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ABSTRACT

The aim of this first work is the resolution of an abstract complete second order
differential equation of elliptic type with variable operator coefficients set in a
small length interval. We obtain existence, uniqueness and maximal regularity
results under some appropriate differentiability assumptions combining those
of Yagi [13] and Da Prato-Grisvard [6]. An example for the Laplacian in a
regular domain of R® will illustrate the theory. A forthcoming work (Part IT)
will complete the present one by the study of the Steklov-Poincaré operator
related to this equation when the length 6 of the interval tends to zero.
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Introduction

0.1. The abstract equation and hypotheses

Recently, many works have dealt with the resolution of the complete abstract differ-
ential equation of second order

u’(t) + pu'(t) + qu(t) = f(t), t€]0,0],
u(a) = s,

with variable operator coefficients in a Banach space E. Some optimal results about
the existence, uniqueness and maximal regularity have been established in the frame-
work of the following spaces:

C?%([0,6); E), 26 €]0,1[, E is an arbitrary Banach space,
Lr(0,0; E), p€]l,00], FE is an UMD Banach space,

when the closed linear operators (p, D(p)) and (q, D(q)) satisfy some ellipticity and
commutativity hypotheses (see, for example, [3,4]).

In this paper, we consider the complete abstract differential equation of second
order

u(t) + p(t)u' () + q(t)u(t) — Au(t) = f(t), t€]0,4],
u(0) = ¢, (2)
w'(6) =1,

where

e ) is a positive real number,

f€C?(0,6], E), 20 €)0,1],

(q(t))ee[o,6] is a family of closed linear operators of domains D(g(t)) (which may
be not dense),

for each ¢ € [0, ], p(t) is a bounded linear operator.

e 0 is a small real positive number. (In the second part of this paper, we will
focus on the limit problem as ¢ tends to zero.)

The main difference between (1) and (2) is that the operators coefficients ¢(t) are
variable, whereas p(t) is a perturbation.

Our purpose is to extend the results obtained for Problem (1) to Problem (2)
by building explicitly a representation of the solution u(t) and studying its optimal
regularity. Some natural compatibility conditions related to the equation will be taken
into account.
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The techniques used here are essentially based on the Dunford functional calculus
and the methods applied in [1,6,9,13].

Recall, briefly, the case when p(t) = 0, A = 0, and ¢(¢) is a constant operator
satisfying the natural ellipticity hypothesis

C
RT C p(g) and 3C >0,¥2>0 |[(g— 207} < et
which is verified in a sector of the form
Mo, ro ={2z€C*:|arg(z)| <O} U{z€C:|z| <rp} (3)

with some small 6y > 0 and ro > 0. (Here, p(q) is the resolvent set of q.)
The representation of the solution u is given by the formula

1 cosh/—z(6 — t)

N - [esiv=2O =) o n-1,4
u(t) in/v sosh V=53 (q—zI)" pdz
1 inh v/—
‘/W(q_zn—lwz
2im )., \/—zcosh/—z6
5
_QL// K =(t,5)(q— 21)7" f(s) ds dz, W
im JyJo
with
sinh ps COSEP((S(S ) if 0<s<t,
pcosh p
K,(t,s) =< . ®)
sinh pt cosh p(d — s) if t<s<3é.

p cosh pd

The curve 7y is the retrograde oriented boundary of the sector Ilg, ,, .
We will deal with the case when the operators

Q) =q(t) = AL, A>0,

are variable. The model we will present at the end of this paper considers realizations
of q(t) having C?-coefficients and satisfying the Lopatinski-Shapiro conditions. On
the other hand, we will consider some appropriate differentiability hypotheses on the
resolvents of ¢(t), combining those in Yagi [13] and Da Prato and Grisvard [6].

As mentioned previously, we assume that the operators p(¢) fulfill the estimate

3C>0:Vte0,0] |p()lre) < C. (6)

Throughout this paper, the family of linear closed operators (¢()):e0,5) of domains
D(q(t)), not necessarily dense in F, enjoys the following three properties:

Revista Matemdatica Complutense
91 2008: vol. 21, num. 1, pags. 89-133



Favini et al. Abstract differential equation of elliptic type

(i)

M
IM >0, Vz>0,vte[0,6] |(q(t)— =) rm) < s (7)

It is known that this assumption allows us to define the fractional powers of
operators (—Q(t)).

(ii) For all 2 > 0, the application ¢t +— (q(t) — 2I)~! defined on [0,4] is in
C?2([0,4], L(E)) and there exist C > 0 and « €]1/4,1/2] such that

c

d
-1
rn < sat1/2° (8)

vz 0 e 0.0] oo -2 a0

L(E)

Moreover there exist two constants 7 and p such that Vz > 0,V¢, s € [0, ]

. d _ 1 d _
00 D)7 a0 = a(o)al) D) Lol
5 L(E)

Clt — s|*1

pt1/2 7
d? _ C
|- <&,

LE) ~*
)

e & B Clt — 5|2
R

0<1 < <1
= — n< -,
=5 TPsl=,

Remark 0.1. Observe that all the constants given above are independent of ¢ and §.
On the other hand, it is clear, by using a classical argument of analytic continuation
on the resolvent, that the previous assumptions hold true in the sector Il ,,, and
then, on ~. Furthermore, we can replace z by z + A.

0.2. Comments and remarks on the hypotheses

By the hypotheses (8) and (9) it follows that

< C
— Za+1/2’

L(E)

— gl —
<C|t S| +C|t s|.

0 _ _
| gpta0 =07 = Ltats) a0 it R

LE)
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Indeed, the first estimate is a consequence of the identity

2 (a) — =0 = a@)la(t) — 2D () Yat)a(t) 2D

For the second one, write

oot~ 2D~ 2 (als) 2D

= a(t)(a®) — =) (S )a(t)(alt) ~ 1)
~als)a(s) =) (Sq(s) ™ Yals)(als) — =0)7"
= a(t)(a®) =) (S )a(t)(alt) ~ 1)
—als)(a(s) — =) (Sa(s) " Yatt)alt) — =)
Fals)a(s) — =D (Sqls) ) alt)la(t) — 1)
~qls)a(s) =) (Sq(s) " )als)als) — =0)"
=11 — Ir+ Is — 14,
thus ,
- pof < S
and

s = Ll < C 7 QH/Q I(q(t) = =)™ = (a(s) = =)'

/ I )—zI)" Ly

z |t—s|_C’|t—s|
ya+1/2 a+1/2 T L2a

— Za+1/2

1. Construction of the solution

1.1. Representation of the solution

In all this paper, for ¢t € [0, 4], z ¢ R, we set

~ coshy/—2(6 —t) sinh /—zt

=l =—Cave 0 V=0T e (10)
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Our representation formula can be heuristically derived by the following argument:
taking the constant case into account (see formula (4)), we look for a solution of
Problem (2) in the following form:

2z7r/ cy=(t t) — 2I) " 'p* dz

Qm/ sy=z(O(Q() — 2I)~ 1¢*\/d%
2m// K = (t,5)(Q(t) = 2I) 7 f*(s) ds dz, (11)

u(t) = d(t, Q)" +n(t, Q1)y* +v(t, Q(), f*),

The kernel K ,—; is defined in (5). We are then concerned with the determination
of the triplet (¢*,¥*, f*) in an adequate space in order that w is a strict solution of
Problem (2), when f € C?%([0,4], E), whereas ¢ and v are given in some subspaces
of F.

Remark 1.1. In virtue of (7), it is possible to make use of square roots

_(_Q(t))1/27 le [076]

which are well defined and generate analytic semigroups (not strongly continuous at
zero), but the calculus are very cumbersome. One must be careful on the use of
these fractional powers, since the operators are not densely defined. So, we prefer the
natural use of the Green’s kernels.

