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ABSTRACT

For certain classes of negative definite symbols ¢(z, ) and state space dependent
Bernstein function f(x, s) we prove that —p(z, D), the pseudo-differential oper-
ator with symbol —p(z,&) = —f(z, q(x,&)), extends to the generator of a Feller
semigroup. Our result extends previously known results related to operators of
variable (fractional) order of differentiation, or variable order fractional powers.
New concrete examples are given.
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Introduction

In the early days of the theory of pseudo-differential operators, pseudo differential
operators of variable order had already been studied, compare A. Unterberger and
J. Bokobza [21]. These considerations were taken up by H.-G. Leopold [16,17] who
gave more emphasis on the function space point of view. On the other hand, also in
the early days of the theory of pseudo-differential operators Ph. Courrege [2] pointed
out that (most) generators of Feller semigroups are pseudo-differential operators, but
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their symbols do not belong to “nice” or “classical” symbol classes. Indeed, on S(R™)
the generator of a Feller semigroup has the representation

Aua) = ~q(w, Dyule) = ~(2m)F [ e Sq(o,€)a(e)dg
where the symbol ¢ : R™ x R™ — C is measurable and locally bounded and for z € R™
fixed g(x, ) is a continuous negative definite function, i.e., we have the Levy-Khinchin
representation

n

0(@,€) = o(z) +id(@)¢ + 3 apu(@)éd + /

k=1 R

1 — i€ _ iy-§ d
n\{o}( ‘ L+ [y[? V(e dy)

with ¢(z) > 0, d(z) € R", ag(z) = a(z) € R and 2271:1 ag(x)&& > 0, and
fR"\{o}(l/\ ly|?)v(z,dy) < co. Thus these symbols need not to be smooth with respect
to € nor do they need to have a nice expansion into homogeneous functions. Maybe
the fact that these symbols are a bit exotic is the reason why Courrege’s result was
almost ignored for around 25 years. In [10], see also [9], Courrége’s idea was taken up
and a systematic study of pseudo-differential operators generating Markov processes
was initiated, see also [11-13].

The fact that the composition of a Bernstein function f with a continuous negative
definite function 1 is again a continuous negative definite function gives a powerful
tool to construct new (Feller) semigroups from given ones. If g(x,€) is a suitable
symbol such that —g(z, D) generates a Feller semigroup, then (foq)(x,&) = f(q(z.€))
is a symbol with the property that £ — (f o ¢)(z, &) is a continuous negative definite
function and therefore —(f o ¢)(x, D) is a candidate for being a generator of a Feller
semigroup. Of course, this procedure is closely linked to subordination in the sense
of Bochner.

In a joint paper [14] with H.-G. Leopold it was suggested to study Feller semigroups
obtained by subordination of variable order, more precisely, to consider “fractional
powers of variable order” in case of the symbol (1 + [£]?), i.e., to study (z,&) —
(1 + [£/2)2@). These ideas were taken up and further investigations on fractional
powers of variable order are due to A. Negoro [20], K. Kikuchi and A. Negoro [15], as
well as F. Baldus [1]. Finally, W. Hoh in [7] could combine his symbolic calculus [5]
with these ideas, compare W. Hoh [6, 8].

The purpose of this note is twofold. First we suggest a method to study “vari-
able order subordination” for more general Bernstein functions than f,(s) = s®,
0 < a < 1. More precisely, we consider symbols of the form

p(z,§) = f(z,q(z,8))

where ¢ is a suitable symbol from Hoh’s class and f : R” x [0,00) — R is a smooth
function such that for fixed x € R™ the function s — f(z,s) is a Bernstein function.
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Our method uses some ideas from the theory of t-coercive (differential) operators as
investigated by I. S. Louhivaara and C. Simader [18,19] in order to establish the result
that —p(z, D) generates a Feller semigroup. Secondly, we enrich the class of examples
by studying the Bernstein function

o
2

s—sT(1l—e 7).

Since we depend on Hoh’s symbolic calculus we recollect some basic facts of this
calculus in our first section. All our methods are standard, i.e., they are as in [11-13].

1. Hoh’s symbolic calculus

Before starting with our main considerations we need to recollect some basic results
from Hoh’s symbolic calculus, see W. Hoh [5] or [6], compare also [12].

Definition 1.1. A continuous negative definite function 1 : R™ — R™ belongs to the
class A if for all o € Ng" it satisfies

2—p(a])

0 (1+ ()] < o (L+9(8) 2,
where p(k) = kA2 for k € Ny".
Definition 1.2.

