Note on Coupled Linear Systems
Related to Two Soliton Collision
for the Quartic gKdV Equation

Yvan MARTEL and Frank MERLE

Université de Versailles Saint-Quentin-en-Yvelines Université de Cergy-Pontoise
Mathématiques IHES and CNRS, Mathématiques
45, av. des Etats-Unis 2, av. Adolphe Chauvin
78035 Versailles cedex — France 95302 Cergy-Pontoise cedex — France
martel@math.uvsq.fr Frank.Merle@math.u-cergy.fr

Received: June 19, 2007
Accepted: October 29, 2007

ABSTRACT

We consider linear systems related to the description of the collision of two
solitons for the gKdV equation with quartic nonlinearity. The computations
presented in this note are applied in Martel and Merle [10] to prove a result
concerning inelastic (but almost elastic) collision for a nonintegrable equation.

Key words: soliton, collision, gKdV equation.

2000 Mathematics Subject Classification: 35Q53, 35Q51, 35B40.

Introduction

We consider the quartic generalized Korteweg-de Vries (gKdV) equation:
O+ 0, (Pu+u*) =0, x,t€R. (1)

The objective of this note is to solve some linear coupled systems related to the
collision of two solitons for (1) (see also section 2 for the case where the nonlinearity
is u?). Recall that equation (1), unlike the corresponding equations with nonlinearities

u? or u3, is not integrable. In particular, the collision of two solitary waves of (1)
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is not described by explicit 2-soliton solutions. In [10], we have introduced a new
method to understand the collision of two solitary waves of (1) in the special case
where one solitary wave is small with respect to the other. More precisely, denote by
Q@ the unique even solution of

Q>0, Q"+Q'=Q, QeH'[®), ic, Q)= (5(3@> @)
2

2 cosh?

and, for any ¢ > 0, let Q.(z) = ¢3Q(y/cx) be a solution of Q” + Q* = ¢Q.. Then,
for any zo € R, ¢ > 0, the functions

Re o (t,2) = Qc(x — o — i)

are solitary wave solutions of (1), called solitons.
From [7] (see also [8]), there exist solutions w(t,z) of (1) which are asymptotic
N-soliton solutions at ¢ — —oo in the following sense: let N >1,¢; > -+ >cy >0,

and x1,...,xn € R, there exists a unique H' solution U of (1) such that
N
75_lér_nooHU(t) _ZQCJ(' - —cjt)H =0.
j=1 H'(R)

The behavior displayed by these solutions is stable in some sense. Considering
for example the case of two solitons, there exist a large class of solutions such that,
as t ~ —o0,

u(t, r) = Qc, (1—r1—C1t) + Qcy (z—12—Cot) + 1(t, 7),

where ¢; > ¢y and 7(t) is a dispersion term small in the energy space H' with re-
spect to Qc,, Qc, (see [8]). From the Physics point of view, the two solitons Q.,
and Q., have to collide at some time to. In the special case ca < ¢; (or equivalently,
|Qcy <€ |Qey ) and [|[n(0)]| g < ||Qey || 1, for ¢ close to —oo, we have intro-
duced in [10] explicit computations allowing to understand the collision at the main
orders, using a new nonlinear “basis” to write and compute an approximate solution
v(t,x) up to any order of size.

Recall that the problem of collision of two solitons is a classical question in nonlin-
ear wave propagation (see [3,13,14]). In the so-called integrable cases (i.e., when the
nonlinearity in (1) is u? or u?) it is well-known that there exist explicit multi-soliton
solutions, describing the elastic collision of several solitons (see Hirota [4], Lax [5],
Wadati and Toda [12], and the review paper Miura [11]). Note that in experiments, or
numerically for more accurate nonintegrable models (see Craig et al. [2], Li and Sat-
tinger [6], Bona et al. [1], and other references in [10]), this remarkable property is
mainly preserved, i.e., the collision of two solitons is almost elastic; however, a (very
small) residual part is observed after the collision. Equation (1) being not integrable,
explicit N-soliton solutions are not available in this case. The results obtained in [10],
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using Theorem A of the present paper, are the first rigorous results concerning in-
elastic (but almost elastic) collision in a nonintegrable situation. We refer to the
introduction and the references in [10] for a overview on these questions.