In the sequel, we will use the following notations:

d(t,Q(1))" = d(t), n(t,Q()Y" =mn(t), v(t, Q) f) = v(t).

Now, let us justify the convergence and the regularity of the integrals occurring
n (11).

In this work, ¢§ is a small fixed positive number.

Our first following fundamental lemma is concerned with the integral

d(t,Q(1)¢" = 5~ / c =t —2I) "ot dz.
Lemma 1.2. Under the assumptions (6)—(9), there exists a constant C independent
of & such that
() Vi>0,¢" € E, [dt,Q1))¢ [z < Clle™|le,
(ii) V¢ >0,s > 0,9" € E, d(t,Q(s))¢* € D(Q(s)) and

1Q(s)d(t, Q()¢™ Iz < (C/t*)]|¢" || -
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(iii) Ve* € D(Q(0)),t > 0,s € [0,t],
d(t,Q(s))e™ € D(Q(s)),

and

1Q(s)d(t, Q(s))¢" [z < CQ0)¢" | -

In particular

1Q@®)d(t, Q(1))¢" |z < [|Q0)¢"| -
(iv) Onme has

limd(t, Q(1))¢" = 9" iff ¢" € D(Q(0))

and
t— d(t,Q(0))¢* € C*([0,0], E)

if and only if
QO* S DQ(O)(ev +OO)

(For this interpolation space, see Grisvard 7, p. 664].)

Proof. Assertions (i) and (ii). They can be treated similarly. So, we restrict our-
selves to the second one. For z € v, |z| > rg, § > 0, and ¢ > 0, we have

Re(y/—20) > 0 and Re(v/—z2t) >0
arg(y/—z0) = arg(y/—zt) =7/2 —60p/2 =601 > 0
Re(y/—20) = d|z|'/2 cos(1/2 — 0y /2) = 6|z|'/?sin(6y/2).

Hence

|1 + 6_2\/;6}2 — 1+ 2¢ 2ReV=20 cos(2Im \/—7z5) + e 4Re \/357
and then, if cos(2Im /—z6) > 0,

14+ e7 2V > 1,
whereas if cos(2Im /—z6) < 0, i.e., if 2Re(v/—20) > 7/(2tan6;)
’1 + 6—2\/—75‘2 >1— 902 Re(v/=20) + e~ 4Re(v/=20)
—(1- 672Re(\/jz5))2 > (1— e~™/@tan01))2 — (g0) > 0.

Therefore, we obtain in both cases

eﬁ(é—t) +e—\/fz(6—t)
ley=(0)] = eV + g6
< Qe Re(V=2)t < Ce—tlzl'? Sin(90/2)7

1+ 6—2\/3(6—0
14 e2V-20

e
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where C' is independent of §, ¢, and z. From this estimate it follows that Vo* € F,
Yt > 0, the integral d(t, Q(t))¢* is absolutely convergent and

4@ =g [ es0@0 - ds
A1 B2
1 -1, x
T 2im oaes cy= (@) = 20) ¢ dz,

Then

6_t|2|1/2 sin(0p/2)
ini<c( 1) 197l

SAF e 2|
+oo e 7

<o [T ao)iele
1 g

<Cle*llg-

Concerning the integral I, write

L= — (cy=(t) = 1)(Q(t) — 21)"'" dz

m

I =1+ IY.

Consequently,
J Q) —2I)ro*dz — — [ (Q(t) — 2I) ™ dz
> 2im J, 2ir Jr,
1
=—— t) — 2I) " o* de.
i ). @0 = =D ds
where

Cy={z€v:|2| <1/t*}UTy, T, ={z=¢e"/t?: 7 €[00}

But

H_l/ Q) — zI) 1" dz|| < Cllp||
r.

i
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and
A WS GRS CURE
1 ! 1
=5 | V([ e ) @ - s

l2I<

1

2

175 < C/ tl=| 2l dl2| < Clle”]l-
To
The same arguments apply for the second statement concerning
_ 1, %
Q(s)d( 2@7r/ cy—(t 27" dz.
Assertion (iii). Suppose that ¢* € D(Q(0)), t > 0 and s € [0,¢]. We have
_ I 1, %
Q)i = 57 | vt D)t dz

= / = D) 7RO) !~ Q) IR d:

4o [ e=0Q) - 2D Q) d:

y

As in the first statement, we get

2m/ cy—(t 5) —2zI)7tQ(0)¢* dz

< Q)¢ -

Regarding the first integral, we have

o / e =HQ)(QUs) 2D RO) ™~ Q(s) 1Q0)" d
- / e AOQQE) — 27 Q) - Q) + 5 QML ) Q)"
+ 51z | et )(Q()—zl)”((st(S)l SO0, )y a:
- 357 [ evs@e@() - D)7 (0w )@ i

Z=J1+J2+J3
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By the mean value theorem we derive the following estimate of J;:

HQ(O)‘l Q)+ 5L Qe)

ds ls=0

-|- S(dczcsrl - ) e

2

€] —Q(s),_ d¢ < s* sup —Qszl_
/ 0e]o 1] d52 ( )l oc 0€]0,1{ ds? ( )l =0¢
d?
<t* sup (|5 Q) el
0ejo,1(]| ds? (5)jooc

which leads to

/1]l < Cl1Q0)¢™]|-
For Js5, we have

Q@) — =D (00— QL Q)

@) - =0 [ e ar ey

d2

@Q(S)_l

< 52 sup
s€(0,1)

L(E)

and we apply a similar treatment as in the previous assertion. Concerning the inte-
gral Js, note that

Seft|z|1/2sin(00/2) p Do
(/Y,z|> |z|et1/2 | Z|)||Q( )" e

/ > 20se .
< c(/ W)ncz( o'l

< Cst™*HQ(0)¢" | 2 < C**|Q(0)¢" | i,

and a similar estimate holds true on the part {z € 7,|z| < %} of the curve 7. This
yields

173]] < CllQO)#™ ]
Assertion (iv). For all o* € E, we have

it Q(t) 227r/ cy=(t t) =2~ = (Q(0) — zI) )g* dz
2@77/ /= ((Q(0) — 2)" " dz = a(t) + b(1).
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We can show by the Dunford’s calculus that the term

b(t) == % / C\/jz(t)(Q(O) — zI)_lgo* dz

can be rewritten as follows:

b(t) = (I+ 6—26(—62(0))1/2)—1 (I+ 6—2(—Q(0))1/2(6—t))e—(—Q(0>>1/2t(p*7

where(e_(_Q(O))l/Qt) 1~ is the analytic semigroup (not strongly continuous at zero)

associated with —(—Q(0))'/2. Thanks to Lunardi [10, p. 59] , the operator
(I+ 6—26(—62(0))1/2)*1
is well defined. By Sinestrari [11, Proposition 1.2, p. 20], we deduce that

b(t) — ¢*, ast—0

if and only if ¢* € D((—Q(0))/2) = D(Q(0)). This last equality follows from the
properties of fractional powers of sectorial operators, see Haase [8].
Regarding the term a(t), we have the estimate

[ er=0@t) D" - (@) - 1) )" dz

S ‘

/vc\/jz(t) /Ot %(Q(r) — 2Dt drdz

/~/,|z|z;2

ty o
/%Izls C‘/TZ(t)/O g(@(?‘)—ﬂ) Lo* dr dz

= al(t) + (12(75)

C\/jz(t)/o %(Q(r) - 21)7190* drdz

"

L
12

with

c teft\z\l/2sin(60/2) J
t) < _— *

teft\z\l/2sin(90/2)
<C ————|dz *
- <[Y|z|>12 lvertz|ot1/2 | |>”<p Ie
HNEl=¢

< Ct*¢" ||,
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and

az(t) < ‘

(e =(t —2I)"to*drdz
[y <k / or?