(i) Let m € R and ¢ € A. We then call a C*°-function ¢ : R™ x R” — C a symbol
in the class Sy»¥(R™) if for all a,3 € No" there are constants cq,3 > 0 such
that

m=—p(lal)
2

10708 4(x, )| < cap(L+ ()
holds for all z € R™ and £ € R™. We call m € R the order of the symbol ¢(z, &).

(ii) Let v € A and suppose that for an arbitrarily often differentiable function
q: R"™ x R" — C the estimate

080 a(,€)| < éap(1+v(9) %

holds for all a, 3 € No™ and z,€ € R™. In this case we call ¢ a symbol of the
class ;Y (R™).

Note that S7*%(R") C Sy (R™). For g € Sg¥ (R™), hence also for ¢ € S (R™),
we can define on S(R™) the pseudo-differential operator ¢(x, D) by

o(z, Dyu() = (2m)" / ¢ g, €)i(€) d

n

and we denote the classes of these operators by \Il;n’w(R”) and \I!g“p (R™), respectively.
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Theorem 1.3. Let g € ;" (R") then q(x, D) maps S(R™) continuously into itself.

Let ¥ : R® — R be a fixed continuous negative definite function. For s € R and
u € S(R") (or u € S'(R")) we define the norm

lull} s = ||(1+1/)(D))%UII3=/ (1 +1(s))"a(€)|* de.

n

The space HY*(R") is defined as
HY*(R") = {u € §'(R™); ||u|y,s < o0}

The scale H¥*(R"), s € R", and more general spaces have been systematically in-
vestigated in [3,4], see also [12]. In particular we know that if for some p; > 0 and
¢1 > 0 the estimate (£) > ¢1/€|** holds for all £ € R™, || > R, R > 0, then the
space H¥»*(R") is continuously embedded into Cs (R™) provided s > TR

Theorem 1.4. Let g € Sg)n’w(R”) and let q(x,D) be the corresponding pseudo-
differential operator. For all s € R the operator q(x, D) maps the space HY:"™F5(R™)
continuously into the space HV*(R™), and for all u € HY"™F5(R™) we have the esti-
mate

lg(z, D)ully,s < cllully,mts-

On S(R™) we may define the bilinear form
B(u,v) = (g(x, D)u,v)o, qE€ ST’”(R”).
Theorem 1.5. Let g € S;”’w(R") be real valued and m > 0. It follows that
[B(u, v)| < ¢llully, g [[v]ly, 2

holds for all u,v € S(R™). Hence the bilinear form B has a continuous extension
onto HY>% (R™). If in addition for all x € R™

q(x,€) = So(L+ (€)% for [£|>R (1)

with some 69 > 0 and R > 0, and

lim (&) = oo (2)

€] =00
holds, then we have for all u € HY>% (R™) the Gdrding inequality
ReB(u, ) > 2 ulld 5 — Aollull?
Furthermore we have
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Theorem 1.6. If we assume (1) and (2) then for s > —m we have
do
2
for q € S;¥(R™) real-valued and all uw € HY*T™(R™).

ullgmvs < Nz, Dyullf, o + ully, s

From Theorem 1.5 and 1.6 one may deduce the following regularity result:

Theorem 1.7. Let q € S;”’w(R") be as in Theorem 1.6, m > 1. Further suppose
that for f € H*(R"™), s > 0, there exists u € HY>% (R™) such that

B(U’v ¢) = (f) ¢)L2

holds for all ¢ € HY'% (R™) (or ¢ € S(R™)). Then u belongs already to the space
HYm+s (R,

So far we have used properties of symbols to establish mapping properties and
estimates for operators. The real power of a symbolic calculus is that it reduces
calculations for operators to calculations for symbols. The following result is most
important for us

Theorem 1.8. Let v € A. For ¢ € S;’“’w(]R”) and ¢ € Sg””"(R”) the symbol q
of the operator q(x,D) = q1(x, D) o g2(x, D) is given by

9(w,8) = q1(2,€) - g2(2,€) + Y e, q1 (2, €) Doy 42(,€) + g, (2, €) (3)

j=1
with qr, € S§TTTEY(RM).

Remark 1.9. An easy calculation yields ¢; g2 € S,’J”ﬁm”l’(]R”)7 O¢,q1 € S,Tl’l’w(R"),
and D, g € S;>¥(R™). Hence the second term on the right hand side in (3) belongs
to S;”1+m2_17¢(R").