The approximate solution v(¢,z) in [10] has the following structure: let kg > 1,
£y >0, and
So={(k,0), 1<k<ko, 0<< (o}

We set

Ye=x+(1—c)t and R.(t,7) = Qc(y.),
y=x— a(yc) and R(ta J)) = Q(y),

where for (ax.¢)k,0eso,

as) = /OS B(s")ds', B(s) = Z ak.o c'Q(s).

(k,£)exo

The form of v(t,x) is

’U(t7 l‘) = Q(y) + Qc(yc) + W(ta $)>
W(t,x) =Y " (QF(ye) Ak (y) + (QF) (o) Bre(y)),

(k,£)€S

where ay ¢, Ak,¢, Bi are to be determined. Let S(t) = dpv + 0,(0%v — v + v?). We
have obtained in [10, Proposition 2.1]:

S(ta) == 37 Qi) (LA +are(3Q —2Q%) = e )r(y)

(k,L)EXo
- Z Q) (ye) ((ﬁBk,z)' + ar,e(3Q") — (BAY , +4Q° Ar ) — Gk,é)(y)
(k,£)eXo
+E(t,2),

where
Lw = —0%w +w — 4Q%w,

E(t, ) is a lower order term and the functions F}, ¢, G ¢ are second member terms in
the sense that they depend only on (aw ¢, Ags ¢, B o), for (', €) such that k' < k,
0 < ¥ or k' <k, ' </ Therefore, to obtain a suitable approximate solution (i.e.,
for which S = &), we want to solve by induction on (k, £) the following systems:

() (LA) + are(3Q —2Q%) = Fiy
’ (LBre) + are(3Q") — 3A} y — 4Q* Ay = Gy
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We have proved in [10] that for a certain structure of Fj ¢, Gy ¢, one could always
solve the system (2), see [10, Propositions 2.2 and 2.3].

Using this approximate solution v, and analysis arguments (allowing to relate v(t)
to solutions u(t) of (1)), we have proved the following result in [10, Theorem 1].

Non existence of a pure 2-soliton [10]. Let ¢ > 0. There exists €y > 0 such that,
if ¢ < €y, then there exists no pure 2-soliton solution with speeds 1 and c. More
precisely, let u(t) be the unique H' solution of (1) such that

JJim [Ju(t) = Q( — 1) — Qul- — et) [ = 0.

Then, there exist o, x5, ¢f > c§ >0, and K > 0 such that

wt(te) = u(t,a) - Qui (x — & — ¢ft) — Qus (¢ — af — c51)

satisfies
im0 o) = O
%c%gcf—ngc%, %%Sl :<Kc% (3)
Fe < 0wt (O)]pe + Verelwt @l < Ke, for t lage.  (4)

The lower bound in (4) gives the minimal distance of u(t) to a two soliton solution
after the collision. It is thus a qualitative version of the nonexistence of pure 2-soliton
solution. Estimate (3) means that the speed of faster soliton is increased and the
speed of the smaller one is decreased due to the collision.

For the proof of this result in [10], we needed in particular the resolution of (£ o)
and the value of by g = limy 4o Bao(x) in (Q2,0). Let Y be the set of functions
f € C*(R) such that

VjeN, 3K;,r; >0, VzeR, |fO)]<K;1+|z)7e e

The first system (£ 9) has been solved in [10, Proposition 2.3 and Lemma 3.1]. We
recall

(Q10) LA+ a1,0(3Q — 2Q%) = 4Q?
N (LB1o) + a10(3Q") — 3AY o — AQPA; o = 4QP.

We found a solution (a1,0, A1,0, B1,0) of (£210) such that A; o is even, By o is odd, and

Al fo Q2 72@ +2j'f§2( % 7%‘%@/)63)7

B1,0:§10+b10(_%) Bip€ ), (5)
2

a0 = — ffgz 0, blO* hm Bio=— /Q3 fQ) <0.
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(Note that by explicit computations limioo(—%) = +1.) The interpretation of the
resolution of the first system is the following: a ¢ is related to the shift on the first
soliton due to the collision and b, ¢ is related to the shift on the second soliton. In
particular, in contrast with the cases of the nonlinearities u? and w3, the shifts on Q
and Q. are both negative, see [10, Remark 2]. Note that the explicit computation
of Bi g is possible but it is not required in [10].