) — 2I)"to* drdz
‘/ 2|<k / 37‘ )7

as (t) = agl(t) + ag2 (t)

Concerning the first term a9 (f), we observe that

)< C t| |1/2t d * < CtQa *
az(t) < < HQT/ﬂ 2| ) lle*lle < e |l

For the second one, asa(t), we close the curve at the right-hand side and we denote
by C} the arc

(1/t2)e®, 6 € [—00, +60],

Y —2I) "t drd
aga(t H /Ct/a?" )T drdz

<[ X [ 2@ - e ar

< Ct*¢" ||,

to obtain

do
t2

The second property is proved in Sinestrari [11, Proposition 1.2, p. 20].
This ends the proof of the convergence d(t, Q(t))¢* — ¢* as t — 0. Observe that
it is possible to obtain the same result using a direct calculus as in Labbas [9]. O

Remark 1.3. In order to simplify the calculus, we will often consider that ¢y = 1.

Proposition 1.4. Suppose that f* € C5([0,6],E), B €]0,1[. Then, under the as-
sumptions (6)—(9), the function v (introduced in section 1.1) defined by

_ —1 px
2Z71_// K /= (t,s)(Q(t) — zI)"" f*(s) ds dz,
(the kernel K ,— is defined in (5)) enjoys the properties:

(i) v() € C2(]0,4[; B,
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() ¥ 10,00 07 (0)+ 0! (1) + QUO)ulr) = £1(1) + PAUS)(O) + Ral7")(0) where
PA(f)(t) = 227T// K =(t,s ag(Q(t)fzI)’lf*(s)dsdz
L] ar @ - o,
and
R0 == gt [ [ttt (@0 21) )t

2@77// atK\/TZ (t, s)p(t)(Q(t) — zI) "' f*(s) ds dz.

Proof. Assertion (i). Step 1. Using a direct computation on the kernel (5), one
obtains the existence of some constant depending only on 6y such that for all z €

)
< ( o [ |Kn<t,s>|ds)||f*|cw>

tel0,1] Jo

If e _ Cllf* o)
~ |z| cos(m/2 — 6y /2) 2] ’

)
/0 K (t, 5)*(s) ds

(see [6, p. 372]) which implies that the integral

= 2271_// K —(t,5)(Q (Q(t) — 2I)~1 f*(s) ds dz,

converges. But it is not possible to apply Q(t) on this representation. One must use
the Holderianity of f*. So, we write v as follows:

N QW//KF“’ (Q(t) — =)~ (f*(s) — f*(t)) dsdz
2277// K —(t,5)(Q(t) — zI) "' f*(t) ds dz

2m// Kyt $)(QUE) — 2I) L (F*(5) — £7(1)) ds d2
L/ (cosh /=2t — 1) cosh \/=2z(8 — t)

(Q(t) = =D)~ f*(t) dz

2im zcoshv/—z6
1 sinh /—zt sinh \/—2(§ — t) .
= / Q) D) () d
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which becomes

8
o) == 5= [ | K@ — =D () - 10 dst
L[ @)D
*m/ 2
— D)1

Step 2. By the Cauchy formula, we get
— -1 * gk
T %r // K = (t,s)(Q(t) — 21)7 (f*(s) = f*(t)) ds dz

2m/ ey @O gy
+Q(t) 7 f(1).

Since f* is Holderian of exponent § €]0, 1], then

’ 2ir

1 ° —1 * *
l / K (6, 5)(QUt) — 2I) " (f*(s) — f*(£)) ds d

</ \z|/ |K =t s)|[t = 171 f* [l oo ) ds |dz|
<Ol les(m) e < < COllf*lles e,

(see [6, p. 376]) and

Consequently

1
2

5
[ &teo@w@o - =07 o) - 520 dsa
i
C
< [ e el one) < O loveey. (12

vt €]0,8], v(t) € D(Q(t))

because (as in the proof of Lemma 1.2)

z
Revista Matemdtica Complutense
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(The factor 1/t? is compensated by 1/ |z|.) Hence

Q) =~ 51~ [ [ K to@0 o) - ) ds i
o [ QOO DT ey 4o 4 g

Assertion (ii). Step 1. Regarding the derivative v'(t), we have

t o .

“ g [ T ey @ e s

_ 1 / /6 cosh v/—zt cosh v/—z(d — s)
2im cosh /—z6

/ / sinh v/—zs cosh/—z(t — )

C 2um \/—zcosh /=28 ot

sinh /=2t cosh v/—2(s — 8) 0 i
2@7r// V—z cosh v/—20 8t(Q(t)_ZI) Lf*(s) ds dz.

By Assumption (6), it is easy to see that

(Qt) = z)~ f*(s) ds d=

Q) = zI)7 f*(s) ds dz

plt - % / / t Smh\/?j:}irihﬁg@t)p(t)(Q(t)zI)lf*(s) ds dz
5] / ool 0 (e - 1) () ds
g [ [ e D S - s
- [ S ) Bt ) s
Therefore

) =5z | [ K w0 2@ — 1) s

% / / S (1S p()(QD) — 217 (s)dsd

= RA(f*)(
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Step 2. Let us study the second derivative v”(t). The calculus requires some
details. We use the method delivered to prove Theorem 3.3.4 in [12, p. 70]. Let € be
a very small positive number and t be such that

D<e<t<d—e<,
and v’ be the function defined by

| =2 sinh \/—zssinh v/—2(5 — t) s
v (t) = %// cosh /30 (Q(t) — =I) Lr (s)dsdz

i | i @ o
[
2w/ / thr—iﬁlﬁ\?g o

(Q(t) — 2I) ™ f*(s) ds dz

Q) — 2I)~tf*(s)dsdz

It is not difficult to see that all these integrals are absolutely convergent and
vl(t) — v'(t) strongly as e — 0. In addition, we have

VI (1) = V() + V2 + VE() + V()

where

Vi) = ZL / / ¢ sinh \/—zssinh/—2z(6 —t) 0 Q) — 21)-1f*(s) ds dz

cosh v/—zd ot

o]/ j ot el 200 2 (@t) - <) (o) ds
- / [ e SO0 ) 2y o st
- [ OO ) o) e
Va0 = 5 [ TR O ) - o)
e R e e CURE IR
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é 2
V() = —%// K\/jz(t,s)%(Q(t) D) (s) ds de
sinh /—zssinh/—2(6 —t) O
217// cosh /=24 ot

// cosh v/—zt cosh /—z(6 — s)g(
© 2im cosh v/—z0 ot

(Q(t) — 2I) ' f*(s)dsdz

Q) — 20)™" f*(s) ds dz,

Step 3. We transform V2(t) using the relation

s o Loeme®-=)!

Then the Dunford calculus and the Hélderian regularity of f* yield

V=2(Qt) — 2D =

€ sinh \/TZS cosh/—z(§ — t) .

sinh \/th cosh /=2(8 — s)

2177 / /+E /—zcoshv/—z6
=€ sinh /—2zs cosh v/—2(6 — t)

= %r // \/—zcosh /=28

QM(Q(t) = 2) ™ f*(s) dsdz

Q) — =)~ (f*(s) — f*(t)) ds dz

1 % sinh /—zt cosh V—2(0 — 5)
/ ..
(t)(Q(

*oin /=2 cosh /=26
0 = 2Dy ([ (s) — £ (1)) ds dz
3 i/ cosh /—z(t — ) cosh v/—2(§ — t) Q) — =)\ F*(t) dz

2im cosh /=20
1 sinh /—zt sinh /—2(6 — t — €) L
 2r L cosh /=20 (Q(t) —=I)" () d=

1 cosh/—2(8 — t)

2im ., coshy/=2z6 (Q(t) = 2I)7 () d=

Thanks to (12), the first two integrals are absolutely convergent. The last one has
been treated above. Observe that the convergence of the other integrals in V2(¢) and
those of V3(t) may be studied similarly. For example, the estimate

sinh /—z(t — €) sinh /—2(d —
cosh /—z6

1/2

t) < 0676|z|
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leads to the convergence of the integral

1 sinh /—z(t — €) sinh /=2(d — ¢) i
2ir J, cosh /=26 Q@) ==~ f*(t—e)dz

for
O<e<t<d—e<b.

