Besov Characteristic of a Distribution

Béatrice VEDEL

Laboratoire d'Analyse et de Mathématiques Appliquéss
Université Paris XII
Avenue du Général De Gaulle
94010 Créteil Cedex — France

beatrice.vedelQu-picardie.fr

Received: December 23, 2006
Accepted: March 5, 2007

ABSTRACT

The Besov characteristic of a distribution f is the function s; defined for
0 <t < oo by

sy(t) =sup{s €R; f € Bi;;:(R") }.
We give in this paper a criterion for a function I' defined on [0, +oo[ to be
the Besov characteristic of a distribution. Generalizations of this criterion to
particular weighted Besov spaces and to anisotropic Besov spaces are also given.

Key words: Besov spaces, wavelet analysis, weighted Besov spaces, anisotropic Besov
spaces, anisotropic wavelet analysis.
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Introduction

The Besov characteristic of a distribution f is the frontier of its Besov domain, the
set of indices (s,t) such that f belongs to By, ,(R"). To determine the Besov char-
acteristic of a distribution gives us information about its global regularity.

Our purpose in this paper is to give a sufficient and necessary condition under
which a curve s = s(t) is the Besov characteristic of a distribution. The proof mainly
relies on characterization of Besov spaces in wavelet expansions (using a Meyer basis).
We also generalize the criterion to the cases of weighted and anisotropic Besov spaces.

Similar results have been given by Triebel in [6, chapter 1, section 18, and chap-
ter 7, section 2] in the case of compactly supported distributions with the following
result.
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Theorem. The Besov characteristic T' of a compactly supported distribution
f € S (R™) with non-empty singular support defined by

Iy(t) =sup{s € R; f € B/, (R")}

is a continuous, non-decreasing and concave function of slope bounded by n. Con-
versely, if T' is a continuous, non-decreasing and concave function on RT of slope
bounded by n, there exists f € S'(R™) with a singular support of measure equal to 0,
such that I'y =T

The definition of the singular support is recalled in section 1.
Jaffard in [2,3] in the context of multifractal formalism has also given the following
criteria in the local case.

Theorem. The (local) Besov characteristic of a distribution f € S'(R™) defined by

Wfﬁloc(t) = Sup{ s € R’ f € Bf/t,oo,loc(Rn)}

is a continuous, non-decreasing and concave function of slope bounded by n. Con-
versely, if T' is a continuous, non-decreasing and concave function on RT of slope
bounded by n, there exists f € S'(R™) such that T'y = wy joc.

Without assumptions on the localization of the distribution, we show that the
profile of the Besov characteristic can be quite different and more cases appear. In
addition, for any admissible curve, we construct explicitly a distribution which has
for Besov characteristic this curve. Moreover, this distribution can be chosen with an
empty singular support, i.e., it locally belongs to C*°(R™). It means that the Besov
characteristic of the distribution can only depend of its global behavior.

1. Definition, first properties and main result

We define a smooth resolution of unity ¢;, 5 > 0, in the following way. The function ¢
is in C*°(R™), is supported on the ball { £ € R™, |£] < 2}, and is identically equal to 1
on the ball {{ € R, |¢] < 1}. For j > 1, we define ¢;, for £ € R™, by

©i(€) = @o(277€) — po(27711¢).

We define the operator Aj, j € Ny, on S'(R™) by

—

(A5) =5/
For 0 < p < 00,0 < ¢ < oo, and s € R, the Besov space B,  (R") is defined by

= . /
By (&™) = { f € @5 fllmg, = (3218, (11L) " < o0}
j=0

(usual modification if ¢ = c0).
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Definition 1.1. Let f € S'(R"). The Besov characteristic of f is the function defined
on [0, 00[, at values in R, by

sp(t) =sup{s € R; f € By, ;(R") }.

For example, the Besov characteristic of a function f € S(R") is sy = 4o00.
Remark. We fix in the definition of the Besov characteristic ¢ = 1. By an immediate
rescaling, the results we will give can be obtained for any choice of ¢, 0 < g < co.