For the system (€22,0), which writes as follows (see [10, Proposition 2.1]):

(LA20) 4 a2,0(3Q —2Q*) = (6Q*(1 + A1 9)?)
—a1,0(4Q° + 347, +4Q% A1 0) + 3a1 ,QW),

(©20) (LB2,0) + 3a2,0Q" — 345, — 4Q% Az
=6Q*(14 A1,0)” + (6Q°B1o(1+ A1)’
— 2a10(941 ¢ + 3B7 +4Q*B1,0) + 347 ,Q",

we claim the following, which is the main result of this note.

Theorem A. Let (a1, A1,0,B1,0) satisfy (1,0) and (5). Then, there exists a solu-
tion (a2,0, A2,0, B2.o) of (Q2,0) such that As o is even, By is odd, and

Asp €Y, Boog=DBag+ bz,o(—%), Bag €,

3
bm:hmb:_l/Q2_3(IQ)(IQ3) VA N
’ +oo 7 18 4 | Q? 18 (f Q2)2
The fact that by ¢ # 0 is fundamental in the proof of [10, Theorem 1]. Note that
the explicit computation of by ¢ in this note does not require the complete resolution
of the system (Q2,0). A main difficulty in solving systems (€2 ¢) is to find explicit
antecedents by the operator £. In the proof of Theorem A, we use the resolution
of (Q10), bao = limyo Bap = limy o £Bo and the self-adjointness of £ to avoid
computing as g, As2,0, and By . The structure of operator £ is described in Lemma 1.1
in section 1.
Formally, the fact that by ¢ # 0 means that for ¢t =T, = c_%_ﬁ, (i.e., long after
the collision time ¢ = 0), we have

0(Te, ) = Q(Y) ~ Qe(ye) — b1,0Q0(ye) — b2.0(Q2) (ye)
~ Qc(ye — b1,0> - 52,0(Q§)/(yc)~

Thus, v(T.) does not match a two soliton solution because of the nonzero term
b2.0(Q%) (y.) (for details, see proof of [10, Proposition 3.1]). Let u(¢, ) be the asymp-
totic 2-soliton solution at —oo, with speeds 1, ¢. Then, it follows from the analysis
in [10] that the size of (b2 0Q?)’ measures the distance of u(t,x) from a pure two soli-
ton solution after the collision (some analysis arguments are required in addition to
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deal with the asymptotics in large time, see [9]). Recall that this is the first rigorous
description of inelastic collision of two solitons.

The plan of this note is as follows. In section 1, we prove Theorem A. In section 2,
we present some similar computations for the case u? in equation (1), used in [10].
The appendix contains the proof of some technical results.

1. Proof of Theorem A

We first recall the following elementary properties of the operator £ (see Lemma 2.2
n [10]).
Lemma 1.1 (Properties of £, [10]). The operator L defined in L*(R) by
Lf=—f"+f-4Q°f
is self-adjoint and satisfies the following properties:
(i) First eigenfunction: LQ3 = —24—1(02%.
(ii) Second eigenfunction: LQ' = 0; the kernel of L is {\Q',\ € R}.

(iii) For any function h € L*(R) orthogonal to Q' for the L? scalar product, there ex-
ists a unique function f € H?(R) orthogonal to Q' such that Lf = h; moreover,
if h is even (respectively, odd), then f is even (respectively, odd).

(iv) Suppose that f € H*(R) is such that Lf € Y, then f € Y.

Proof of Theorem A. The existence part, with the required structure on Az, B2,
was proved in [10, Proposition 2.3]. In this proof, for the sake of simplicity, we denote

aro0=a1, Aio=4A1, Bio=DB1, ao=as, Aso=As, Byo=DBs.
From [10, Proposition 2.1], system (€2) writes
(LA5) +a2(3Q —2Q") = (6Q%*(1 + A;)?)
—a1(4Q° + 347 +4Q% A1) + 3a2QW

(@2) 0 (LB,) +302Q" — 345—4Q° A,
=6Q%*(1+ A1)? + (6Q*B1 (1 + Ay))
— 1a1(94] + 3B +4Q°By) + 243Q",

where (a1, A1, By) satisfy (21) and (5). Recall also the following functions used in
the resolution of the system (£21) in [10, Lemma 3.1]:
Vo =—5Q— 32Q', LV =3Q-2Q",
Vi= (@ @) -2@°). £vi=4¢?,

Zy=3Q" +3Vy' +4Q°Vy, Zy = 3V{' +4Q°Vi +4Q°.
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We now claim
2b2 = —a (6/@2(1 + A1)2‘/0 — a /(£31>/V0 — %al /AlQN + gaf/Q”Q

+;/A1(£B1)’> +6/Q2(1+A1)2(1+V1) —al/(ﬁBl)'Vb (6)

Proof of (6). Denote by V5 the (even) solution of
LV =6Q*(1+ A1)? — a1(4Q° 4 3AY + 4Q% A1) + 3a7Q".