2. The formal background of our proof that —p(x, D) generates
a Feller semigroup

The proof that —p(z, D) as described in the introduction, see also below, extends to a
generator of a Feller semigroup depends on various estimates which might be different
for different operators. However, once these estimates are established we only need to
apply a piece of “soft” analysis. In this section we discuss this part of the proof, i.e.,
we will assume all crucial estimates hold. Let f : R™ x [0,00) — R be an arbitrarily
often differentiable function such that for y € R™ fixed the function s — f(y,s) is a
Bernstein function. Moreover we assume

inf f(y,s) > fo(s) forall se[0,00) (4)
yeR”
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as well as

sup f(y,s) < fi(s) forall se€[0,00) (5)
yEeR™

where fo and f; are Bernstein functions. For a given real-valued negative definite
symbol g(z, &) it follows that

p(y;z,8) = f(y,q(z,8))

give rise to a further negative definite symbol by defining

p(x,§) = p(z; z,8). (6)

In case where ¢(z,&) is comparable with a fixed continuous negative definite func-
tion ¥, i.e.,

q(z,§)
¥(&)

for all € R™ and £ € R™, we find using [11, Lemma 3.9.34.B|
p(,€) < f(y1,9(z,8)) < erfi(d(6))

0<C()§

> 1, (7)

<c,

and we define
P1(8) = crfr((8)). (8)
Moreover it holds
p(,€) = f(yo,q(x,€)) = cofo(1(E))
and we set

Yo(&) = cofo((€))- 9)

Clearly, ¥ and 1 are continuous negative definite functions. Later on we assume
that for |¢| large
w(f) > 61|§|p1, c1>0 and p; >0 (10)

holds as well as
f(yo,s) > éos™, é >0 and pg>0. (11)

This implies for |¢| large that

Yo(§) = &o[E[7P, & >0, (12)
holds. Since (&) < ¥1(§) we have

HYWH(R™) — HYOL(R").
We add the assumption that there exists 0 < o < % such that

(1+1)2 € Sitovo(R™). (13)
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This will imply that
HYom(1+0o) (R") < HY+™(R™) (14)

holds for m > 0. Further, (13) implies that if p;(z, ) is any symbol belonging to
Sm-¥1(R™) then it also belongs to S;""*7¥* (R") which follows from

m=p(al)

1007 p1(2, )] < cap(1+41(8))
§ Eozﬁ(l + %(5))
S éoz,ﬁ(l + /(/)0(5))

m=p(a)(d+a)
2

(+o)ym—p(a|)
2 .

The pseudo-differential operator ¢(z, D) has the symbol ¢ € Sg’w(R”). We assume
that the pseudo-differential operator p(z, D), defined on S(R™) by

p(z, Dyu(x) = (27) "% / e Ep(ir, £)i(€) d

n

=20 F [ e ol )ale) de

has a symbol p € Sg*““"l (R™) for some appropriate 71 > 0. This implies to-
gether with (13) that the operator p(x, D) is continuous from Hvo-2+7i+20+mio+s ([Rn)
to HY0-*(R™), in particular it is continuous from H¥0:1(R") to H¥0:~1-m—20-Tio(Rn),
With p(z, D) we can associate the bilinear form

B(u,v) == (p(z, D)u,v)p, u,ve SR").
Assuming the estimate

| B(u, 0)| < &l|ully, 1

|U||¢1,1a k=0,

to hold for all u,v € S(R™), we may extend B to a continuous bilinear form
on HY11(R™). This extension is again denoted by B. For u € H¥“!(R") we as-
sume in addition

B(u,u) Z y|ullf, 1 = Aollull§,  fro =0, ~>0. (15)

Following ideas from I. S. Louhivaara and Ch. Simader, [18,19], we consider an inter-
mediate space associated with

B)\O (’LL,U) = B(u7’U) + )\0(’LL,’U)0,

namely the space HP* (R") defined as a completion of S(R") (or H¥11(R™)) with
respect to the scalar product B),. Obviously we have

HYH(R™) — HP (R™) — HY'(R") (16)
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in the sense of continuous embeddings. Moreover, by the Lax-Milgram theorem, for
every g € (HP> (R™))* exists a unique element u € HP* (R™) satisfying

B)\o(uvv) = (g,v} (17)

for all v € HP* (R™). This element we call the variational solution to the equation
p(z, D)u+ Aou = g.
From (16) we derive