Summing up, we obtain

v (1) + p(t)o' (1) + Q()v(?)
= (V2 () + V) + (V2() + Qe)v(t) + V2(1)) + Ra(f)(1).

Step 4. 1Tt is clear that V1(¢) + V4(t) converges strongly to

0 2
PO === [ [ Km0 5@ — D) 6 dsds
+ % / /O sinh */_Zfsi%?“ - t)%(Q(t) — 2I)f*(s) dsdz
J COS —Z1 COS —z — S
— ziﬂ'//t hC;ﬁSh\;lj\/Z;(é )%(Q(t) —2I)7 f*(s) ds dz.

Concerning the second term V2(t) + Q(¢t)v(t) + V3(t), we have

lim (V2(t) + Q(0)v(t) + V() = f7(t) + lim W2(2),

where
W2 = - gz [ SO ) - s
- g [ 0 ety )
+ % L sinh ﬁ(tcgsi)jgﬁ(a ~D Q) — 2Dt - 2) dz
% L cosh ﬁtc‘;(;ihg(‘s =9 Q@) — 2Dt + ) d

Step 5. Now, let us prove that W2(t) — 0 as ¢ — 0. For this purpose, observe
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that
WZ2(t)
1 cosh /—2(t — &) cosh \/=2(§ — t) 1 .
-5/ e (@O = =D W) - F(t=2) dz

g = CURE IR R
B L/ sinh /—ztsinh /—2(6 — t — ¢)
2im J, cosh /=26
% W cosh \C/c:;(jtjzg ) Q) — 21) 14 (¢ + ) d
B L/ cosh /—z(t — €) cosh \/—2(6 — t)
. cosh v/—z6

Q) = =) TH(f*(t) = f*(t +¢)) dz

(Q(t) = =D)TH(f*(t) = f*(t —€)) d=

20w

-5 [ ST G - e - e+ 9 i

1 sinh /=2t sinh /=2(§ — t — ¢) 1, s .

5] e (@O =D W) - F(t+e) d:

1 cosh /—2(2t — § + €) — cosh \/—2(2t — § —¢)
/y cosh /—2z6

Q) =)' f*(t +e) dz.

2im

Regarding the first term, we have

t) — 21 —1/ px 1) — (¢ — d

cosh /—20 Q) — =) (f*(t) — f*(t —¢)) dz
1/2 d d

<e(f g D 1ov
2€7,|2|>1/e? ‘Z| 2€7,|2|<1/e2 |Z|

> _,20do 1/ g
< Ce? </ e 5 +/ p) I fllcs (e
1 g 0 14

where 79 has been introduced in (3). We deduce the convergence of this integral to 0
when € — 0. It is easy to see that we have the same result for the second integral

1 cosh/—z(t — €) cosh /—2(§ — 1)
e
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since

] Q) — =1) (f*(t — ) — f*(t + ) dz

1 / cosh/—z(2t —§ —¢)

24 cosh /—2z6
—|z|}/?(26—2t+¢) —|z|*2(2t—e¢)
e +e dz
<P (/ | |)||f||cﬁ(E)
. |2
—|z[*/2(26—2t) —|2[*2(2t)
e +e dz
SC’EB(/ | |> 1fllcs )
. |2

with 0 < e <t < §—e < 4. The third integral can be treated as the first one. Finally,
about the fourth integral observe that

cosh/—2z(2t —d +¢) — cosh/—z(2t — 6 — ¢)

cosh /—2zd
e~ —2z(26—2t—e) _ 87\/3(2572&5) 67\/3(2%5) _ ef\/jz(Qtfs)
- 1+e20v=2 + 1t e20v/-—=z ’

and

The latter tends to 0 by Lebesgue dominated convergence theorem since

(Q(t) — 2I) " f*(t +¢)dz

1 e—\/Tz(25—2t—5) _ e—\/fz(25—2t+s)
Qm/7 1+ e—20vV—=2

< C/ e—\z\l/2(25—2t_5)(1 — 6_2EZI/Z)WT||f*||cB(E)~
4
.

—2¢|z|1/2 —|z|}/2(26—2t
e—|z|1/2(26—2t—5)(1 e 2l ) 2 =" (@0-2t)

|| 2|

forall 0 < e <t <§—e < 4. By the same way, we treat the last term.

Step 6. Summing up, we obtain the strong convergence

vl(t) = v'(t) and  ol(t) — —Q(t)v(t) + Pa(f*)(t) + £7(t)

as € — 0. Hence

v"(t) = —Q(t)o(t) + Pa(f7)(8) + 7 (1),
v"(t) + p()0' () + Q(E)v(t) = Pa(f*)(t) + p(t)v'(t) + f(t)
= Pa(f*)(t) + BA(f7) () + f7(1)

Revista Matemdtica Complutense
2008: vol. 21, num. 1, pags. 89-133 108



Favini et al. Abstract differential equation of elliptic type

On the other hand, we have

5 82
|| s gm@o - sase:
v J0

1
<C —  |d * < (C/ N\ * 7
= /7|Z|2H|plzlllf lews) < (C/AF o)

5
/0 %Kﬁ<t7s)%(Q(t> —zI)7 f*(s)dsdz

1
<C d * < (C e * 7
= L|Z|1/2|Z+A|1/z+a ldz||| f*lle) < (C/ANFF o)

o [ [ mttcomto i@ -0 oy ases
<0 [ S W e < ©AI Lo,
and
= "0 Q) — =) (s) dsd
2im [, Jo Ot i
<cf Al e < /N e
Therefore
(P + Rl co.s:m) < CQA/ATZ 4 1/0° +1/A1/2), (13)
and the assertion is proved. O

Proposition 1.5. Suppose that ¢* € D(Q(0)). Then, under the assumptions
(6)—(9), the function d(-,Q(-))* belongs to C?(]0,4]; E).

Proof. Recall that, for ¢ €]0, 0]
d(t, Q1)) " =

and if p* € D(Q(0))
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On the other hand

d'(t,Q(t))p* = 2;/76@@);(@(75) -zt dz
7% 7\/—725\/_—2(6—&(@()72[) Lo* dz
and
100" = 5 [ o0 (@0 - D)
-2 [ Vs =0 -0 5@ - 2D ds
. / e /= (0)2(Q(t) — 21) " dz
. / e(t 8t2 t) — 21)"Lo" dz
i [V —t)§<@<t)—z1>-1¢* z
R / e (1 1) — 2" de.

We obtain the desired regularity for ¢ €]0, d].

In the sequel, we will put

(1, Q)¢ + QAL QY = 5 | ey=() 2 (@) — 2D 7" dz

= F) cp*;(t),
and
04" = 5z [ eumslont) (@) - 21) "
iz | VTR 0@ =D e
= Ga(") (0,
thus

d’(t, Q(1)¢" + p(t)d'(t, Q1)) @" + Q(1)d(t, Q(1))¢™ = F(¢")(t) + Gale™)(t)-
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Remark 1.6. The regularity up to 0 for d”(-,Q(:))¢* and Q(-)d(-,Q(-))¢* will be
treated below by associating d and v. This is not trivial and will need a compatibility
condition.