Then, Ay = V5 — asVj is solution of the first line of the system (Q3). Moreover, since
(EBl)/ = 4Q3 — 3CL1QH + 3A,1/ + 4Q3A1,

;C‘/Q = 6Q2(1 + A1)2 — al(ﬁBl)’. (7)
Recall from [10, Proposition 2.3] that the functions As, B2 have the following

structure: Ay € Yiseven and By = §2+b2g0 is odd, where By € Y and lim o p==1,
ey (p= —%, see [10, Claim 2.1]). Thus,
2b2 = lim BQ)() — lim BQ,Q = lim EBQ,Q — lim ,CBQ)O = /(EBQ)/
“+o0 —0o0 +oo —00
Therefore, from the second line of (€23), and then by (7), we obtain
2= [ QPaa+6 [ @A)t =1[QVamtar [ Qoo [ Q2+ A
= /(Cvz)vl - 4a2/Q3VO +6/Q2(1 + Ap)?
= 6/@2(1 + A1)2(1 + Vl) —a /(ﬁBl)/‘/l - 4a2/Q3VO.

Since Vo = —3Q — 32Q" and [Q* = [ Q, we have

i f@v=g [Qtro [a@er= ¢ [o=pu [ @

2by = (112/622)&1&2 +6/Q2(1+A1)2(1+V1) —al/(ﬁBl)’Vl. (8)

Now, we determine as from the equation of By, where we have replaced
Ay =Va —axVy,

Thus,

9 3
(LB2) + asZy = 3Vy' +4Q3Va + 6Q*(1 + Ay)? — §a1A’1' + ian”

1
- 5al(:’)B;’ +4Q%By) +6(Q*(1+ A)By)'.
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Multiplying by @, integrating, and using £Q’ = 0 and

/%Q———/QQ (9)

(see proof of (9) at the end of appendix A), we obtain

“u( /@)
:/(3‘/2”+4Q3V2)Q+6/Q3(1+A1)2 -2 /A”Q+ /Q”Q
+ / [2a1(3BY +4Q°B;) — 6Q*B1 — 6Q%*A1B1| Q'
:/V2(3Q”+4Q4)+6/Q3(1+A1)2— ) /A”Q+ /Q”Q
+ / [2a1(3Q" +4Q°Q") — 6Q°Q" — 6Q*A,Q'] By.

On the one hand,
3Q" +4Q' =3Q+ Q' =L(Vo - Q)

since £Q = —3Q*. On the other hand, since £LA; = 4Q3 — a;(3Q" + Q%),

1a1(3Q" +4Q°Q") — 6Q°Q" — 6Q%A1Q" = —3(LA)) — 1 A,(4Q%)
$((LA) +4(Q%) Ay) = —3L(A)).

Thus, by (7), since LQ' =0,

(/Q) /zvg)(vo— +6/Q31+A)
m/4@+ /Q@+ /mﬁa

_6/622 1+ 4)) Vo—al/(£B1) Vo - Q)

- 5o [aiQ+jat Qe+ [aeny

:6/Q2(1+A1) Vo - ar /(EBl)’VO

m/yn+ /QQ+ /mz&

By inserting this value of ay into (8), we obtain (6).
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As Ay = Vi — a1V and then (LB;) = 4Q3 — 3a1Q" + 3AY] + 4Q3A;, we obtain
2 3 3 ’ 9 2 " 3 3 "
20 =6 | Q (1 + Al) - §a1 Al(ﬁBl) + 5601 AQ" — §a1 Q'Q
3
= 6/@2(1 +41)° - Sa /A1(4Q3 —3a1Q" + 3AY +4Q° Ay)
+oat [ae - et [ Qo
2 2
3

- 6/@2(1 +A))3 - o1 /A1(4Q3 —6a,Q" + 3AY +4Q3A,) — gaff/Q“Q.

