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ABSTRACT

In a recent paper Douglas and Zhou aim for explicit examples of string theory
compactifications that have a different number of generations and can be con-
nected. For this purpose, they provide a list of bundles on a quintic Calabi-Yau
threefold. They need to show that (at least some of) these bundles are semistable
and leave this as an open question. In this paper we prove the semistability of
most of the bundles in the list, thus completing the result of Douglas and Zhou.
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Introduction

The study of stable vector bundles on Calabi-Yau threefolds has many applications to
physics. In [3] Douglas and Zhou study string theory compactification and illustrate
the chirality change with different examples. In particular, in [3, section 3] they
consider heterotic string theory with gauge group E8 ×E8 compactified on a simply-
connected compact Calabi-Yau manifoldM . They are interested in showing that there
exist compactifications on the same Calabi-Yau with different number of generations
which can be connected. For this purpose they need to find examples of semistable
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holomorphic vector bundles on the Calabi-Yau, whose Chern classes differ only in c3.
The semistability condition is required in order to get supersymmetric vacua.

In [3, section 3.3] Douglas and Zhou provide a list of bundles V (of rank 3 ≤ r ≤ 8)
on a quintic Calabi-Yau M ⊂ P4, which satisfy the following conditions:

c1(V ) = 0, c2(V ) = c2(TM), c3 arbitrary.

We recall this list in table 1 below. Then they need to show that these bundles
are semistable. In [3, appendix A] the authors consider one interesting example
(V8 in table 1 below), checking the stability with respect to subsheaves that have a
similar monad description. Nevertheless they do not give a complete proof even in
this case, leaving open the question of semistability.

In this paper we give a proof of the semistability for most of the bundles in the list
of Douglas and Zhou. In this way we complete the result of [3]. The precise statement
of our result is given in Theorem 2.1 below. In order to prove the semistability, we
use different methods in the following three cases: when the rank of the bundle is 4,
when it is 3 and when it is greater than 4.

More precisely in Proposition 3.1 we show the semistability of the bundles with
rank 4 on a general smooth quintic in P4. The proof is based on computations on P4

and on Flenner’s theorem. In Proposition 3.3 we prove that all the sheaves with
rank 3 in the table, when restricted to a general smooth quintic hypersurface in P4,
are stable bundles. In this case we make computations directly on the threefold, to
work with locally free sheaves.

For bundles of rank greater than 4 we cannot apply the same argument, but we are
able to solve the problem in some cases by using known results on bundles on P2. In
Proposition 3.4 we prove the semistability of a general bundle with certain resolution
on a general smooth quintic in P4. We obtain this result by restricting to a general
plane and by using the Drézet-Le Potier criterion for the existence of a stable bundle
on P2. From this argument we deduce the semistability of our bundles when the
resolution is general in P2 (that is for bundles V10, V12, V14, V16 in table 1).

1. Preliminaries

Here we collect some useful results on vector bundles on projective varieties. For
general references see, e.g., [7] or [9].

Let Pn denote the complex projective space of dimension n. Let X be a complex
projective manifold with Pic(X) ∼= Z. Given a sheaf E on X we denote its slope by
µ(E) = c1(E)

rk(E) . A bundle V on X is called normalized if c1(V ) ∈ {−r + 1, . . . ,−1, 0},
i.e., if −1 < µ(V ) ≤ 0. We denote by Vnorm the unique twist of V which is normalized.

A holomorphic vector bundle V on X is called stable if for any coherent subsheaf S
of V with 0 < rk(S) < rk(V ) we have µ(S) < µ(V ), and semistable if for any coherent
subsheaf S we have µ(S) ≤ µ(V ). This notion of semistability is also called slope-
semistability.
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A well known criterion for stability of bundles is the following. Notice that this is
not a necessary condition and that the assumption Pic(X) ∼= Z cannot be omitted.

Proposition 1.1. Let V be a vector bundle on a projective manifold X with
Pic(X) ∼= Z. If H0(X, (

∧q
V )norm) = 0 for any 1 ≤ q ≤ rk(V )− 1, then V is stable.

We will use the following technical fact. For more details see, e.g., [5, appendix 2].

Remark 1.2. Any exact sequence of vector bundles

0 −→ A −→ B −→ C −→ 0

induces the following exact sequence for any q ≥ 1:

0 −→ SqA −→ Sq−1A⊗B −→ · · · −→ A⊗
q−1∧

B −→
q∧
B −→

q∧
C −→ 0.

