (0,1/2). O

The next lemma gives an estimate (from below) of the left-hand side of inequal-
ity (6) with an appropriate choice of a function f.

Lemma 4.7. Suppose that the assumptions of Theorem 2.3 are satisfied and that (53)
holds. Let f(x) = F(|x|) = Fr(|z|), z € R™, where the function Fg is given by (55).
Let k € MH(0,1;]) and 1 < s < 0o. Then there is a positive constant C independent
of R such that

67275 0)° =% K(t) £ (D) ss00) = CUR) ™7 w(By R") (80)

for all R € (0, Ry), where Ry = min{4—2,ﬁgl/”}.
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Proof. Observe that for any z € R", |z| < R, where R € (0,472),

flz) 2 UR)™". (81)
Indeed, if M =1, then (54), (55) and the condition # < 0 (cf. (53)) imply that

f(z) > /: =)~ 0dt = ((R)7

R

If M > 2, then, by (54), (55), (56) and the condition 6 < 0,

f(z) > /| " Xoren / Tl M2 M () oy () dr di

x|

1/4
/ / (1 —17/2) M 2 7M€( ) X(Rﬁl)(T)det
2t

1/4
z/ / 7200 drdt = ¢(R)7?
2R 2t

and (81) again follows.
The estimate (81) yields

F5#) 2 (R x(0,5,r)(t) forall t € (0,00) and R € (0,472).
Consequently, for all R € (0, Ry),
e 0()° =M w(t) £ (8) ] ss00, 1) 2 R0’ k(1) | ss(0,6, R

2 UR)™R(BuR™) [t £(1) 1/SII (0.8, R")
~AUR)™ K(B.R") UR) = U(R)’ " k(B R"),

and (80) is verified. O

Proof of the implication (i) = (ii). Let f = fr, R € (0, Ryp), be the function from
Lemma 4.7. Then inequality (6) and estimates (78) and (80) imply that

CUR)?k(B,R") < Ccl(R)’~? forall R € (0,Ry).

Consequently, B
Kk(BpR™) < Ct¢/C forall R € (0, Ry)

and (ii) follows. O

Remark 4.8. If n/p ¢ N, one can choose M € (n/p,1+ n/p) in (53). Then, instead
of the function F' given by (55), one can use the function F' from (27) with

g(t) = gr(t) = t™™@) " xmy(t), tER, (82)
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where R € (0,1) is a fixed number. Note also that such F, instead of (67) with m = 1,
satisfies

0 it pe(l,00),

[F'(p)| S o~ H(p) 7% if pe(R1),

R™Y(R)"'=% if pec(0,R).
Nevertheless, all lemmas of section 4 remain true. However, this is not the case when
n/p € N. Then one has to take M =1+ n/p in (53) and one can show that all the
estimates in Lemma 4.4 are satisfied (with F' from (27) and g given by (82)) except
(62). Instead of (62), one can only derive that

1E" (p) p =MD ey S 7P L(R) T

for all t € (0, R]. This causes that the test function f corresponding to F' can be used
to prove the sharpness of Theorem 2.3 only if § satisfies the additional restriction
d < —1. This is why the cut-off function 1 was used in (55) to define F'.

Appendix
The aim of this section is to give proofs of assertions mentioned in Remarks 2.5 (i)
and (ii).
First, we have promised to prove lower estimates for the growth envelope functions,

that is, to prove that (cf. (9))

Ea|Byi(t) 2 t~Ya¢=(t) for all t € (0,¢) (83)
provided that (10) is satisfied, and that (cf. (11))

E|BMPHYT (1) > 170(t) for all t € (0,¢) (84)

provided that (12) holds.
Moreover, we have promised to show that the inequality

£/ 0 t) £ () lsco0,1) SISl (85)

does not hold for all f € By*(R"™) if (10) is satisfied and 0 < v < r, and that the
inequality
||t_1/U [5—1/U(t) f*(t)”v;(o,l) S.;Hf”B;,/Tp,éJrl/T»/ (86)

does not hold for all f € B,%p’éﬂ/rl (R™) if (12) is satisfied and 0 < v < r.
(i) To verify (83), take f = fr from Lemma 3.8. Then, cf. (52),

Jr(t) > cRY x(0,, rry(t) forall t € (0,00) and every R € (0, Ry).
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In particular,
fr(BnR"/2) > c¢RY for every R € (0, Ry). (87)

Put hi = fr/|frllpg:s. Then, by (87) and (45),

. oy JR(Ba R"/2) c R’
hR(Bn R"/2) = HfR||B;?;:‘ = ¢Ry—o+n/p (o(R)

~R7PET(R) = RT907*(R)
~ (B, R"/2)" Y9078, R"/2) for all R € (0, Ry).