Now, let us study the integral

* 1 (Q(t) - 21)71 *
e R A
hnee (6—t)|z["/2 sin(60/2)
— D1 —(6—1t)|z sin (0o
0 | = o vl

for each t > 0, the vector function n(t, Q(¢))y* is well defined and it is continuous
on [0, 4] for each ¢* € E. Furthermore, this function is regular for ¢ € [0,d[. In order
to have more regularity on the closed interval we assume that

Je > 0: Dysy(1/2 + €, +00) = Dy(0)(1/2 + €, +00). (14)

Observe that our differentiability hypotheses on the resolvents show that this condi-
tion is natural when § — O.

Proposition 1.7. Under the assumptions (6)—(9) and the condition
P € Dy(5)(1/2 + €,+00) = Dy(0)(1/2 + €,4+0)
the function n(-,Q(:))y* belongs to C?([0,6]; E).

Proof. First, note that it is not difficult to prove that n(-,Q(-))v* € C?([0,4]; E)
if and only if Q(-)n(-,Q(:))¥* is continuous. The following relation holds true for
t €[0,0] and 9* € E:

Qe = 51 [ sﬁ<t>Q(t)(Qj)_7 D7 g g

um

Moreover, the integral is absolutely convergent. We have to study the case when
t = 4. Let us consider ¢ € [0,6[. Then

Q(t)n(t, Q(t))y"

_ L sy==(1) A )Yt de
= 57 | " Q0@ =D —QE)@) ~=) My d

1
um

=0 006)(Q(0) — 21

~ —Zz

From

QMQ) — =)™ = QO)(Q(6) — =)™ = 2((Qt) — =) ™" = (Q(8) — =)™
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it follows that
5
QU QU= i/ﬁsﬁ(f)/ %(Q(T) — 2I) "Nt dr dz
R t
N0 L
5in | Q0@ ~ T a:
=J1+ Jo.

Let J; = J;" + J; where J;" and J; denote respectively the integrals on the parts
vy ={zey: | > 1/(6—t)? b and - ={2€y: |5 <1/(5— 1)} of 7.

We write

=T+ Jh + T,
where
1 %70 4 0 1)
T =gz [ Vs [ (GHQ0) =20 = @ =0 o e
0 0
H= g [ ¢ / 3= s =20 QU0 — 207 = Q) — 2L ) s
Y+
W= 5 | -0V m0eE@ -~
x %Q(t)ﬁng@)(Q@) ) e

Then (in virtue of subsection 0.2 and remark 1.3)

)
+ 1/2 —|z|*/2(6—t) (r— )
=0 [ e / o drlaslv s

225~ r— «
+C |Z|1/2€ [2]7/=(8 t)/ ( 2(1) dT‘lel”’(/) HE
T+ t

|z|
<C - ) 2" a’e””
(5 t)2>
1 *
e / — dol|9 |
(tS t)2>

<C(( )27}+2p 1+(§_ )4a—1)||¢*”E

and 2n+2p—1> 0, 4a—1 > 0. A similar estimate can be shown for J;;,. Concerning
the third integral J1+3, we obtain, thanks to the regularity of ¢*

1T3511 < C 6 = 1) T4 D, ) (1246, 400)-
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The same calculations lead to a similar estimate for ||J; ||.
For Js, we have

11 .
|2 < C’/ (272 o172+ |dz[[1%" | D, 0y (1/2+€,400)
Y

< CllY™ 1Dyoy (1724, 400)-

Summing up, the previous estimates justify the continuity of Q(-)n(-, Q(-))y* at the
point §. This establishes the proposition. O

Remark 1.8. (i) The term J;} is regular for ¢* € D((—Q(0))'/?) since, it is possible
to write it as

i = %/ (6 —t)V—zs /=(t)
< [Q)(Q) — 21) LMLy (~Q(6) 2(Q(6) ~ 21) !
X (~Q(O)2* | dz,

and then

/205 1 1 N
T35 < C/ (6 —t)|2|"/2eHT0 ”Maﬂ/z oz 199 oy

Y+

<O = 0)** 19" b~ oy /2)-

(ii) The same argument holds for

Jy = —i/ S\/r_iit) (Q(6) — 2I)~ 14" do.

As in the proof of Lemma 1.2, statement (iv), we have

Jy = — (I + e 2QO)H
x { (I - 6—2(—Q(0))1/2t))e—(—Q(O))1/2(5—t)(_Q((;))l/?q/,*}
and applying Sinestrari [11] again, we obtain the continuity of Js if and only if
(—Q(9)"*¢* € D((-Q(6))/2) = D(Q(5)).

But in this work, we will work with the following sufficient hypothesis

" € Dy(5)(1/2 4 €,400) = Dy(0)(1/2 + €, +00),

which is more easy to handle.
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The following term is handled similarly

Wt =5k [ V20D g0y

g | =0 0@ — 2 e

We will set

and

+ % ¢ =6 — t)%(@(t) — 2D dz
= Sx(¥7)(1).

The following lemma is needed in order to study the optimal regularity of the
solution we are looking for.

Lemma 1.9. Let ©* € Dy0)(1/2,+00). Under the assumptions (6)~(9), we have

1 0
2”-/ F 8t )*ZI) prdz — —/E(Q(t)fz[)l—tiow*dzzo

um

as t — 0. (This result is then valid for ¢* € D(Q(0)) = D(g(0)).)
Proof. 1t is easy to see that

2; eyt );(Q(t) — D)l dz
2277/ et at ()*21)71*%@@) 2o et dz
sir ], 000(Q0) — 1) QL,Q0)QO) — ="t
= Il( )+IQ( )

By the dominated convergence theorem together with

lei@o) - fow L, Q0@ - 1)

1 *
= O<|Za+1/2+1/2> 197 [[Dgq0) (1/2,4-00)
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and integrating on the right-hand side of ~, we prove that I5(t) — 0 as t — 0.
Put I, = I} + I; where I; (t) and I; () denote respectively the integrals on the
parts 7. ={z€~v:|z| >1/t?} and v_ = {2z € v : |2| < 1/t?} of 4. Tt follows that

o= 55 c@a)(;(cz(t)—zn—l—;@(w— Dk, ) dz
sof ety W/Q Gl e+ © [ e e
<ottt e
Similarly, for IT, we have
10 =5 [ e @0 - 207 = (@) - 2Dy o s
- 5z (e =0 (00 = =) - S0 — DLy o
iz | (i@ =<0 = Sew) -0ty Jo s

Il_(t) = ml(t) —|—m2(t).

The same estimate for ms is obtained as above, after closing the curve v~ on the
right-hand side. Regarding m;, we have

g [ (=0 -1 (G@0 - 207 = FQe0 - 2Dk, )

2

2Z7r/ / V—zs =t —r)
< (@0~ = L@ -0 )y dra

[ (D) =

1/t2 £2n
[mi(t)] < C / ol e dlallle s < OETH 275,

7o

This ends the proof of the lemma. O

1.2. The system verified by the solution

We have seen that under the hypotheses upon the resolvents of Q(t), ¢* and ¥*,
if f* is Holderian then the function given by (11) is in C'(]0, §[; D(Q(+)) OC (]0,6[; E).
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Suppose that u is a solution of the complete abstract problem, that is,

u(t) + p(t)u'(t) + Q)u(t) = f(t) = v"(t) + p(t)v'(£) + Q(t)v(t)
+d"(t, Q)" +p(t)d'(t, Q1)) " + Q)d(t, Q)"
+0" (¢, Q()Y" + p(t)n'(t, Q)Y + Q()n(t, Q(1))y

Then
o)+ (Pa+ Ra)(f7) () + (Fx + Ga) (")) + (Sx + Th)(W)(E) = f(1),  t€]0,6],
where

Q1))@ +Q( )d(t, Q(t))e"

"t Q)Y + Q(t)n(t, Q1)
= p(t)n'(t, Q(1))Y".
We have to express that the solution satisfies u(0) = ¢ and u/(8) = .