Hwo,—l(Rn) _ (Hwo,l(Rn))* — (HP* (R™))*,

hence for g € H¥>~}(R") there exists a unique u € HP* (R") satisfying (17). We
claim now that for every g € HYo~1(R") there exists a unique u € H¥°!(R™) such
that

Do (, D)u = p(x, D)u+ Mu=g (18)
holds. Denote by u € HP* (R™) the unique solution to (17) for g € H¥o-~1(R") given
and take a sequence (ux)ren, ur € S(R™), converging in HP* (R™) to u. It follows
from

(p)\o(x7D)uk7v)0 = B)\o(uk7v)7 v e S(Rn)7

and the continuity of py, (x, D) from HY°-'(R™) into H¥:(~1=29)(R") that for k — oo
(Pro (T, D)u, v) = By, (u,v) = (g,v)

for all v € S(R™). Thus py,(z, D)u = g. The uniqueness follows of course once again
from (15).

In order to get more regularity for variational solutions or equivalently for solutions
to (18) we assume that for A > \g the function py'(z,¢) = belongs to

S 2tTo%0 (R™) for some 9 > 0. In this case we can prove

1
p(z,€)+A

Theorem 2.1. Let p(x,&) be given by (6) where we assume for q condition (7) and
for f we require (4), (5) to hold. In addition we suppose that p € Sﬁ*Tl’wl (R™) C
SZtmt2otnovo(Rr) and py' € S,;2F0V0(RY), 7y + 70 + 20 + 10 < 1. Let u €
HP (R™) C HYL(R™) be the solution to (18) for g € HYOF(R™), k > 0. Then it
follows that u € H¥o-2+k=To(R"),

Proof. From Theorem 1.8 it follows that
p;(]l(x, D) opy,(z,D) =id+ r(x,D) (19)
with r e Sy "ttt nievo Ry - Since py, (2, D)u = g we deduce from (19) that
u = pgol (z,D) o py,(x, D)u —r(x, D)u
= p;()l (x,D)g — r(z,D)u.
Now, pgol(:r,D)g € HYor+2=m0(R") and r(z, D)u € H¥:2~T1—70=20=T19 (R") imply-

ing that u € HYO!(R") fort = (k+2—79) A (2— 71 — 79 — 20 — 110) > 1. With a
finite number of iterations we arrive at u € H¥o:2+k=mo(R"), O
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Remark 2.2. From 71 4+ 79 4+ 20 + 710 < 1 the necessary condition o < % follows.

Corollary 2.3. In the situation of Theorem 2.1, if 2+k—1y > ﬁ, compare (12),
then u € Co(R™).

Finally we can collect all preparatory material to prove

Theorem 2.4. Let f: R"™ x[0,00) — R be an arbitrarily often differentiable function
such that for y € R™ fized, the function s — f(y,s) is a Bernstein function. Moreover
assume (4), (5), and (11). In addition let ¢ : R" — R be a continuous negative
definite function in the class A which satisfies in addition (10). For an elliptic symbol
q € Sﬁvw(R”) satisfying (7) we define p(x,&) by (6). For w1 and 2 defined by (8)

and (9), respectively we assume (14). Suppose that p € Sﬁ*‘ﬁﬂpl (R™) and ﬁ €

Syt (RY). If 4104 0(24 1) <1, 0 as in (14), then —p(x, D) extends to a
generator of a Feller semigroup on Cus(R™).

Proof. We want to apply the Hille-Yosida-Ray theorem, compare [11, Theorem 4.5.3].
We know that p(x, D) maps HYo:2tk+20tmtnio(Rn) into H¥ok(R"). Hence if
k > - the operator (—p(x,D), HYo:2+k+204m4m0(R1)) i densely defined on
Coo(R™) with range in Co(R™). That —p(z, D) satisfies the positive maximum prin-
ciple on HY¥o-2+k+204m+710(R7) follows from [12, Theorem 2.6.1]. Now, for A > g we
know that for g € H¥ok*1(R") we have a unique solution to py(z, D)u = g belonging
to H¥o:2+k+1=70(R™) But 71 + 70 + 20 + 710 < 1 implies that HY0:2tF+1-70(R") C
HYo.2+k+204m14710(R")  hence for g € HY0*+1(R") we always have a (unique) solu-
tion u € HYo-2+k+20+714m10(R") implying the theorem. O

