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On a definition of seminorm
in W52 (1)

FABIO GASTALDI and GIANNI GILARDI

ABSTRACT. A definition of seminorm is given in the Sobolev space W*?(I") on a
smooth compact manifold I" without boundary, using a localization procedure
without partition of unity.

0. INTRODUCTION

In the study of noncoercive boundary value problems for elliptic partial
differential equations or inequalities, one often can estimate derivatives (or,
more generally, difference quotients) of the solution, but not the solution
itself.

On the other hand, in the linear case, estimates of high order norms of the
solution (for instance, in Sobolev spaces) are well known, depending on
suitable norms of data and on lower order norms of the solution itself.
Similar estimates can be obtained also in several non linear problems; they
can have either a local character or a global one. Yet, local a priori estimates
of high order norms of the variation of the solution are often useful, involving
only lower order norms of the same variation. In such a case, partitions of
unity are not useful, since they generally call into play norms of zero order,
for instance the L? norm of the solution, which is not controlled in
noncoercive problems, usually.

Thus, it could be useful to introduce functional seminorms whose defi-
nition is given in terms of local charts, without using partition of unity. In
this paper we develop such an idea in the framework of the Sobolev space
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Wsp (TM), with >0, 1 <p<eo, I" being a compact smooth manifold without
boundary.

An application of this technique is given in [GG].

1. SETTING OF THE PROBLEM

Throughout this paper I" will denote a manifold in a euclidean space such
that

I'is N—dimensional, compact, without boundary, of class C™!, [1.1]
where N=1 and m=0 are ihtegers.

Under this assumption, one can find in the literature several definitions of
the Sobolev space W=7 (I"), for all real s with 0<<s<m+1, and of its norm
(see [A], [BL], [KJF], [LM], [M], [N], [TD).

We are interested here in definitions using localization and local change of
variables (see, e.g. [LM] (iii) 2.5; in particular Prop. 2.9): the problem is
reduced to a preliminary study of the space W+7({}), where () is an open
subset of R¥. In this paper we introduce a variant to such kind of definitions
(see also [N] pp. 88 and 94), which consists in avoiding partitions of unity, in
view of a similar definition of a seminorm whose kernel is made by locally
constant functions.

In section 3 we will give the definitions of W*7(I"), of its norm and of its
seminorm. Although the definition of the space is clearly independent of the
system of local charts, this is no longer true for the normr and for the
seminorm; nevertheless, we will show that different systems lead to
topologically equivalent norms and even seminorms. This requires a
preiiminary study of the case where I is replaced by an open set of R¥: this
is done in section 2. Finally, section 4 is devoted to a comparison between our
definitions and others, some of which already given in the literature.

Although most of the following could be extended to cover the cases p=1
and p =oo, yet we will confine our attention to the case 1 <p<oo.

2. THE CASE OF AN OPEN SUBSET OF R"

We begin by recalling the (usual) definition of W*~({}) and of its norm
and seminorm.
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Definition 2.1 Let Q) be an open subset of RY. Let s>0 and pe] 1, +oof
be given. The space WP (1), its seminorm |e|; p o and its norm ||e||; , o are
defined respectively as follows:

() if 0<s<1,
WS’P(Q):{VGLP(Q):|v|s,p,n<°°}, [2.1]
I pa=[ [lx—yl=¥=1v ) —v @)l dxdy, [2.2]
0Q
IVllsp.0= IVll0,p.0+ [V]sp.0, [2.3]

where ||ello.p.0 is the norm in L7 ((V);

(ii) if s a positive integer,

Wsp(Q)={velr(Q): Dxvelr(Q), for |a| <s}, [2.4]
“v”s,p,ﬂ'—‘l|z< 1D vllo,p.0, [2.5]

N
Ivls.p,szl ”ajv”s—l,p,!), [26]

J:

d
where d; = ax. D=7 and |a| =3 a;if a=(aj,...,ay);
] j

(iii) if s> 1 and s is not an integer, denoting by m the largest integer =s,
we define