Proposition 1.2. Let f be a distribution and sy its Besov characteristic. Then sy
satisfies one of the following cases:

(i) sy =400 on [0,+o0].
(ii

) sy =—00 on ]0,+o0].
(iif) sy s continuous, concave and s <n on [0, ocl.
)

(iv) There exists to > 0 such that
too i tE (0,4,
sf(t) =< so if t=tg, 50 €R,
—oco if t €]y, +00l;

(v) There exists to > 0 such that

g(t) Zf te [OatO[v
sp(t) =< so, if t=to, so €ER, sy < lithtD_ g(t),
—00 Zf t E]t()v —f—OO[,

where g is continuous, concave and g' < n on [0,to].

Proof. Let us recall the following embeddings (which can be found, for example, in
[1, chapter 2, section 3, and chapter 4, section 3.1]). For all 0 < p < p’ < oo and
s € R, one has
s n Si%+ﬁ n
By (R") = B, " " (R") (1)
Let s # s1 € Rand 0 < p; < po < oo. Let f € S'(R™) be such that f €

By ((R") N By, 1 (R™). Then, one gets

1 1 1
fe B (R" foralle[,} and s=(1—10,)sg + 6,31 2
() Torall e |- (1-6,)50 -+, @)
with 6, = %. This result is a direct consequence of the definition of the Besov
spaces and of the Holder inequality.
The proof of Proposition 1.2 relies on the following observations.
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(i) If there exists tg > 0 such that s¢(tg) = —oo then for all ¢ > ty, one has also
sf(t) = —oo. It is a direct consequence of the embedding (1).

(ii) If there exists ¢y > 0 such that s¢(tp) = +oo then for all ¢ < ¢y, one has
sf(t) = +oo. It also is a direct consequence of (1).

(iii) If s¢(0) = 400, then there exists at most one point ¢y such that —oo < s¢(tg) <
+oo. Suppose indeed that there exist ¢o,¢; > 0 with ¢ < ¢; such that sy (tg) =
sp and s¢(t1) = s1 with —oo < 59, 51 < +00. Let s # 51 —1/2 € R be such that

(s = (51— 1/2))

1

So+1< — to + s.

Then f € B, ;(R") since s7(0) = oo and f € Bf}t_lll/z(]R”) since s¢(t1) = s1.

By the Holder inequality (2), f belongs to Bf?:;ll (R™), which is in contradiction
with Sf(to) = Sp.

(iv) Suppose now that —oo < sy¢(t) < oo for all ¢ € [0,t] with 0 < ¢ty < oc.
By the Hoélder inequality (2), sy is continuous and concave on [0,t]. Hence,
sy is absolutely continuous and s} is well defined almost everywhere (see [4,
chapter 7], for example). Moreover, by the embedding (1), we get that s} <n
and that sf(ty) < lim, sf(t).

Finally, s; satisfies one of the listed cases of Proposition 1.2. O

We are now interested in the converse assertion, which is the object of Theorem 1.4.
But let us first recall the definition of the singular support of a distribution.

Definition 1.3. Let f € S8'(R™). The singular support of f is the set
sing supp f = {z € R"; f|B(z,7) ¢ C*(R") for any r > 0}.

Theorem 1.4. Let ' = I['(t) be a function defined on [0, +oco| at values in R such
that T' satisfies one of the five cases of Proposition 1.2 (where sy is now replaced
with T').

There exists a distribution f € S'(R™) such that sy =T and sing supp f = 0.

2. Proof of Theorem 1.4

We will use the characterizations of Besov spaces with the Meyer wavelet basis. For
that, let us introduce the quasi-Banach spaces b, , for s € R, 0 < p < 00, 0 < ¢ < cc.
For j € N, we define the subsets G’ of {(F, M)}" by

G'={(F,M)}" and G’ ={(F,M)}"\{(F,...,F)}ifj>1.
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A sequence ¢ = {ka} belongs to b if and only if

by, = [Z 3 |oisgin/e (Zleklp)l/p
k

j>0 GeGI
(usual modification for p = co and/or ¢ = 00).
Let us fix ¥ a Meyer scaling function and 1, the associated (mother) wavelet
in one dimension. The wavelet basis of L?(R™), is the collection

q71/q
le } <

{0 =229 [] e, (2w, — k), j20, keZ', Ged}
r=1

with z = (21,...,2,), G = (G1,...,Gy), and k = (k1, ..., k,). We have the following
result ([6, chapter 3, Theorem 3.12]).