Since
LA +a1(3Q —2Q") = —AY + A} —4Q%A; 4 3a1Q — 20, Q* = 4Q?,
we deduce
4Q? — 6a1Q" + 3AY +4Q3A; = —8Q3(1 + A1) + 3(A1 + a1Q),
and so

3 3
2by = 6/Q2(1 + Ap)° + J0 /A1 (8Q*(1+ A1) = 3(A1 + Q) — 5“%/@”@-
We use again A; = V; — a1V and we sort terms by increasing powers of a;. We get

2by = 6/Q2(1 + Vi —a1Vp)? + 1244 /(Vl — a1 Vp)Q*(1 4+ Vi — a1 Vo)

9 3 .
- o[- a4V +@) - Jat [ Q'@
= po + a1 + ajpe + alps,

where
Ho = 6/Q2(1 +W)?,
= 48/@2(1 VL)V + 12/1/1(1 QP — g/Vf,
i =18 [ QA VVE — 12 [ Va4 21)Q° + 3 [t - Q)

p=-6 [ @iz [Qi -3 [vi+] [va-3 [@e

We claim the following values for pg, p1, po, and us.
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LEMMA 1.2.

_ 1 2 _3 3 _ 1 2
Mo = 9/Q7 M1—4/Q7 M2—24/Q7 H3 = 144/Q

Assuming Lemma 1.2, and using a; = =2 Q/ [ @2, we obtain

, 30U 1 (e’
=5 [0 (@)

This completes the proof of Theorem A provided we prove Lemma 1.2. O

Proof of Lemma 1.2. The main ingredient is Lemma A.1 (see appendix).

e Computation of pug.

uo:6/Q2+18/Q2V1+18/Q2V12+6/Q2V13.

By Lemma A.1,
18 / QVi =6 / Q*(Q'(JF @2) —20°)
:_2/Q5_12/Q5:-14/Q5=—20/Q2,
18/Q2V12:2/Q2 (@' (Jy @%) —2@Q%)”
*2/622 2(Jy Q%) /QQIOQ2+8/QS
_2/Q4foQ2 /Q7foQ2 28/Q8
and
ofave=5 [ e ey
5 @@ e -5 [@@ris e’
vy f@els QQ)——/Q”
/Q4 (7 @’ 45/Q7 s @' =3 [ @U@’
b eetren’ -3 [aen

56
*B/Cf fo Q2 JF%/QIO(IO QQ)Q*H/QH~
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By Lemma A.1, [ Q" ([ Q2)2 =32 [Q7([y Qz) o= [ Q' Thus,

6/Q2v13=—3/c27 Jre - [en
5 [l @
Therefore,
s [@vies [@vi—z [QUr e’ - [@Ur @)+ [ e
By Lemma A.1, [ Q7([ Q%)° = 20 [Q*(fF @) — & [ Q5 and so

18/@21/3+6/Q2V13:%/Q8.
M0=—14/Q2+%/Q8=—%/Q2,

since, by Lemma A.1, [Q® =22 [Q° = 259 [ Q>

Finally,

e Computation of .
p = —18/@2(1+V1)2Vo+12/Q3V1(1+V1) - g/vf.
First,
—18/@2 (14 V1)*Vy = —18Q° 0—36/Q2V1 0—18/Q2V1 Vo.
We use that Vy = —3Q — 32Q":
—18Q%V, = 6/@3 +27/xQ’Q2 = —3/@37
~36 [ Qiva=1 [ Q5 @) - 209)(@ + $+@)

4 [@Q U @) 18 [ @@y @)

—8/@6—36/95@@5

_ 73/Q6+ 18/xQ4(f0 Q?) - /xcf(fo Q%),
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and
-1 [ Qviva= 3 [ @@ @) - 20°)° @+ §2Q)
=3 [ @+ g0
< (@ @) - 2(Jy @) - 4Q°Q (Jy @) +4@°)
s [ewer-g [elren -5 [t e
/Q9+3/xQQ4(f0 @) - [+@Q (7 @’
— 12/:5@7([0 Q%) + /leo(fO Q?) +12/xQ Q8
-5 @U@’ 60/638]0@2 +2 e
-5 [e@ U@+ 3 [0 @),
Summing up
—18/Q21+v1 :—3/@3 /Q6 /Q9+18/xQ4(f0wQ2)
-2 [a@ U @)+ 5 [ e@ U @)
/cf’ fE @2 /QS @)