It is easy to see that
and, for ¢* € D(Q(0)) = D(q 0)),
1 —zI)” *
7/ 2)7R0)e o
2 gl

In view of the expressions of v'(t), d’'(¢t), and n’(t), using the relation

2177/ cy=(0—1) 8) — 2I) " prdy — p* as T — 0

(since ¥* € Dy(5)(1/24¢,+00) = q(o)(1/2—|—e, +00), see lemma 1.2), we deduce that

QZTF// \ﬁ 375 —2D) 7 fi=s f7(§) d€ dz = VA(f7),
d'(0) = QZchoshﬁé §t<cz<> 21) " Hi=sp™ dz = Dx(¢"),

and

1)
W) = g [ SZED Q0 0 e b o

~
= ¢* +N)\< *)

So, the function

u(t) = d(t, Q((t))¢" + n(t, Q((1) Y™ + v(t, Q(()) f*
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satisfies the system

JH@) 4+ P(f*)(t) + Ra(f7)(t) + Ex(¢")(t)

+ Ga(e") (1) + Sa(v )(t)+ MY = f(1),  te 10,4,
u(0) = d(0) +n(0) +v(0) ="+ 0+ 0=,
u'(0) = v'(6) + d'(6) +n'(d) = VA(f )+ Dale®) +¢% + NA(¥7) = 9,

which can be written under the abstract form

I+Py+Ry F\+Gyx Sx+T\ [f* f
0 1 0 el =1
Vi D, I+ N, U (0

We have necessarily ¢* = ¢. It remains to solve, for A > 0, the system

<1 + p&: Ry Sff ;}) (i ) (f - ﬁ gf@; (so)) ,

that is,
(I+ANX =Y,

with A, defined as
Ay C(E)XDq(O)(l/Q-i-Q—i-OO) — C(E)XE
R Py+ Ry Sx+Tx\ (f*
e (PR S (1),

This means that we have to inverse I + A, in an appropriate normed space. We will
choose the following norm:

[Ax]| = max{||Px + RallLc(m)),  1Sx + ThllL(D, o) (1/24€+00).C(E))
||V/\||L(C(E),Dq(0)(1/2+e,+oo))v ||Nz\||L(Dq<o>(1/2+e,+oo)7E)}

for the operator Ay of L(C(E) X Dy(o)(1/2+€,+00),C(E) x E).

2. Resolution of the system and regularity of «

2.1. Norm of the system matrix

We recall that (see (13))

1(Py + Rl nieo.snmy < C (/A2 4 1/07 +1/A1/2).
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The other operators occurring in the system matrix are

D N ot
l/
2

—L \/7 — 2 —1*Z
Ty( o /F (Q(t) D~y d

syt = [ ZD P 600 iy g
0 —1,/%
8*(@@) —zl)" " dz,

+ L / e (8 — p(t)(Q(t) — 2I) 14" dz

2m

and the operators (independent of t)

B 227r// \/TZ 82? Q) = 21) " Hi=s [*(€) dE dz,
1

5 0
M) = 5 [ 22D 20 20 e e

Step 1. V) and N, fulfill the estimates

N = - [ [ 2EE S @0 a1 e de

1 C-6
< C .9 - d * < 2° *
N L |2|1/2|2 + A|ot1/2 [dz[ll o) < e 1/ )

s é
QTW / fé);@(w D) gy dz

47 -

MO = |5

|A|O‘

Regarding T, we have

1T @) )] < \

o [ 20 20w - ot a:

2w =z ot
* ‘ Q;TLCE(5t)p(t)(Q(t) — 20"y dz
! —1, /%
|>\|a Il ”E+H /Cﬁ(5—t)p(t)(Q(t)—zI) Vv*dz||.
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Observe that without more regularity on ©*, we cannot obtain an estimate of the
previous integral, except in C||¢*|| g.

Step 2. In order to derive the suitable estimates for this term (then for T, and
also for Sy) we consider the interpolation space in which ¢* lies, that is,

Dq5)(1/2+ €,400) = Dg(0)(1/2 + €, +00) = Dy(0)(1/2 + €, +00),

and the natural assumption (14).
Let * € Dgo)(1/2 + €, +00). The operators p(t) being bounded, we have

% cy=(0 = )p(t)(Q(t) — 2I) 'y dz
B % c =00 =) (p®)( Q) — 2I)~" — p(8)(Q(8) — zI) 1)y dz
* % cy=2(0 = )p(8)(Q(8) — =)~ " dz
1 t o n
= %im 70\/_72(5 7t)p(t)/6 a(@(r) — ,z]) o drdz
_ )t
% / cy==(0 = )(p(t) *p(d))Q(‘S)(Q(? D7 e ae
|
N % / cy=(0 - t)p(a)Q@)(Q(i) D e as
% / cy=(0 = pO)(Q) — 1) 'Y dz = + Iy + I,

Step 3. Regarding Iy, let Iy :== J;" + J; where J;" and J; denote respectively
the integrals on the parts 74 = {z € y: [2[ > 1/(0 —t)?} and 7_ = {z € v : 2] <
1/(6 —t)?} of 4. Hereafter we will estimate J;"; the same holds for J; .

1] < c/
Y+

In the sequel, we will use the following estimates:

t
qurt—z(CS*t)/é %(Q(r) 721)711/1* dr|| |dz|.

3C >0:Vz ey, VA >0 lz4+ A >CXx and |z+ A > C|z|.
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It follows that

¢
9 1
71 <€ [ Jley= -1 | 5H@Qa) 21w dr ]
T+ 5 or
1/2 6_t>
<C —|2|Y2(5-1) ( d *
<of e e el s
c [~ _, (-1 odo .
SF ) e S 1/2 (6_t)2||1/1 ”E
()
C
< —||lv*|g.
< Tl
For I3, we have (the same holds true for I5)
1 Q(O)(Q() — 2I)~"
L] = ||=— 0 —t)p(d *d
155 = | g5 [ eumato = ey LD =20

1 *
= C/Y W |dzlly ||DQ(0)(1/2+6,+00)

= W||¢*”DQ(O)(1/2+E;+OO)'

Step 4. Finally, we have to estimate the operator Sy. It is the most singular
since it contains the second derivative of the resolvent Q(-). We have

1 [sy=(t) 82 1
== —(Q(t) — 2I) 1" dz

2 —1 /%
tom / /=6~ 1) £ (Q(1) — =) de,

Sx(¥")(t)

Sx(¥*)(t) =11 (t) + 12(2).

In what follows, we will only estimate the integral [;. (For the second one, lo, the
techniques are similar.) First of all, write

1 [ s/=(t) 62

=5 Ner @(Q(t) — 2zt dz
vy
1 —(t) [ 92 02 _ .
=5 i _i)(atg(Q(t)—ZI) 1—8t2(Q(t)—zI)|ti5>¢ dz
.
1 v—=(t) 82 1
L s\/ﬁi)W(Q(t)ZI)ltld_w dz
.
::jl +j27
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and, as usual, let j; = j;” +j; on v, and y_ respectively. For the first integral j;",
we deduce

il = c\

[ M2 (gm0 -0 - @ -, )

L 20 (0 = £)*
|2]1/2 |z + Al

<C

|dzl[|¢"]| 2

Y+

1 o 1/205_ (57)5)277
Il 1 i ) *
: O/w 21172° o+ N1z e el e

C 1 /205 (5—1&)27]
[2]7/=(6—1) *
= AP Hn—1/2 /w |z|1/2€ |z\1/2—" ldz||v* || e

C * (-t  odo .
= /\p—‘rn—l/?/l € ( o2 )1777 (5_t)2“1/) ||E

G-1)2

¢ .
WW &

A similar estimate holds true for j; .