Theorem 2.1. Let 0 < p,q < o0 and s € R. Let f € S'(R"). Then f € B, ,(R")
if, and only if, it can be represented as

_ G o—jn/2, G s
f= Z Cjk2 ViK€ E by
J:.k,G

unconditional convergence being in S'(R™) and locally in any By (R™) with o < s.
The representation is unique,

Cjc'fk = 2nj/2(f7 lbfk)
and ,
I:f — {292(f,95))
is an isomorphic map of B, ,(R™) onto by . If in addition p,q < co then {1/)7Gk} is
an unconditional basis of By  (R™).

Before studying the different cases of Theorem 1.4, let us give two lemmas which
deal with the simpler examples where the Besov characteristic is a line or a piecewise
linear function and which will be useful for the proof of this theorem.

Lemma 2.2. Let a € R, a < n, and b € R. There exists f € S'(R") with
sing supp f = 0 such that
sp(t) =at+b,

and such that its wavelet coefficients {cjc-fk} = ¢ are all non-negative and satisfy

||c be <1,

1/t,1 —

for all t >0 and s < s(t).
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Proof. Let ¢ be defined by

Cik =

G 552790 ifj>1,G=(M,...,M)and k € K,
0 otherwise,

where K; is finite of cardinal 27" and is such that k| > 27° if k € K;. An easy
calculation shows that ||c b is finite if and only if s < at + b and in that case, we

have ||c

b o < 1. Noticing that the coefficients do not vanish for large k only, we can

show that f defined by its wavelet expansion (3) belongs to C*°(R™) on any compact
set and so sing supp f = (). Thus, f satisfies the conclusion of Lemma 2.2. O

Lemma 2.3. Let I be a real-valued function on [0,00[. Assume that T' is continuous,
concave, piecewise linear on the intervals [tg,tpi1[, 1 <k <n with 0 =t < ta <
s <ty < tpy1 = +oo and that TV < n.

There exists f € S'(R™) with non-negative wavelet coefficients {cfk} = ¢, such
that singsuppf =0, sy =T, and

lellss, . < 1.

1/t,1 —
Proof. Let T' be a function satisfying the assumptions of Lemma 2.3. There exist
some reals { ap, p <n} with a; > ag > --- > a, and {by,, p < n} such that
I(t) = apt + b,
on [tp, tp+1]- Thus, one has, for any ¢ € [0, oo,

') = 1%22n apt + by.

For 1 < p < n, let f, be a distribution according to Lemma 2.2 with non-negative
wavelet coefficients {cf,’f } = ¢? such that sing supp f, = 0, sy, (t) = apt + b, for
t € [0, 400 and ||c”||bi/t,1 <1ifs < apt+by,. Then f = %22:1 fp satisfies the
conclusion of Lemma 2.3. Indeed, we clearly have s (t) > infi1<p<, 55, (t) = I'(t) and,
since the wavelet coefficients of f,, 1 < p < n, are all non-negative, we get

sp(t) =inf sy, (1) = T'(t).
Moreover, the wavelet coefficients {c]Gk} = ¢, of f satisfy ||c b, <1 forallt >0

and s < sy(t). O

Remark. The last argument of positivity of the wavelet coefficients can be replaced

by observing that on each interval Jt,,t,41[, one has sy, < sf, for j # p. Then

for all ¢ €]t,,tpt1] and for all € > 0 small enough, we have f; € Bi;’t’is(R") and

fpé Bf;‘z—fs(R") Hence f ¢ Bf;iTE(IR{") and s¢(t) = sy, (t) on each interval Jt,, ¢, 1[.

Since sy is continuous by Proposition 1.2, we get sy =I' on [0, col.
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Now, let I" be as in Theorem 1.4. Considering particular sequences ¢, we will
construct distributions (given by their wavelet expansions) which have I" as its Besov
characteristic.

First case. T = +o0 on [0,00].
As it has already been said, any function of the Schwartz class gives the result.

Second case and fourth case. = —oo on ]0, oo[ or there exists ¢y > 0 such that

too ift e 0,t],
Sf(t): So if t =tg, so ER,
—oo ift €]t0,+00[.