We state Flenner’s theorem in the particular case of hypersurfaces in Pn. See [7,
Theorem 7.1.1] for a more general result and a proof.

Theorem 1.3 (Flenner). Assume(
d+ n

d

)
− d− 1 > dmax

{r2 − 1
4

, 1
}
.

If E is a semistable sheaf of rank r on Pn, then the restriction E|X to a general
smooth hypersurface X of degree d in Pn is semistable.

Another well known result is the following. For more details see [1, chapter 2].

Proposition 1.4. Let φ : E → F be a morphism of vector bundles on a projective
variety of dimension N , with e = rk(E), f = rk(F ) and e ≤ f . If E∗⊗F is globally
generated and f − e+ 1 > N , then for a general φ ∈ Hom(E,F ) the sheaf Coker(φ)
is locally free, i.e., is a vector bundle.

The following criterion is a particular case (for c1 = 0) of the Drézet-Le Potier
theorem (see [4, Theorem C]).

Theorem 1.5 (Drézet-Le Potier). Given r, c ∈ Z such that

c ≥ r > 0,

there exists a stable bundle on P2 with rank r and Chern classes c1 = 0 and c2 = c.

Let MP2(r, c1, c2) denote the moduli space of semistable sheaves on P2 of rank r
and Chern classes c1, c2. It is known that MP2(r, c1, c2) is irreducible, and moreover
the following result holds (see [2, 6]).
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Proposition 1.6. A general bundle in the space MP2(r, c1, c2) has resolution either
of the form

0 −→ OP2(k − 2)a ⊕OP2(k − 1)b −→ OP2(k)c −→ V −→ 0, (1)

or

0 −→ OP2(k − 2)d −→ OP2(k − 1)e ⊕OP2(k)f −→ V −→ 0, (2)

for some k ∈ Z, a, b ≥ 0, and c > 0, or d, e ≥ 0 and f > 0.

Remark 1.7. It is easy to see that given any triple (r, c1, c2), there exists a unique
triple either (a, b, c), or (d, e, f) such that a bundle V with resolution either (1), or (2)
has rank r and Chern classes c1, c2.

Remark 1.8. Recall that the subset of stable bundles in the space of bundles with fixed
resolution either (1), or (2) is open. This implies that if there exists a stable bundle in
the moduli space MP2(r, c1, c2), then a general bundle with the corresponding general
resolution is stable.

Finally we recall that by a well known Maruyama’s result (see [8]) stability and
semistability are open properties.

2. Bundles on the quintic

In [3, section 3] the authors perform an explicit search of bundles on a quintic Calabi-
Yau M ⊂ P4, whose invariants satisfy suitable conditions. Here we recall briefly the
construction of such bundles.

Let mj for j = 1, . . . ,m and ni for i = 1, . . . ,m+ r be integers such that mj ≥ ni
for any i, j. Consider a general map

φ :
r+m⊕
i=1

OP4(ni) −→
m⊕
j=1

OP4(mj),

which can be represented by a m × (r + m) matrix of homogeneous polynomials Qji
of degree mj − ni. Denoting by V the sheaf ker(φ) we obtain the following exact
sequence on P4:

0 −→ V −→
r+m⊕
i=1

OP4(ni)
φ−→

m⊕
j=1

OP4(mj). (3)

Notice that if r ≥ 4 then the general map φ is surjective and V is locally free on
P4, by Proposition 1.4. This is not true in the case r = 3. Indeed it is easy to check
that, for a general choice of ni and mj , we have c4(V ) 6= 0 and this implies that the
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Table 1

rank (ni) (mj)
V1 3 (22222222) (33334)
V2 3 (122222) (344)
V3 3 (112233) (444)
V4 3 (11222) (35)
V5 3 (11133) (45)
V6 4 (1122222222) (333333)
V7 4 (11122222) (3334)
V8 4 (111122) (44)
V9 4 (11111) (5)
V10 5 (1111122222) (33333)
V11 5 (11111122) (334)
V12 6 (1111111122) (3333)
V13 6 (111111111) (234)
V14 7 (11111111111) (2333)
V15 7 (111111111111) (22224)
V16 8 (11111111111111) (222233)

rank 3 sheaf V is not locally free. On the other hand, if r = 3, given a general quintic
threefold M in P4, we have that the restriction of the general map φ to M

φ|M :
r+m⊕
i=1

OM (ni) −→
m⊕
j=1

OM (mj)

is surjective and the restriction of V to M is locally free, by Proposition 1.4.
Imposing that c1(V ) = 0 and c2(V ) = c2(TM) = 10, one can easily list the

possible values of ni and mj . In table 1 we recall the list provided in [3]. Observe
that the third Chern class is not fixed.