Wsp(Q)={ve Wnr(Q): Dxve Ws-mr(Q), for |a| =m},  [2.7]

|Iv”s,p,0:”v”m,p,ﬂ+l |2 lDavls—m,p,Q’ [28]
N

|v|s,p,0:‘zl “ajv”s-l,p,d‘ [29]
Jj=

O

A preliminary step consists in comparing |e|; ,, 0 With 3, [e|; 5, 0., where {€}

1
is a finite, open covering of (), at least when 0 <s=1. To this end we need
some lemmas.
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Lemma 2.2 Let QA and (), (i=1,...,n) be open, connected subsets of R¥
such that =V ();. Then at least one among the ();’s is such that the union

. - i 3
of the remaining ones is connected.

Proof. By induction, we notice that the result is trivial if n=2. Let m=2
and assume that the result holds for n=m: we are going to show that it is still
valid for n=m+1. Let ) and Q,; (1 <i<m+1) satisfy the assumption: then,
,,+ intersects the union of the preceding ones, whence it intersects one of
them. We may assume that this is ,. Set O, =@, if 1<i<m and
0,=Q,UQ,;: by the inductive assumption (which can be applied

because (), is connected), one among the ()’;’s is such that the union of the
remaining ones is connected. Let ), be this set, If k=m, then Q, =<g Q; is

connected and intersects (), whence it intersects either (), or Q,,,,. There-
fore, the set we wanted is either Q,,,, or (), respectively. If k<<m, the
wanted set is ).

a

Lemma 2.3 Let ) and (), satisfy the same assumptions as in the previous
Lemma. Then there exists a permutation w of (1,...,n) such that for all i,
1<<i=n, there exists j, 1 < j<li, such that O, ;N\ Q7 .

Proof. By induction, we notice that the result is trivial if n =2, Let m=2
and assume that the result holds for n=m: we are going to show that it is still
valid for n=m+1. Let ) and Q; (1</<m+1) satisfy the assumption: by
Lemma 2.2, one among the ),’s is such that the union of the remaining ones
is connected. Up to a permutation of 1, ..., m+1, we may assume that this is
Q,,,+1. By the inductive assumption, there exists a permutation  of (1, ..., m)
such that each Q,,, apart from Q,,, intersects one of the preceding ones:
define I1(i)=m (i)if 1<i<m and II(m+1)=m+1: II satisfies the requested
properties.

O

In the following we shall use this well known result (see [N] Lemma 5.5:
the assumption on () can be weakened), which we state as a lemma.

Lemma 2.4 Let () be a bounded open subset of RN, m=0 an integer,
0<s=m+l, pe]l,+oo[ and we C™'(Q). Then, for all ve WsP(Q) it is
vwe WP (Q) and

Ivwlls pa=clVlls p 0, [2.10]

where ¢ does not depend on v.

a

The following lemma is well known: here we prove it under weak
assumptions. The following notations will be used.
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B.(x)={yeR¥:|x—y|<r}and B,= B,(0). [2.11]

Lemma 2.5 Let O and O; (i=1,...,n) be open bounded subsets of R¥
such that A=V (), satisfying the following condition:

VxeONTe>0,5i 1<i<n such that QN B.(x)CQ,. [2.12]

Let s>0 and pe]l,+oo[. Then, all veLF(Q)) such that viq.€ WP (Q})),
1<i=<n, belongs to W+ (()); moreover, there is a constant ¢ >0 such that,
for all ve W2 (()),

Ilvlls,p,ﬂécz“vlﬂills,p,ﬂi' [213]
: i

Proof. Since () is compact, there exist m €N, €>0and x/ € (1 <j<m)
such that, setting ()';= B, (x)), it is U)) D0 and for all j(1<j<m) there
is 1(l<z<n) such that QA O C a0