Let us consider the sequence c given by

; {ng_jznmgf”torjso ifj>2 G=(M,...,M),and k € K},
C. =
J.k

0 otherwise,
where K is such that |k| > 27 if ke K; and Card K; = 275° . One has

lells,, = 3 72 owIinte—tog=antto=t)
Jj=2
Hence, if t < tg, then Hc”b‘f/t,l is finite for all s € R. If t = ¢, ”Cllbf/m is finite for all
s < sp. If t > to, ”C”bi/m = oo for all s € R.
We define f € S'(R™) by
[ = Z Cfﬂ/’fh (3)
4.k, G

Then, f belongs to By, ;(R") if and only if [|c
case (putting to = 0) and the fourth case with sy € R. Moreover, the singular support
of f is empty since f is in C*°(R™) on every compact subset of R™. Indeed, let R > 0,

z € B(0,R) and jo > 2 be such that 276 > 2/0+1R_ Then, we have, for & € N™ and
with GO = (M, ..., M),

o O 5ilal aa ),
D 150 G (@) < >0 D (el 2019y (2 — k)|

3Gk J<jo kEK;
+ 303 1§ 2l gy (200 — k)
j>jo kEK;
. a GO
< C(0) 1079 |1
30 DI 2o (e — k)]

j>jo kEK;

b s < o0 and we obtain the second

Revista Matemdatica Complutense
413 2007: vol. 20, num. 2, pags. 407-421



Béatrice Vedel Besov characteristic of a distribution

Since & belongs to the Schwartz class and |27z — k| ~ |k| for |k| > 2% > jo,
and = € B(0, R), we have the following estimate for all M € N:

. C .
9°yC " (2 — k)| < : <9 i'M,
00" (22 = B < (e <

Taking M > n — nt, it follows that

> 16005 (x)| < C(R).

7,Gk

Thus, the a-th derivative series is normally convergent on each compact set and
sing supp f = 0.
Considering the sequence

9, {2]’2”0%"%2?” if j>2,G=(M,...,M),and k € K,

0 otherwise,

in the wavelet expansion (3), we obtain the second and fourth cases with so = oo.
With the sequence

Cik =

o 9-i"ntogintoi®* if j>9 G =(M,...,M), and k € K,
0 otherwise,

the result follows for sy = —oo0.

We are now interested in the case where the function I' is concave and continuous
on [0,tp] with 0 < ¢9 < oo. The idea is to approximate I with piecewise linear
functions.

Fifth case. Let I’ be a concave and continuous function on [0, tg[= I (to > 0) with
I <n, —oo <T(ty) < lim, I'(t) and T' = —oo on ¢y, +00].

Let [ > 0. There exists M; > 0 such that |T’| < M; a.e. on [0,%9 —27!] = I;. Then,
there exists a piecewise linear function I'; > I' such that, for all ¢t € I;,

ITu(t) —T(t)] < 27"

(see figure 1).

By Lemma 2.3, we can construct a distribution f; with non-negative wavelet co-
efficients {c]le} = ¢! such that sing supp f; = 0, sy, = I}, and || < 1 for all
t >0 and s <Ty(t). Let us define f € S'(R™) by

F=> 2"

1>0

bi/t,,l
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—60

-80[
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Figure 1 — Approximation of I' by I'; on [0,y — 27/]

and denote by ¢ = {cfk} its wavelet coefficients. They are given, for j > 0, G € G/,

and k € Z", by
G _ -1 .Gl
cj,k = 22 cj,k:'
1>0

Clearly, the singular support of f is empty. Let us now determine its Besov charac-
teristic. If t > 0 and s < I'(¢), it comes out that

lell ., < 32 el < 32270 < oo
l

1/t,1 — 1/t,1 —
>0

Hence, f belongs to Bf/m(Rn) and sp(t) > T'(t). If t € I and s > I'(t), there exists

lo such that sy, (t) =I',(t) < s. Since all the coefficients are non-negative, one has
cjc-fk > cf,’clo >0forall j €N, G e G7, and k € Z™. Tt follows that

||C bs = Q.

> ||cfo
1/t,1

bl
Finally, we get s; =T on I and sy > I" on [0, oo

Taking a distribution g € §'(R™) with non-negative wavelets coefficients and such
that g = 400 on [0, %[, g(to) = I'(tp) and g = —oo on Jty, co[, we obtain that sy, =T

Third case. T is continuous, concave and IV < n on [0, co].
The proof of the fifth case can easily be adapted to obtain this case, replacing
I = [0, to[ with [0, 00[ and [; = [0,y — 27!] with [0,1] (see figure 2).
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100 L L L L L n . ' L
0 100 200 300 400 500 600 700 800 900 1000

0=1/p
Figure 2 — Approximation of I by I'; on [0, [].