For 1 ≤ k ≤ 16, we say that V is a general sheaf of type Vk if it fits in the exact
sequence (3) for a general φ and for the corresponding values of ni and mj in the
table.

In their paper Douglas and Zhou are interested in proving the (semi)stability of
the restriction of sheaves of type Vk to a general quintic M in P4. Here we state our
result, and we prove it in the following section.

Theorem 2.1. Let V be a general sheaf of type Vk.

• If k ∈ {1, . . . , 5}, then the restriction of V to a general smooth quintic hyper-
surface in P4 is a stable bundle.
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• If k ∈ {6, . . . , 10, 12, 14, 16}, then the restriction of V to a general smooth
quintic hypersurface in P4 is a semistable bundle.

3. Proof of semistability

In this section we give the proof of Theorem 2.1, splitting it in three parts. First of
all we consider the case of rank 4 bundles.

Proposition 3.1. Let V be a general bundle of type Vk for 6 ≤ k ≤ 9. Then V is
semistable on a general smooth quintic hypersurface in P4.

Before giving the proof of the previous proposition, let us consider in detail the
case of a bundle of type V8 (which is the example studied by Douglas and Zhou in [3]).
In the following we make standard computations, nevertheless we explain the details
for the reader’s convenience.
Example 3.2. Let V be a general bundle of type V8. Since (semi)stability is invariant
up to duality, we will check the (semi)stability of the dual bundle E = V ∗, which has
the following resolution on P4:

0 −→ OP4(−4)2 −→ OP4(−2)2 ⊕OP4(−1)4 −→ E −→ 0. (4)

To check the stability of E, by Proposition 1.1, we need to show that
H0(P4, (

∧q
E)norm) = 0 for any 1 ≤ q ≤ 3. Since c1(E) = 0, it is obvious that

(
∧q

E)norm =
∧q

E for any q. Then we have to prove that

H0(P4, E) = 0, H0
(
P4,

2∧
E
)

= 0, H0
(
P4,

3∧
E
)

= 0.

By the cohomology sequence associated to (4) we immediately get the first van-
ishing. Indeed by Remark 1.2 we can compute the following resolution for

∧2
E

0 −→ OP4(−8)3 −→ OP4(−6)4 ⊕OP4(−5)8

−→ OP4(−4)⊕OP4(−3)8 ⊕OP4(−2)6 −→
2∧
E −→ 0,

and, for
∧3

E,

0 −→ OP4(−12)4 −→ OP4(−10)6 ⊕OP4(−9)12

−→ OP4(−8)2 ⊕OP4(−7)16 ⊕OP4(−6)12

−→ OP4(−5)4 ⊕OP4(−4)12 ⊕OP4(−3)4 −→
3∧
E −→ 0.

From the resolution of
∧2

E we get the following two short exact sequences:

0 −→ OP4(−8)3 −→ OP4(−6)4 ⊕OP4(−5)8 −→ K0 −→ 0,

0 −→ K0 −→ OP4(−4)⊕OP4(−3)8 ⊕OP4(−2)6 −→
2∧
E −→ 0,
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and since H1(P4,K0) = 0, we get H0(P4,
∧2

E) = 0. Analogously from the resolution
of
∧3

E we get

0 −→ OP4(−12)4 −→ OP4(−10)6 ⊕OP4(−9)12 −→ K1 −→ 0,

0 −→ K1 −→ OP4(−8)2 ⊕OP4(−7)16 ⊕OP4(−6)12 −→ K2 −→ 0,

0 −→ K2 −→ OP4(−5)4 ⊕OP4(−4)12 ⊕OP4(−3)4 −→
3∧
E −→ 0,

from which we obtain H2(P4,K1) = 0, H1(P4,K2) = 0, and H0(P4,
∧3

E) = 0. Hence
we get

H0(P4, E) = H0
(
P4,

2∧
E
)

= H0
(
P4,

3∧
E
)

= 0,

which implies that E is stable on P4.
Now from Flenner’s theorem it follows that the restriction of E to a general hy-

persurface of degree d ≥ 2 is semistable, in particular the restriction of E to a general
smooth quintic hypersurface in P4 is semistable.