By Lemma A.1,

/anw(fo Q?) = /m@(fo ) -9 17/629

thus

*18/Q2(1+V1)2V0:*3/Q3*3/Q6+§/Q9+%5/Q5(IOIQ2)2
g0 [ @U@ s [ 20! (17 @)
99 z
10 xQ7(f0 Q2)'

From Lemma A.1,

[rarUren =3 [w@' e - i [ @
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so that
4 x
_18/Q2(1+V1)2Vb:_3/Q3_§/Q6+§/Q9+%5/Q5(f0 Q2)2
7 P
5 [@Ur e’
and

12/1/1(1+V1)Q3 = 12/1/16234—12/1/12@3
1 [@ (@) -2090°
3 @U@ -3 @) -4 @(; @) + 40
= —9/626 128/Q9 /Q5(f0w Q2)2

8
_E/QSIQQQ'

Therefore,
718/Q2 1+W) Vo+12/Vl (14+W)Q :—3/@3 81/Q6
156/Q9 /Q° fOIQg)z
_ @/QS fo Q2)2.
We use that 10
CUer=-5 [CUe) -5 [
Thus,

—18/@2 +V1)V0+12/V11+V1 :_3/Q3 81/Q6 15/Q9

5
o5 [ @U@’

—s QT @
o [ @U@

since [ Q% =2 [Q° (Lemma A.1).
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5 Vi @)ty
:_,/Q2foQ2 /Q5f0Q2 +2/QQ3IOQ2
—5 [@Ue [euren -] e

Summing up, we get

m=-s [@r T [ -5 [eUren s 55 [ @U@

[euey =2 [emer-34 e

and [ Q% =2 [Q?, by Lemma A.1, so that

MlZ%/Qg-

e  Computation of yis.
u2—18/Q 1+V1)V0—12/Q3V01+2V1 /Vlzvo—

First,
18 [ Qv =5 [ Qe+ QU @) - 20%)(@Q+ §2Q)°

=2 [+ 9:0°0 + 32t - Q)

x (3+Q'(fy @°) —2Q%)
:2/@4—1—18/35623@'4-%/:52@4
e featian
6 [aQ7 (7 @) - 5[4 (5 @)

2/@6

e [foee) -5 [

712/:@ Q' 727/x2Q7+E/x2Q10.
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Thus,

18/@21+V1 :—7/Q4 _7+12 /Q7 81/2Q4 @/xzd

17-27

F [ rgnad [t -3 [

/szm 7/ rQT - 17/627
so that

20 5
27 _ 20 244 O 4
/foH/xQ 22/62,
459

10 2Q7 174027/$2Q10 _ / 2Q4 /Q4 /Q?

Therefore,

18/Q (I+W)Vg =— /Q4 /Q7

/ wQ3 ([ Q?) — / Q% (fiy @),

But (Lemma A.1)

and

“12 [+ 2)Q° =1 [(@+ @101+ 3Q (] @) - $@°)
:4/(Q4+2xQ’Q3 +§/Q4 Q' (Jy @%)
vi2 [o@ (@) - % [s (@) -3 [@
—m/ﬁwq
:_1/Q4_%/Q7+12/xQ5(f0zQ2)
-2 [ -5 @
Thus,

18/Q2(1+V1)V02 — 12/1/0(1+2V1)Q3
33 265 63 117
— e [@ T [ertren - et @)
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But, by Lemma A.1,

[a@¥(an =3 [«(ran -5 [@
and so
18/Q2(1+V1)V02 - 12/1/0(1+2V1)Q3
o[-y [are g [« U @),
As [Q7T =2 [Q*, we get
18/@2 1+ W)VE - 12/V0(1+2V1 = 109/Q4 /xQ" fy @%)

and

2 2

—-5 [euUr@) -3 [« Ui @) + 5 [«@7 (5 @)

+5/Q4+9/xQQ

i far - e L [ e

g/1/1(21/0762) = 71/(Q’(f§’Q2) 2Q°)(5Q + 92Q")

Finally,
—n [ar i [s@Uren -3 [t @)