Remark. For the second and fourth cases, if ty > 0 (or ¢ = 0 and sg = +00), the fact
that sing supp f = @ follows immediately from the fact that f € B ;(R").

3. Generalization to the weighted and to the anisotropic cases

3.1. Weighted Besov characteristic

We restrict the study to a class of weights for which the result of Proposition 1.2 and
Theorem 1.4 can be immediately generalized to the weighted Besov spaces.
For a € R and = € R", we define the weight w,, by

wa (@) = (14 |z[*)/*1/2.
Definition 3.1. Let s, € R and 0 < p,g < oo. The weighted Besov space
By (R, ) is the collection of all distributions f € S'(R™) such that fw, € B, ,(R").
We put
1155, &) = [fwallBs ,&e)-

Definition 3.2. Let g € §'(R"). The weighted Besov characteristic of g is the
function s3 defined for t € R* and at values in R by

sy(t) =sup{s €R; g € Bf/u(R", a)}.

Proposition 3.3. (i) Let g € S'(R"). Then its weighted Besov characteristic sg
satisfies one of the five cases of Proposition 1.2 (replacing sy with sg ).
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(i) Let T =T\(t) be a function defined on [0, 00| at values in R such that T satisfies
one of the five cases of Proposition 1.2 (where sy is now replaced by I'). There
evists a distribution g € S'(R™) such that s =T

Proof. The proof is a direct consequence of the result in the unweighted case. Indeed,
one has, by definition

sy (t) = sup{ s € R; gw,, € Bf/tyl(R”) I3

which means that s¢ is the Besov characteristic of gw,. Hence sy satisfies one of the

five cases of Proposition 1.2.
Conversely, let I" satisfy one of the five cases of Proposition 1.2. Then, by Theo-
rem 1.4, there exists f € C,(R™) such that s = I'. But g = (1+|2|2)~*/2f belongs

loc
to LL (R") C 8'(R™) and 5% = s; =T 2

3.2. Anisotropic Besov characteristic

By the transference method proposed by Triebel in [6, chapter 3, section 5]), it is
possible to extend the results of sections 1 and 2 to the anisotropic case. Let us first
recall the definitions of anisotropic Besov spaces and characteristic.

An n-tuple @ € R™ is called an anisotropy in R™ if and only if

n
0<on <---<a, <o and Zaj:n.
=1

Fort >0, r € R and x € R" we put
t%c = (t“zy,...,t%x,) and ¢ = (t")°.

We define a smooth anisotropic resolution of unity ¢§ in the following way. The
function ¢f € S(R™) satisfies

e (§) =1 if Sl;plfzI <1 and () =0 if sngc”lﬁzl >1,
where £ = (&1,...,&,) € R™. Let
P5E) = @G — e (27U, =1, £ER™
One has
Zgo;?‘ =1 onR"
5=0

supp g C Ry and  suppef C R, \ Ri_,, k>1,
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where the sets Rj are the rectangles
Ry ={z eR" ;| <27}, j>0.

We define the operators A on §'(R") by

—

Aj,oc(f) = ‘p?f

For 0 < p < 00,0 < g < o0, and s € R, the anisotropic Besov space B;:g‘(R") is
defined by

el 1/q
{f € S'®™; || fllpss = (sznA;*(f)n%p) < oo}
7=0
(usual modification if ¢ = c0).

Remark. The definition of B ¢*(R™) does not depend on the choice of the resolution
{cp?} These spaces are quasi-Banach spaces and are Banach spaces if p > 1 and
g > 1 (see [b, section 2.3.3]).

Remark. For o= (1,...,1), we obtain By¢(R") = B,  (R").

Lemma 3.4. Let « be an anisotropy. Let 0 < p, ¢ < oo and Sg, s1 € R, s9 > s7.
Then B;?qva(]R”) - B‘;}qv"‘(R").

Definition 3.5. Let f € S'(R"). The anisotropic Besov characteristic of f is the
function s§ defined for ¢ € [0, 00[ at values in R by

s¢(t) =sup{s €R; f € Bf/(zl(R”) 1.