Let {y;} be a partition of unity associated to the compact set Q and
to the covering {(V;}. If vel”(Q)) and v € WoP(();), 1=i=n, then
Vigne; e Wsp ({}); OQ’) 1 <j=<m, and then (1//]v)m ne; e W2 ((2;N (). Since
supp ([ij has a strictly positive distance from €}/ ()’;, the dxrect evaluation of the
seminorm leads to ;ve WoP((), Vj. Thus, v=2Y, Y;ve WP (Q). This

evaluation leads also to the following inequality, whefe we omit the symbol
of restriction (which will be done also in what follows):

”l»[/jvlls,p,nscj “llljv ”s,p,QﬂQ’:

where ¢; does not depend on v. Therefore

¥l 0= S0Vl 0= 36 1Vl p.an <
7 J

=c Z” Wivllspana, <S¢ | Vils.p.0na;
J J
Since every term of the last sum is less than one of the addends of [2.13],
the proof is complete.

O

Note that regularity assumptions such as [2.12] cannot be completely
dropped. Actually, consider the open sets

Q,={(pcosh, psind): 0< p<1,—7r << ’2T
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O, ={(pcosh, psind): 0< p< 1,—%<9<7T},

0 - Q| U Qz
and the function v defined by
v(pcosh, psinf) =40, for 0<p<1, —7<O0<m:

it is v, € C% 1(Q),) for i=1,2, while ve W7 (Q) 1f and only 1f s<— because
[Vlsp.0=1Vlsp, 5 for 0<s<1.

The main step consists in obtaining an inequality analogous to [2.13],
calling into play only seminorms. To this end, we state a known result (based on
the compactness of the embedding of W=7(Q) in LP({}), obtained by a
combination of known results, e.g. [N] Theor. 6.3, [A] Theor. 7.48, [LM](iii)
Prop. 2.7 and [LP] ch. V) as a lemma.

Lemma 2.6 Let O be a bounded, connected open subset of RY, of class
. C%' and w C Q) a nonempty open set; let s>0, pc]1,+oo[. Then there exists
a positive constant ¢ such that, for all ve Ws» (Q}),

”v“s,p,ﬂgc(|v|s,p,ﬂ+”v“s,p,w)s [214]
IVllspa=c(Vlspat|val)s [2.15]
where we have set
1
Vo= [2.16]
lw| ®
4

Now we are in a position to prove the main result of this section.

Theorem 2.7 Let Q) and Q; (i=1,...,n) be bounded, connected open
subsets of RN verifying condition [2.12). Assume that Q,; is of class C*! and
that Q:LiJ Q. Ifs€]0,1] and pe]1,+oo[then there is a constant ¢>0 such

that for all ve Wsr ()

|V|s,p.0§cZ|v|s,p,Qi- [217]

Proof. In the following, ¢ will denote different constants, independent of
v. Let us consider [2.13]}: thanks to Lemma 2.3 we may suppose that each of
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the ();’s, except the first, intersects one of the preceding ones, which we will
denote by (), Then, for 1<i<n it is

Vil 0. =c UVl p0,+ IVIls paina) S c UVl pa,+ VI 00,

whefe [2.14] has been used. Iterating this inequality, adding up and applying
[2.15] we find

”v”s,p,QSC(Z |v|s,p,ﬂi+"v”s,p,ﬂ.|)§c(z |v|x,p,.0.,'+ |vQ||)a
i i

whence

|v|s,p,0£c(2|v|s,p,ﬂ.,-+|v0||)- [218]

Applying [2.18] to v—vq, we get [2.17].
O

We end this section with a result which will be used in the next one.

Lemma 2.8 Let Q) and (V' be open subsets of RY. Let a: Q) — ) be a
diffeomorphism of class C™'. If s€]0,m+1], pe]l,+co[ and ve W57 (L))
then v oac W52 ({}) and

Voal,pa=clvl;paand |[voall,,a=cllvl,pa, [2.19]
where ¢ does not depend on v.