Finally this implies that V is semistable when restricted to a general smooth
quintic hypersurface.

Proof of Proposition 3.1. It is easy to check that the argument used in Example 3.2
holds also for the bundles of type V6, V7, and V9. Hence all the bundles with rank 4
in table 1 are semistable on a general smooth quintic.

We consider now the case of rank 3 bundles. Recall that such bundles are not
locally free on P4, hence the argument used in Example 3.2 does not hold. In this
case we work directly on the quintic M and we get the following result.

Proposition 3.3. Let V be a general sheaf of type Vk for 1 ≤ k ≤ 5. Then the
restriction of V to a general smooth quintic hypersurface in P4 is a stable bundle.

Proof. Given a general quintic M in P4, the restriction V |M is locally free, by Proposi-
tion 1.4. Let E|M denote the dual of V |M . If for example k = 5, then the bundle E|M
has the following resolution:

0 −→ OM (−5)⊕OM (−4) −→ OM (−3)2 ⊕OM (−1)3 −→ E|M −→ 0.

Now we want to apply Proposition 1.1 to E|M . First of all, computing the coho-
mology of OM (−k) from the following exact sequence:

0 −→ OP4(−5) −→ OP4 −→ OM −→ 0

we easily obtain H0(M,E|M ) = 0. On the other hand, by Remark 1.2 we compute
the resolution of

∧2(E|M ) and we get H0(M,
∧2(E|M )) = 0. Analogously it is easy

to check that

H0(M,E|M ) = H0
(
M,

2∧
(E|M )

)
= 0
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for all cases V1, . . . , V5. Hence the bundle E|M is stable on M . We conclude that
every sheaf with rank 3 of table 1 restricted to a general smooth quintic in P4 is a
stable bundle.

Finally we deal with the case of bundles with rank greater than 4. We stress
that in general it is very difficult to prove the stability of bundles with high rank.
Nevertheless we are able to prove the semistability of general bundles of type Vk
for k ∈ {10, 12, 14, 16}. The key argument consists in restricting a bundle on P4 to
a general P2 ⊂ P4, and applying the results on bundles on P2 recalled at the end
of section 2. We obtain the following result.

Proposition 3.4. Let V be a general bundle of type Vk, for k = 10, 12, 14, 16. Then
V is semistable on a general smooth quintic in P4.

Proof. Let us show first that E = V ∗ is stable on P4. In order to do this, it suffices
to prove that the restriction of E to a general plane is stable.

The restriction E|Π to a plane Π ⊂ P4 has a resolution either of the form

0 −→ OΠ(−3)a ⊕OΠ(−2)b
ψ−→ OΠ(−1)c −→ E|Π −→ 0

or

0 −→ OΠ(−3)a
ψ−→ OΠ(−2)b ⊕OΠ(−1)c −→ E|Π −→ 0,

where a, b, c ∈ N are given by table 1 and the map ψ is the restriction to Π of the
transpose φ> of the map φ in (3). Clearly we have that ψ is a general map, since it
is the restriction of a general map.

On the other hand, by Proposition 1.6 and Remark 1.7, it follows that a general
bundle in MP2(5, 0, 10) has resolution of the form V10. Analogously a general bundle
in MP2(6, 0, 10), MP2(7, 0, 10), MP2(8, 0, 10), respectively, has a resolution of the form
V12, V14, V16, respectively.

Moreover, we know from Theorem 1.5 that there exists a stable bundle on P2

with c1 = 0, c2 = 10, and r ≤ 10. Hence the irreducible space MP2(r, 0, 10) is not
empty for 5 ≤ r ≤ 8. Therefore from Remark 1.8 it follows that the bundle E|Π is
stable on the plane and E is stable on P4.

Finally from Flenner’s theorem it follows that if E is a semistable bundle of rank
5 ≤ r ≤ 8 on P4, then its restriction to a general hypersurface of degree 5 is semistable.
Hence we conclude that the restriction of E to a general smooth quintic hypersurface
in P4 is semistable.
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