Step 5. Regarding ja, we make use of the following identity (already mentioned)

2 2
0 3(QU) — 21 v = QE)(Q) — =) S0, QWNQE) — 1)y
+2:(QUO)Q) — =) S, ) QE)QE) — 1)y
Hence

J2 = a1 +az,

1 *
ool <€ | o syumse HolI9 Log /2000

< ; Hw* ||DQ(0)(1/2+6,+00)7
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and

E .
ezl = O/v 72 1oerireriz 19211 e a/zteroo)

1 .
< CLW |dz| || ||DQ<0>(1/2+e,+oc)

C
= WHW||DQ(0>(1/2+E,+OO)-

Summarizing, we can make ||A,| small enough and deduce the following result
about the resolution of the system.

Theorem 2.1. Under the assumptions (6)—(9) and
fGC([Oa(s];E)v ¢€Dq(0)(1/2+6a+oo)a C,OGD(C](O)),

there exists A* > 0 such that for all X > X\*, the operator I + Ay is invertible, i.e.,
the system

(1 0) (f*> n (PA+RA S/\+T>\> (f*) _ (f—(FA-I-GA)(@))
0 I)\y* Va Nx (G ¥ — Dx(p) ’
admits a unique solution (f*,v*) € C([0,0]; E) x Dg(0)(1/2 + €, 4+00).

2.2. Regularity of the solution

Since the term

1 10 .
Di(p) = MLMm(Q(t) —2I)" |i=sp dz,

is very regular (thanks to cosh \/—2z§) and
t € Dy(0)(1/2+ €,+00) = Dy(0)(1/2 + €, +00),

then
P — D)\((p) S Dq((;)(l/2 + €, +OO) = Dq(0)<1/2 + €,+OO).

So, Ay takes its values in C'(E) x Dy0)(1/2 + ¢, +00). The first regularity result is
the following

Proposition 2.2. Under the assumptions (6)—(9) and
FeC?(0,6;E), 9 € Dyo)(1/2+€,+00), ¢ € D(q(0)),
there exists A* > 0 such that for all A > X*, the function f* is in the space
c?([0,4]; B),
where # = min(2a,260,2n 4+ 2p — 1).
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Proof. Let A > A*, One has

[T =1 = (Px+ Ra)(f7) = (Fx + GA)(9) = (Sx + TH) (¥7).

Using the same techniques as in [9, p. 99, Proposition 4.3] the term (Py + Rx)(f*)
(which is not easy to handle) is Holderian of exponent

min(2a, 21 + 2p — 1),
while (due to our previous calculations), the functions
Ex(p), Galp), Sx(@"), Ta(¥")
are Holderian of exponent
min(2a + 2¢,2n+2p — 1).

The terms Ty (¢¥*), Gx(¢) are not too hard because they correspond to the those
containing the perturbation p(t). O

In order to give an optimal regularity result of the solution, we need the following
(important) lemma
Lemma 2.3. Under the assumptions (6)—(9) and

¥ € Dg(0)(1/2 4+ €,+00), ¢ € D(q(0)),

one has

£ = 10 - (400

QW)+ rs(p, 07, f7)
where 15(, 1", f*) € Dy(o) (@, +00) = Do) (v, +00).
Proof. Recall that

f(0) = f(0) = (Px + Rx)(f*)(0) = (Fx + GA)(#)(0) = (Sx + 1) (¥7)(0),
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where
// cy/=(s t) — 2I) "o f*(s) ds dz
= / / ¢/=(s 0) = 21) oo f* (s) ds dz,
A _}EI(I)(QZW/ cy=t 3752 Rl gpdz)
— L [V =) %(Q()—d)‘llt:owdz
Fx(9)(0) = Fx(9)(0) + F3(¢)(0)
0 = 2 [ v PR 00
and
S3(1)(0) = — 2 Q) 2D o dz

iT ~ cosh \/—25 cosh /—2z0 Ot

_L/ ) —2) "= 0¢
2 ~ cosh\/—zé

Let us treat the regularity of each term.

Step 1. Recall that (for r > 0)

QO)QO) 1) Q) — =D)L
= QUO)(Q() ~ 1) QUO)(Q() ~ =) Q)L RO)Q(0) ~ 1),
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Hence

Q(0)(Q(0) — )~ Pa(f7)(0)

"L foin |

% {QO)(Q(0) - =)~ £(Q(t))|’ti0@(0)(@(0) — D)7 f*(s) } dsdz

+1//‘5 ()"
— c —(s
it )y Jo VT r—=z

d

< {e@o-n"S

QDL QMO)(Q(0) = =D)71f*(5) } dsdz,

Q(0)(Q(0) — )~ Py(f*)(0) = (1) +(IT).
Note that

EIE S ,
o< [ G2 g () ) aeiir teae

z & _ *
<c —||||+< I 5d5) a1 oo am

C
< SlIf leqo,812)5

and we have a similar estimate for (II). Then Py(f*)(0) € Dy(o)(c, +00). It is
clear that the term Ry (f*)(0), (which is more regular than P\(f*)(0) due to the
perturbation), is also in Dyg)(a, +00).

Step 2. We have

B0 = 5 [ V=Es,=(0)

and

Q(O)(Q(O) )" F(9)(0)
V=zsy=(0) —

x{@( )(Q(0) — =)~ ﬁ@(tmio(@(m —21)7'Q(0)p} dz
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0@ =70 = 0+
2 1+1/2
) <o / o s ROl < IR

A similar estimate holds true for (II).
For G (¥)(0), similar estimates give

G)\(QO)(O) S Dq(o)(l/Z7 +OO) C Dq(o)(a, +OO)

since o < 1/2.

Step 3. Regarding F}(¢)(0), before considering the second derivative with re-
spect to t, write

Q) —=0)~"

- (e - + 1500 )Qwp - £

. Q(t)(Q(t; _ ZI)il th( ) 1Q( )
0

(Q g Qe - £ - L 200 Q)
d

QM) — D) ( O - QW+t
NCGEE

+
O
°
AS)

\

N\’—‘

Q(t)_l)Q(O)so

Q) ~ - (Q(1) - 2D £ QW Q).

Now, we apply the second differentiation operator on the resolvent in the previous
presentation. Using Dunford calculus, we find

1 02

i Cﬁ(ﬂ@(@(t) —zI)"lpdz

" 2n / cy=(t 3,52 —zD)7! (Q(O)_l — Q)+ ti@(t)_l>Q(0)gadz

2
2W/ = 1; Q) — 21)" QO)p
- o etz @ =Dt (00 )eo)sd:

- */CFZ (t) 5 (@) ZI)1<;th(t)l>Q(0)gadz
2277/ cy==(t)(Qt) = 20)" 1(5262(75)1)@(0)@2
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1
20w

/ c\/_—z(t)%(Q(t) — 2" todz = SEH(t) + S2(t) + S3(t) + Si(t) + S3(t).

Step 4. Concerning the first term S}(t), observe that
(@0 -t 40 ooy
= (4 == om0y d
—|- [ (o0 - Gew)ewed
t
<c / (t - )21 d€|Q(O)o < CET Q)]

and then, dividing the integral upon v into two parts as in the previous sections, we
get, for instance, on the first part of -,

—t|2z|/? sin 1
[EHGI e (/ g el sin(80/2) — |d2>||Q(0)<P||
Y

Jal> |21

2041 . 20
<Ot e 7 ——5 do | |Q(0)y]|
! (%)
< O PHQ0)el
with a similar estimate on the second part of the curve. Therefore
Si(t) — 0 as t — 0.
On the other hand, it is easy to see that

1 02

o= 5@ - 20| = 0017129,

then S%(t) — 0 as t — 0.

e Regarding the third term S3(t), we use the formula

2
572(@0) — 217! = Q@) — 21 (G300 Qi@ - 1)

=2 - =0~ (U an@w -0 )

and deduce

Ht;;(@(t) L (jtcgu)-l)cg(owu — Ot/ /) [Q(O0)¢l.

which leads to||S3(¢)|| = O(t2*)||Q(0)¢|| — 0 as t — 0.
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e For the fourth term S3(t), note that (in virtue of assumption (8)
d . (d 1
e -0 (Fan )ew|

- e -0 (Lew)] and]
=0(1/|z \2““)”@( )#ll-

Consequently, integrating upon -y, we infer that

1850 = O " H[QO)pl =0 ast—0
since o > 1/4.
e Finally, write

1

530 = o / e /= ()(Q(t) — 21)!