Thus, taking £ = 3, R}'/2, we can see that
Wi(t) 2t~ Y907(t) for all t € (0,¢),
and (83) follows since ||hg||pge =1 for all R € (0,1).
(ii) To verify (84), we take f = fg from Lemma 4.7 and apply the same arguments.

(iii) To prove that (85) does not hold on By*(R™) if (10) is satisfied and 0 < v <,
define f by

f(z) =F(|z|), zeR", (88)
with

n

Pl = [ (=0 g O e
where p € [0,00), M € N, M € [n/p,1+n/p). Then
() =l =M (al) oY e < BT
and
@) =t~ Y)Y forall t € (0,1).
Consequently, the left-hand side of (85) is infinite, since

[t/ a0 ) () O oy =T 0 T

|’U;(O,1) = 0OQ.
Thus, it is sufficient to prove that the right-hand side of (85) is finite, that is,

[ fllBga < oo (89)
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Let h € R, 0 < |h| < (3M)~!. Then, using Remarks 3.4 (i), (iii) and the
identity o = n/p — n/q, we obtain

IAY fllp SIF(p) p(n_l)/p||p;(0,3M|h\) + || M[FPD () P("_l)/pHp;(Mw,oo)
Sl b(p)= oty pln= D)

p;(0,3M|h[)
+ B (oM ()= Y p TP o)
=072 £(p) = [l psgo,30a1m
+ B 7MY )= at i o0)
S N e (I il
~ [hI7 €]y,
Therefore,
war(fyt)p St7L) YV for all t € (0,(3M)71),
which, since 1/r — 1/v < 0, implies that
17770 () wnr (f, E)pllrsco,aan -1y SIETHTCE) ™ lrsco,3ar)-1) < 00 (90)
Moreover,
”f |p;R" :”f*”p;(o,oo) 5”1571/(1 g(t)iail/v”p;(oﬂ") < o0.
Together with (90), this implies (89).

(iv) To prove that (86) does not hold on B;ﬁ{?"”l/’“' (R™) if (12) is satisfied and
0 < v < r, we define the function f by (88) with

F(p) = /oo(t =M X g (OO T ()7, (91)
p
where p € [0,00), M € N, M € (n/p,1+ n/p]. Then
flx) = l(lal) 0 b(l2) 0 i o] < B
and
FX(t) =L(t) 0l ()~ forall t € (0,1).
Consequently, the left-hand side of (86) is infinite, since

e~ 0710 () £ ()llsgo,0) =€) ()7 0,1y = oo

)
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Thus, it is sufficient to verify that the right-hand side of (86) is finite, that is,
1AW g s < 00- (92)
The relation (91) implies that
F'(p)=0 if pe(28,"/" ),

and

[F'(p)] %/ (t = P)M 72 X g 1/my (8) £ L) O o (8) 1Y
P

oo
S [ a0 s ) ) i pe (0.25,007)
P
Hence, if @« > 1 and p € (0, 1), then
> 1/ /
([ 1o a) ™ <= o) o
p
Using (58) with o > 1 such that n/p — 1/a’ > 0, we obtain, for all h € R™,
0<|h| < (3M)71L,

1AM £[l, S 1R1M||( / F/|2) M gDt

+ 1M (IF (0) 0~ M 0P 0 g oo
+ [FM (p) p D P o) )
SR oY H =D ()71 0 () TV 0 301
+ B | pm MO ()0 g (p) M|
~ RV || g (|R)) =0 b))
+ [R[M R MR () O (| T
~ AP L(|h]) 0 La(JR)) T

p;(M|h],00)

Thus, war(fot), < /P01 ly(t)~1 /7 for all t € (0,(3M)~'). Since
1/r —1/v < 0, the last estimate yields

=P @) s (f, Dpllrsgo, a1

SN (070,301 < 00

3

This, together with the estimate

% — —1/v
1 llpmn =11 ps0,00) S €70 €5 psgo.2my < 00,
implies (92).
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