Proof. The second inequality is well known (see [LMI1] 12.9, which
extends to our case). Yet, its “natural” proof shows also the first one: indeed,
if s> 1, lower order derivatives of v do appear in evaluating higher derivatives
of vo a, but v itself does not; now, this is exactly what is needed to express
the seminorm according to the definitions [2.6] and [2.9]. If s=<1, [2.19] is

immediate.
O

3. THE CASE OF A MANIFOLD

Now we are able to deal with a manifold I' of a euclidean space. The
definition of W+?(T") is clearly equivalent to the usual one, given by means of
local charts and partition of unity.

Definition 3.1 Assume [1.1] and let 0<s<m+1 and 1 <p<oco. We say
that a function v of LP (I") belongs to WP (I') when for all xeT there exists
a diffeomorphism o : By — a (B))CT of class C™! such that xca(B,) and
voacWsP(B)). O
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In defining the norm in Ws#(I") we will not employ partition of unity,
as usually done; the method allows us to define a seminorm as well.

Definition 3.2 Under the assumptions of Definition 3.1, let {o;} be a
finite family of diffeomorphisms a;: B,— a;(B,)CT of class C™! such that
{a;(By)3) } is an open covering of T. For ve WsP(I') we set:

“v“s,p,FZZ ”Vo ai”s,p.Bm' [31]
i

,vls,p,F:Z |Vo ails,p,Bl/Z' [32]
.

O

Obviously [3.1] and [3.2] depend on the choice of the system {o;}; vet,
different systems lead to topologically equivalent results, thanks to the
following Theorem,

Theorem 3.3 Assume [1.1] and let 0<s<m+1 and 1<p<oco. Let {a;}
and {B;} be two families satisfying the assumptions of Definition 3.2. Then
there exists ¢>>0 such that for all ve Ws» () it is:

2 Ivoails,p,ﬁmscz ,Vo les,p,B”p [33]
J

1]

2 ”voai“s,p,ﬂuzscz HVO Bj”s,p,Bl/z' [3‘4]
! J

Proof. It is enough to evaluate each of the terms on the left hand side of
[3.3] or [3.4] by means of the corresponding right hand side. For this, fix i and
set a = ¢; and B= B,;;. We would like to use Lemma 2.5 and Theorem 2.7 with
Q=B and Q;=a~1(8;(B)). However, these )’s may be irregular, hence we
introduce some auxiliary open sets as follows.

For all xe B fix j=j(x) and €= € (x) such that B.(x)CB, and
a(B.(x))C B;(B); using the compactness of B, we may find a finite number
of points x¥€B such that, setting (=B, (x%, it is: BCUQ,CB,,
a () CB, (B), for suitable j. Set (= BN{, and 0= (8;" 0 a) {0,) and
denote by c different constants independent of v. We shall show that the
inequality

'voals,p,BSCZ'voﬁjkls,p,ﬂ’k [35]
k

and the analogous for the norms hold, distinguishing the cases 0<<s<1 and
s>1.
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If 0<s=1, Theorem 2.7 and Lemma 2.8 give:
Vol p=cXlvoal,,a=c3l(vo Bi)o(B)' 0 @) lsp0,<

SC Zk | VOBjkIs,p, O
and [3.3j follows.

Let s> 1. Denoting by v/ the /-th component of the generic function v
with values in RV, we have:

Vol 5= 3195 (voa)lls-1p5= ¢ XT3, (voa)llosn, =
=33 ML (oB) 0 (B0 @) Mot pn,=
=33 S0 BII0B o )13, (8, 0 @'l .0, <
Sc%%ll [B:(veB)1o B0 0) Il;_1, 0, <

Sc;;llaz(wﬁjk) ”s—l,p,ﬂ’k:C%lvoﬁjkls,p,ﬂ’k

and [3.3] still follows.

The analogous inequalities for the norms are proved in the same way.

O

4. FURTHER REMARKS

Our aim is firstly comparing the norm [3.1] with the usual one, whose
definition exploits a partition of unity.