(o) (G,
. / ey=(M((Qt) — 21)™ = (Q(0) — 21)7Y)

< (o0 )

2
5 [ e0@o) -0 (fpen )

2 oy

)Q(O)W

Q0)p dz
t=0

S2(t) = Syt (t) + SP2(t) + S3°(b).

Then, as t — 0, Sg’l(t) and S(‘;”Q(t) tend to zero, while S?’S(t) tends to
d? _
~(gman)

(o)

Summing up, we obtain

Q0)p

t=0

if and only if

due to Lemma 1.2.
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where r5(p, 9%, f*) € Dy, +00) = Doy, +00). This completes the
proof. O

Theorem 2.4. Let ¢ € D(q(0)),v € Dy)(1/2 + €,4+00) and f € C**([0,6]; E).
Then, under the assumptions (6)—(9) and the compatibility condition

2 —1
70 - @O~ T 5 e Dy (0, +0),
t=0

if A > X\*, the function u given in the representation (10) is the unique strict solution
of Problem (2) satisfying the regularity

u’s p()s q(u(-) € CF([0,4); E)
where B = min(2a, 260, 2p + 21 — 1).
Proof. Recall that

u(t) = d(t, Q((t)¢" + n(t, Q((1)Y" +v(t, A1), 7).

It remains to prove that
u’, p()s q(-)u() € C7([0,0); B).
Step 1. Let us treat, for instance, the term ¢(-)u(-). One has

AN = QM) + QAL Ao+ QI AN
57/ / K /=6, 9)QU0)(@0) — =) 7 (f°(5) = (1)) dsd

2m/ e/ =®@Q) — 2D TN () — £7(0) dz + f7(1)
217r/ cy=(t t) — zI)7'(f*(0)) d=
+ %Lcﬁ(t)Q(t)(Q(t) —zI) " tpdz

1 S\/jz(t) .
2ir |, vz QW@ =TTz

Thanks to Da Prato-Grisvard [6], the three first terms are Holderian since the func-
tion g* defined by g*(t) = f*(t) — f*(0) is Holderian and ¢*(0) = 0.
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Step 2. Regarding the terms As(t) and Ag(t), we have

As(t) + Aot gm/ e =()(Q(t) — 2I)~(f*(0)) dz
5 | ev=0RMQR) —=I)” Yodz
2m/ cy=0)(Q(t) — 271 (f7(0)) dz
5= | ev=(0QMQE) = 2D)7HQO0) ™ = Q1) ) Q(0)¢ dz
2177/ cy=)(Qt) — 21)7'Q(0)p dz
2z7r/ cy=)(Qt) — 1)~ (Q(0)p — f*(0)) dz
1

cy=0QM(QE) —21)~HQ0)™! = Q(t)~)Q(0)p dz

= A7(t) + As(?),
so, for 0 <7<t <9,

1

Br(t) = Bolr) = 5= [ e =0QM) - 21) (@) - £(0)) dz

2w J,

2; / e/=(M@Q(F) ~ 21)7 QM) ~ £*(0)) d

= 37 |« 0(@0 ~2D 7~ (@) == )@~ £ O)
s | (=) — e /=(M)@Q) ~ 1) (@) - £*(0)) d

= o [ = 0QW — 1) = Q) — =) )(Q(O) — 7(0)) dz

~y

+ o W<cpz<t>—cpz<f>>
x {(Q(1) = 21)™" = Q(0) — 1)) (Q(0)p — f*(0))} d=

1 _
%ir (cy==(t) — cy=(T))(Q(0) — 2I)~H(Q(0)p — f*(0)) dz
~
A7(t) — A7(T) = (I) + (H) + (IH) .
Step 3. It is sufficient to study the Hélderian property of the term (III). Using
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the fact that

Q(O)g{) + 7"5(@, ¢*7 f*)

t=0

we get
1) = gz [ ey —ey=@) =)
x (Q(0)<p+ (g;czurl)
1
% v

QO)p - f<o>) -

t=0

(cy=2(t) = cy=(T)(Q(0) — 2I) " rs(p,v", f*) dz

(ITT) := (II1), + (TIT), .

But ||(III), || = O(|t—7|*>*),since it has been proved that r5(¢, 1*, f*) € Dy(o)(cx, +00).
On the other hand ||(III), || = O(|t — 7]??) if and only if (see Lemma 1.2)

2 —1
10~ Q) - T e b0, +00). 0
=0

t=

3. A model example

Let Q be an open regular domain of R® with a C*° boundary T'. Denote by Q° the
thin layer
Q ={z=m+tn(m): meTl, te]0,d},

where § > 0 is a parameter destined to tend to 0 and by n(m), the unit normal at
the point m of I outwardly oriented.
Consider the boundary value problem

Av— D=0 inQ°

(P) {V=¥¢ on T’ =T x {0},
%:o onI? =T x {6}.

We associate to the function v defined on Q° the function u defined on I'x]0, 1] by
u(m,t) = v(x).

Let R(m) be the symmetric operator of the tangent plane T, (T') which character-
izes the curvature of I at the point m. For § small enough, the operator I + tR(m)
is an automorphism of the tangent plane T, (I").
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Then we can write

Vo(z) = (I +tR(m)) *Vru(m,t)+ %(m,t)n(m),
_ divp [det(I + tR(m))(I 4 tR(m))2Vru(m,t)]

det(I +tR(m)) ’

Av(z)

where Vr and divr denote respectively the tangential surface gradient operator and
the tangential surface divergence operator on I'.
We have
det(I +tR(m)) = 1 + 2tH(m) + t*G(m),

with
2H(m) = tr R(m), G(m) = det R(m).

Observe that, when ¢ is small enough, det(I +tR(m)) # 0 and there exists a constant
C > 0 such that

V(m,t) € T'x]0,0]  |det(I +tR(m))| = |1+ 2tH (m) + t*G(m)| > C.
Put now E = LP(T") and denote by u the vectorial function u :)0,6[— E defined by
u(t)(m) = u(m,t).
Define the bounded multiplication operator p(t) by
D(p(t)) = LP(T)

(p(t)0)(m) = % det(I + tR(m))

_ 2H(m)+2tG(m)
det(T + tR(m)) V(M)

1+ 2tH(m) + t2G(m)

P(m),

and the unbounded (elliptic) operator ¢(t) by
D(q(t)) = WP(T)

_ divp [det(] + tR(m))(I + tR(m)) "2V (m)]
ae)p)m) = det(l + ¢R(m))

— Ap(m).

Then problem (P) can be written in the following abstract differential boundary
problem:
u”(t) + p(t)u' (t) + q(t)u(t) — Au(t) = 0 on 0, d]
u(0) =¢
u'(0) =0.
All the preceding abstract results apply to this model example as we will prove it
in the forthcoming part II.
Notice that this problem has also been considered by Favini et al. [5], in the
framework of the interpolation space W?(0,d; LP(T')), 6 €]0,1[,p €]1,00], in the case
of constant operator coeflicients.
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