3. Some concrete examples

The first part of this section will consider the work W. Hoh has done on pseudo-differ-
ential operators with variable order of differentiation. We will consider the case where
the Bernstein function s — f(s) is substituted by (z,s) — s"®) with r : R» — R
being a continuous function such that 0 < r(z) < 1 holds. Let ¢ : R” x R” — C be a
continuous function such that & — ¢(x, &) is a continuous negative definite function.
It then follows that
¢ — gq(a, &)

is once again a continuous negative definite function implying that the pseudo-differ-
ential operator

n

Aua) = —(2m) % [ e, € () de
is a candidate for a generator of a Feller semigroup. We now meet Hoh’s result:

Theorem 3.1. Let ¢ : R™ — R be a fized continuous negative definite function such
that its Lévy measure has a compact support and that

¥(&) = col€]",  [¢] large and r >0,
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holds. Let q € Sg”/’(]R") be a real-valued negative definite symbol which is elliptic,
i.e., we have

q(x,€) = 0o(1 + P(§)).
Further let m : R™ — (0,1] be an element in Cy°(R™) satisfying

1
M-—p<-—
p<g

where M = supm(z) and 0 < p = inf m(z). Consider the symbol

(x7€) - p(m,f) = q(x’g)m(f)

which has the property that & — p(x,&) is a continuous negative definite function.
The operator

—p(a, Dyu(x) = —(2m) " # / ¢ Ep(a, €)i(€)de

n

maps C§°(R™) into Coo(R™), is closeable in C(R™) and its closure is a generator of
a Feller semigroup.

For a proof see W. Hoh [7], compare also [6].
We are now going to consider a further example. First note that the function
5 — /s(1 — e*V®) is a Bernstein function. Hence, using [11, Corollary 3.9.36], it

follows that for 0 < o < 1 the function s — s% 1—6_457) is also a Bernstein function.

(
Thus, given a negative definite symbol g € Sg’w(]R”) we may consider the new symbol

(e a@)
p(a, &) = (1 + gq(z, )" (1 _ e 40Ha(@0) 2 )

for «(-) being an appropriate function.

Lemma 3.2. Let q € Sg’w(R") be a real-valued negative definite symbol which is
elliptic, i.e.,

q(x,&) = do(1 +(§)).
Also let of-) : R™ — (0,1] be an element in Cp°(R™) satisfying

1
m7u<§

where m = sup@ and | = inf@ > 0.
ala a(e)
Now if we let p(z,§) = (1 + q(x,f))# (1 — e~ 40+q(z,8)) 2

all € > 0 the estimates
10 07p(,€)| < ca,p,ep(x, ) (1 +1(€))

i.e., p € SIMTEY(R™).

), then we have for

—p(al+e
2

(20)

Revista Matemdtica Complutense
2007: vol. 20, num. 2, pags. 293-307 302



K. P. Evans/N. Jacob Feller semigroups obtained by variable order subordination

Proof. We have to estimate

s () et
02 0p(x, €) = 0200 (1 + () "5 (1 — ¢4 Hale ) 720

= 3?65 (ea;) log(1+q(=,)) (1 _ o4t a(,0)) o(2) ))

Using [11, (2.19)] we get

8?85 (e"‘2w) log(1+q(x,£)) (1 _ 6_4(1""‘1(5075))# ))

o /8 o' a8’ @lo x,
B O

a'<ap'<p

% (a?—a’agfﬁ’ (1 _ 6*4(1+q(17§))%1)>). (21)

First consider
|(8§‘/8§e$ log(1+q(ﬂc7£)))|.

By [11, (2.28)] with I = |&/| + | 5’| we get

‘(8?/35/'3# log(1+q(z7£)))|

4

ale)
< %5 log(1+a(w.€) Z Clovi 517 an,jﬁ,j ()|, (22)
0/1+~--+0/l::0¢, j=1
5“"""""‘6,1 :ﬂ/
I'=0,1,...,0

where

oo (0,€) = 008" (“ 1081+ g(a, )

— Z (g;) (afu’,g'j a(;)) a?rjaf’f log(1 + q(=, £)).
Bri<pi

Now, using [11, (2.26)] with k& = || + |3"| > 0 we get

E9g" 0l (1+ q(x,€))
o (+a(x,9)

5?”35” log(1+¢(z,¢)) = Z Clari B}

~/1 ~ 1’

a T+t
BN/1+”_+B/Z’:E/]‘

Revista Matemdatica Complutense
303 2007: vol. 20, num. 2, pags. 293-307



K. P. Evans/N. Jacob Feller semigroups obtained by variable order subordination
Since we assume that ¢(z, ) is an elliptic symbol in Sg’w(R"), we get

k )
I —p(a't])
0¢7 07 log(1+ q(x,€))| < canspn Y, [IO+w(€) >
&/1_‘_._._,'_&”/ i=1
B,l+"'+ﬂ~/l/:/§lj
—p<|2a’j|>