But, by Lemma A.1,
63

@ (@) =3 [ ) -3 [a

Gy

Thus

e Computation of yis.
== [ @iz [ -3 [ve+] [vie-3 [ae
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First,
~o f@rvg iz [ @ =6 [vi(-vo+20)
2
— 5 [@+ 3:02Q10 + @)
_ 2 2 / E 212 E 215
—9/(Q +9xQQ—|—4xQ 109&@)
9
x (1Q° + —xQZQ’)
14
/QS /QSQ4Q'+14/IQ4QI+9/$2Q5
81
208 4 25 , °1 3,4/
el LA i e
63/ 2Q8 7/‘%3@7@/

/Q5 567 m2Q5_%/x2QS.
/2Q8 7/ 22Q° — 13/Q5

_6/Q2%3+12/Q3‘/02 _ ;g(g)/QS 243-/1'2Q5

3 [Vl @) = =5 [(@+ 320160+ 32)

But, by Lemma A.1,

and so

Second,

/(4Q2+ xQQ +18 QQ“F 2Q2 81 2 5)

:§/Q2—8§1/x2Q2+%/x2Q5.

Thus,
/Qz ;gg/ o 881/ 2202 + 567/x2Q5.
but 215 10 22 5 2 5 10 2
/xQ:7/xQ7/Q ad [Q7 =3 [ @

so that

2
Hs = 144/Q =
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2. Resolution of systems (€2,0) and (€24,) for p =2

In this section, we consider the equation
O+ 0,(Pu+u?) =0, x,tcR.

The problem is similar, except that there exist explicit multi-solitons which describe
the collision of several solitons. Our objective in [10] was to point out that at the main
orders our decomposition corresponds to the explicit 2-soliton solution. In doing so, we
needed to compute the solutions of (Q1 ), (21,1) and (Q20) (for the nonlinearity u?,
the system (€1 1) appears at the same order of size as (22,0)). Note that the same
could be done for u3.

In the case u?

7

Q(x) = gcosh_l(%) solves Q"+ Q = Q%

We recall from [10, Lemma 3.1] that the resolution of (4 o) gives

p 4 Q'
= Aijg=—= Biyg=2—.
30 Ao SQ’ 1,0 0
We now solve (£229) and (€4,1).

Proposition 2.1 (Resolution of (Q2) and (1) for p = 2).

4 2 4 2 1 4
= —_—— = - A = —2 - A = 2— - —_—— / b = 1. B = -
az,0 g’ @1 =73, 420 +3@ A 3@ 37Q, bpo=limByg =g

a1o =

for solutions to systems (Q2,0) and (Q11).
From [10, Corollary 3.1], there are several solutions. Indeed, in general, if
(ak,g,Ahg, Bkj) is solution of (Qk,g), then for any ('yk,g,éu) S Rz,
(@k,e 4 Yre@1,0, Ag,e + Vie(1+ A10), Bre + Ve Bro + 0k,0Q") (10)

is also solution, which gives two degrees of freedom at each step. The choice of the
solution above is related to the exact 2-soliton solutions.

Proof of Proposition 2.1.
o System (Qa,).
From [10, Proposition 2.1],

(LA20) + a2,0(3Q —2Q%) = (—A10+ AT )" — (3BT, +2QBi )
—a1,0(Q + 347y + 2QA10) + 3a] (Q,
(LBa) 4 3a2,0Q" — 345, —2QAz
= Ao+ A?,o +(=2B1 0+ A1,0B10)
— 5a1,0(947 o + 3By +2QBi,0)’ + %a%,o "
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Replacing A; o and Bj g, the first line of the system becomes

(LAz0) = (3Q + £Q%) — (—2Q" +4Q'QQ’)
_ %(Q _ 4Q” _ %QQ)/ + %Q(i&) _ a2’0(3Q o 2@2)/
= (3Q - Q% — a20(3Q — 2%))".

We choose 72,9 = —2 in (10), so that we consider Aj ¢ solution of

LAz0=5Q — $Q% — a2,0(3Q — 2Q%) —
Consider the function V5 defined by
16 2
V2:_2+§Q+§$Q/7 LV, =5Q - 5Q° -2
Then, Az ¢ = Vo — a0V, where in this case Vy = —Q — %xQ' solves LV = 3Q —2Q2.