Let {e;} be like in Definition 3.2 and let {i;} be a partition of unity of class
Cm! associated to the compact I" and to the covering {a;(By;) }. Define (see.
[LM](iii) 2.5)

VIS5 r =21 vV ¥)o il p, 5,y - [4.1]

Proposition 4.1 Assume [1.1] and let 0<s<m+1 and 1<p<co. The
norms [3.1] and [4.1] are equivalent.
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Proof. Using Lemma 2.4, we have immediately:

« .
”v”s,p,F :2“ (Voai) (d’ioai)“x.p,Bl/z Sczuvoai”s,p,Bm =c Ilvlls,p,Fs
i i
where ¢ does not depend on v.

Since W+ (I") is complete with respect to [4.1], the assertion will follow
from Banach theorem as soon as we show that W+7(T") is complete with
respect to [3.1]. Let {v,} be a Cauchy sequence with respect to [3.1]: then,
for all i, {v,00e;} converges in W57 (By;) to a function w; We only have to
prove the existence of a function ve L (T") such that voa;=w; for all i. Since
the set of indices is finite, there is a subsequence {v, } such that v, oca; —w;
a.e. in Byj,; it follows that v, —w;oa;! a.c. in o;(B))2), whence
wioai ' =wjoa; ! in a;(By;,) Na;(B)) and v is defined in an obvious manner.

a

Let us introduce other possible norms in W+# ("), related to the seminorm
[3.2], equivalent to [3.1].

Proposition 4.2 Assume [1.1] and let 0<s=m+1 and 1<p<ce.
Suppose T is connected and let o CT be a set with positive N-dimensional
measure. Then the following norms are equivalent to [3.1]:

VI .=V p 0+ 1VIl0,p.s [4.2]
VIS o e =1V prtival, [4.3]

where |le|lo.p, o is the norm in 17 (w) and v,, is the average of v on w.
Proof. Obviously [4.2] and [4.3] are estimated from above by [3.1].

Converse inequalities are of Friedrichs-Poincaré type and can be obtained
according to classical arguments, provided one notices that:

(i) vl r=0 is equivalent to v=constant, $0 that [4.2] and [4.3] are
norms;

(i) the embedding of W*7(I") in L»(T') is compact with respect to the norm
[4.1], hence with respect to [3.1], too. -

Proposition 4.3 Assume [1.I] and let 0<s=m+1 and 1<p<on.
Suppose T is connected and set

[VIspr =inf{llv+kll;pr: kER}. [4.4]
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Then [4.4] and [3.2] are equivalent.
Proof. For all kR one has
Ivlsp I‘_|v+k’spl‘ “v""k”sp I's

whence |v|; , r<|v|;,r- Denoting by vr the average of v on I',thanks to the
previous Proposition one has

|V|spr'—”V VF||spFSC|V—VI‘|spI‘—C|V|sp1‘

a

If T is also the boundary of an open set, then there is a further possibility.

Proposition 4.4 Let QCRNT1 be a bounded, connected open set of class
Cm1 and let T be its boundary, which is assumed to be connected; let
0<s=m+1 and 1 <p<oo. Suppose either p=72 or s not integer.

For ve Wsr(T"), define ¥ by means of: AV=0in Q and V=v onT. Intro-
duce

|v|:p,r‘:|‘~)|s+%.p,ﬂ- [45]
Then [4.5] and [3.2] are equivalent.

Proof. We shall use well known results ([LM](v), Theorem 4.2,
[LM](vi) Theorem 4.1). For all keR it is

Ve =17l Lpa= 9kl pa=10+K) |5+ L 0=
SHE+R) N L pa=clivekllspr-
By the previous Proposition we then find
Vs Selvispr <clvig,r.

Moreover, choosing k to be the average of ¥ in () and applying [2.15], we
obtain:

|v|s,p,F: |v_k|s,p,r S ”v_k”s,p,r‘gc ” (v_k)~||s+%.p,(l:

=c ” iI)_k”.H-%.p,Q—<—c |f) _k|s+%.p,ﬂzclf)'s+%.p,(2:c |v|:p,f‘-

O
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