In the case of compactly supported distributions, Triebel has shown the following
result in [6, chapter 5, section 3.4].

Theorem 3.6. Let o be an anisotropy.

(i) Let f € S'(R") be not in C>(R") and let supp f be compact. Then s¢ is an
increasing concave function of slope smaller than or equal to n.

(ii) For any real increasing concave function T' on [0,00[ of slope smaller than or
equal to n there is a compactly supported distribution f € S'(R™) such that
s¢=T.

f

Without any assumption on the compactness of the support, we obtain the fol-
lowing result.

Theorem 3.7. Let a be an anisotropy.
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(1) Let f € S'"(R™). Then its anisotropic Besov characteristic s} satisfies one of
the five cases of Proposition 1.2 (replacing sy with s;‘})

(ii) Let T =T(t) be a function defined on [0, 00| at values in R such that T satisfies
one of the five cases of Proposition 1.2 (where sy is now replaced by I'). There
exists a distribution f € S'(R") such that s =T.

The proof follows exactly the same arguments of the proof of Theorem 3.6, which
is based on the transference method (section 5.3 of [6]). We will indeed show that we
can transfer the result from the isotropic case to the anisotropic case, via the Meyer
representation of the spaces. Let us first recall the construction of the anisotropic
Meyer wavelets.

We fix an anisotropy «. Again ¥ r denotes the Meyer scaling function in one
dimension and v, the associated wavelet. For an integer n > 2, we denote by 7%
the sets

P c{F,M}" xN§, jeN.
We put { F,M }** = { F,M }*\ {(F,...,F)}. Then, by definition, one has 1% =
{((F,...,F),(0,...,0)) }. If 5 > 1, by definition I/ is the collection of all elements
(G, k) with G € { F, M }™ and k € Njj such that

k=[j—-1Day] ifG.=F
and
[ — Deay] < ky < [jo] if G, =M
forr=1,...,nand k = (k1,...,kn).

Remark. Since oy, > 1, in all the anisotropic cases, the set I7°* with j € N satisfies

n n

1< Card P < (2" = 1) [T(1 + [ow] = [(G — D)) < 2" = 1) [ 2+ o).
r=1 r=1

The anisotropic Meyer wavelet basis is then the collection
{w(G R (g) = 2lk/2 I ¢c. @2 —m.), jeNo, (G k)€EILja, meZ" }

where |k| = k1 + ko + - - - + k. Let us define the anisotropic quasi-Banach spaces b, ¢

forseR,0<p<oo,and 0 < g < oo. Forc—{c E(C]EN(),(G]C)GIJO‘
m € Z"}, we put

cllpze = <Z Z 9 (s— n/p)q< Z |C(G k)|p) /p)1/q

7=0 (G ,k)el’)> mez"

(usual modification for p = co and/or ¢ = 00). Then

bpg =1 e

b <0}
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Theorem 3.8 ([6, chapter 5, section 2]). Let a be an anisotropy and 1/) (Gk).c e
anisotropic Meyer wavelets. Let 0 < p,q < oo and s € R. Then f belongs to
B¢ (R™) if, and only if, it can be represented as

G _ (G,
f= 3 GBIk @Re e pa (4)
7,(G,k),m

unconditional convergence being in S'(R™) and locally in any By(R"™) with o < s.
The representation (4) is unique,

o = 22 (£, 450

and
i f — {2MP2(f000) )
is an isomorphic map of By onto byy. If in addition p < oo and q < oo, then

(Gik),an NI Te q s,x n
{0 7"} is an unconditional basis in Bpg(R™).

For more details and for proofs on the anisotropic Meyer and Daubechies wavelets
and the anisotropic multiresolution, we refer again to [6, chapter 5, section 2].

Proof (of Theorem 3.7). Via the universal Meyer representation, we can transfer the
assertions of Proposition 1.2 and of Theorem 1.4 to the anisotropic case. Let
f € §'(R™) be given by its wavelet expansion

F=Y230 3 Shainyg
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Let g € §'(R™) be given by

TV DR

J=0 (G,k)€l; o mEL™

where the coefficients )\;i’f)

are either 0 or coincide for fixed j € Ny one-to-one with
the coeflicients cj k- Then, we have sy = sf Conversely, for g € S'(R™), we can

construct a distribution f such that sy = s and Theorem 3.7 follows. O
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