<cupg(l+9(€) 7,

where we used the subadditivity of p. We always have

log(1+ (=, €)| < (1 + (€))7
It follows for a € Cg°(R™) that

—p(la’T]) 17
s o (022)] < s 0. {EHMO)E =L Wi £0 (23)

1+ ()T ol =0,

Putting (22) and (23) together we get

a(

o4 O)) | < ¢ 5 05 10BITI@O) (1 4y (€))

—p(la’D+e
2 .

|(0g"0) e (24)

For the desired result we need

ag—a'agfﬁ' (1 _ 6*4(1+q(w’5))$) ‘

a(x)

< Car el — e HFAEO 200 (1 4y (€))

_pla=a’]
2

When a — o’ =0 and 3 — 3’ = 0 there is nothing to prove.
Otherwise, by [11, (2.28)] with ls = |a — o/| + |8 — 3’|, we get

’ ’ a(z)
’8?_“ PP (1 — e~ Ha(@8) > )’
ag) 2
< 6—4(1+q(x7€)) 2 ’Z C{(aia/)j)(ﬁiﬁ/)j} Hq(afa/)J(ﬁiﬁ/)j (QC,E) s (25)
j=1

where the sum is such that

and where
a(e)
2

Gamary (G- (€)= O™ 0PV (4(1 + q(2,€)) ).
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Since ¢(z,£) is an elliptic symbol in the class Sgw (R™) we have the estimate

|G(a—ani (5—py (2,6)] < L1+ q(x,€)) forall (a—a'), (8- ') € Np,

where L()) is a suitable polynomial > 0 which might depend on (a—a’)? and (6—43")7.
Now returning to (25) we get

o0 (1 - e—4<1+q<x,s>>@) |

- a(@)
< L(1+ g, ) ramen 2
401 +q(x, ) 1+4(1+q(x,6)"F

a(@) a(x)

N 1+4(1 4 q(z,6) = 4(1+q(z,8)) 2

_p(a=a’] plla—a’])

x(T+9©)” = (1 +9(E) 2

4 o pllaa’
1 ﬁ(ﬁf&?i» a(x) (L+9(6) 7 ¢

- o(x)
L(1+ gla,g))e o000

since
‘1 +4(1 4+ q(z,¢
4(1 + g(=, )

a(z)

2 pla—a’]) ~ _ N Q(QI)
))< —(1+9(€)" 2 L1+ q(x,§))e =0 = < ¢,

@ =

)2
Now using [12, (2.7)], i.e., for all @ > 0 and ¢ > 0 the estimate
at S 1 o efat’
1+at

we get

laéa—a/)@(cﬁ*ﬁ’) (1 _ 6*4(1+q(r»§))%1)) ‘

o p(Jla—a’
SCO(1_6_4(1+Q($75)) 2 )(1+¢(€))_ d - \).

Substituting (24) and (26) into (21)

(26)

8?85 (ea;) log(14q(z,£)) (1 _ e—4(1+q(g;7g))@ ))

Q ﬁ a(x) -
5 5 (2) (st

a'<apB'<p

—p(laDte _p(a=a’]

(14 () 5 (1 0 ) (1))

a(x)
< Ca,g,eea(;) log(1+q(,£)) (1 _ o~ A0+q(z,) 3 )

—p(lap)+e
2

x (1+1(¢))
< Ca,,é’,ep(x7 5)(1 + w(f))

—pUal)+e
2 .
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The proof now follows from the estimate p(z,£) < (1 4+ ¢ (£))™. O
Lemma 3.3. The function py*(z,£) = W belongs to the class S;2'4¥(R™).

Proof. Using [11, (2.27)] we find with | = |a| + || that

1 oz’ o px z, §)
anf, —1
02005 @ )l < s D c{a“ﬁ”jnl |

a+ +a—a
B +p'=p

For any € > 0 we find using (20)

ag]’agij(m) B —p(ad )t
W < Coﬂ',ﬁj(l + w(f)) 2

and the ellipticity assumption of p(z, ) together with the subadditivity of p yields

—p(al)+e
2

10805 Py (2, €)] < Caype(1+1() (1 +1(€))

which proves the lemma. O
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