Inserting the expressions of aj,0, A1,0, B1,o, and Ay into the second line of (05 )
and after some calculations, we obtain the following equation for By o:

(LBZO) + ag OZO = 3 + 2QV2 + Q + Q2

where Zy = 3Q" + 3V§' + 2QVh. The value of as o is thus given by

a2,O/ZOQ:/Z2Qa

where Z; = 3V3' +2QVa + 2Q + §Q2. Recall that [ Z,Q = —2 [ Q? [10, Claim 2.3].

We claim )
[z0-5 [ (11)
Proof of (11).

[ 20— [vaerv20h 5 [@ 45 [
/m —2Q - 34Q) + /Q2 /Q3
- [Ga-t@-2ea+ )4y [@ g [

Jasfe ot -

4 4
as o — 7§ and A270 = 72 =+ gQ

s

Thus,
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Finally, we compute bao. As in section 1, we have 2byg = [(L£LBs)’. Thus, since

[Q=6, [QVo=—1[Q,and [V2Q = -3 [ Q, we obtain
25270=—2a2,0/V0Q+2/V2Q+§/Q+g/Q2:%/QZ%

o System (1.1).
The system (€2 1) writes

(ACALl)/ + a171(3Q — 2Q2)/ = 3A/170 + 3B£’70 +2@QB o
(ﬁBlyl)/ + 3(11,1Q// — 3A/1I71 — 2QA1,1 = 33170.

Replacing A, o and By by their respective expressions, the first line of the system
becomes

(LA11) = —2Q" —a11(3Q — 2Q?)".
We choose 7,1 = 2, so that

£A1’1 =2 2Q — a1,1(3Q — 2@2) and Al,l =2 2Q — .%'Ql — al’l‘/b.
Thus, the second line of the system becomes

(EBl,l)/ + CL17120 == 72@ + 3(72@ - Z‘Ql)” + 2@(2 - 2Q — IQ/),

wa [2Q=-3 [@*+5 [@ =] [e=- [e

Since [ ZoQ = —2 [ Q, we deduce a;,; = 2 and so A1 =2 — 2Q — 12Q". O

and so

Appendix: Identities for solutions of (2)
Lemma A.1. Let Q be defined in (2). For any r > 1,
r _ or r
fomsits fa
” z 2 or o 2 10 .
JorG =55 [OE ) Gy [ 0

s x - or rrT . 10(7‘+ 1) r
/.’EQ +3f0 Q2 - 2T+3/xQ fo Q2 (2T+3)T(7‘+2) /Q +2; (14)

re3 T - 10 .
[#er-5n ] 1
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Proof. To prove this lemma, we only use

2 4
~Q°.

Q'=Q-Q" and (Q)?=Q'-;

Proof of (12). By integration by parts,

Jor= o= [e@-a= [ore-n [@re
/Qr B 7/62“’3

27«;3/QT+3:T/QT' i

Proof of (13). By similar arguments,
/Qrw% Q2)’ /Qr QY (Jr Q%) /Q'“ HQ-Q"(J5 @)
= [otre +o-n [@re ey
2 fanage
- feer-E fergrey- 2 o

Thus,

Thus,
2r+3
T fanper=r [otren - 5 [ar .
Proof of (14).
[e i@ = [saQ @ = [« i@y @
— /mQrfox Q2 + (T _ 1)/w(Q/>2Qr—2fox QQ + /QT—IQ/]‘OSU QQ
+/er+1Q/

/ Qrfo Q2 / QrJrSfO Q2 (; r—]"—2)/Qr+2.

Thus,
2r —|— 3

/ Qr+3f Qz_r/erfo Q2 -
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Proof of (15).
[ear= [ @-a)= [fe+o-1 [#@re
+2/xQT—1Q’
[ 2D g o
Thus, 2T;3/x2QT+3:T/x2QT_g/QT. 0
-

Proof of (9). This is [10, Claim 2.3]. We repeat it here for convenience.
We compute [ ZoQ, where Zy = 3Q" + 3V§' +4Q3*V,. By Q" = Q — Q*, we get:

[ze=[ee sy +@n)e=s [@ -3 [@+ [vhee"+ 10

zg/QLs/Qu/vo(sQW‘*)-

We compute the last term, integrating by parts:
. 5 1
[vee+e) == [Ge+t@)eer) =7 [@ -5 [

Finally, using Lemma A.1,

/ZOQ:%/Q2—%/Q5:_T12/Q2. -
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