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ABSTRACT

We consider dilation operators Ty: f — f(2) in the framework of Besov
spaces By ((R") when 0 < p < 1. If s > n(l — 1), Ty is a bounded linear
operator from B, ,(R") into itself and there are optimal bounds for its norm.
We study the situation on the line s = n(l — 1), an open problem mentioned
in [5, 2.3.1, 2.3.2]. It turns out that the results shed new light upon the diver-
sity of different approaches to Besov spaces on this line, associated to definitions
by differences, Fourier-analytical methods, and subatomic decompositions.
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Introduction
In this article we consider dilation operators of the form
Tpf(z) = f(2"z), zeR", keN, (1)

which represent bounded operators from B,  (R") into itself. Their behaviour is well
known when s > 0, = nmax(% -1, O). In this situation we have, for 0 < p, ¢ < oo,

ITe | £(By (R ~ 25075, 5> 0,
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see [5]. We study the dependence of the norm of T} on k on the line s = o, where
0 < p < 1. In particular, we obtain for 0 < ¢ < oo that

Tp (TR k(op—2) 1.1
1% | £(BgRM)]| ~ 25Dk,

The situation when s = 0 was already investigated in [18, sec. 3], where it was proved
that, for 0 < g < o0,

IT% | £(Bp oR™)]| ~27"% -9 s

ki mera, if 1< p < oo,
ka, ifp=1orp=cc.

We generalize the methods (and adapt the notation) used there.

As a by-product the new results for the dilation operators lead to new insights
concerning the nature of the different approaches to Besov spaces — namely the clas-
sical (B, ), the Fourier-analytical (B, ;) and the subatomic approach (%B; ,) — on
the line s = 0.

So far recent results by Hedberg, Netrusov [7] on atomic decompositions and
by Triebel [17, sec. 9.2] on the reproducing formula prove coincidences

B ,(R") =%, (R"), s>0, 0<p,q< oo, (2)
as subspaces of L,(R™) and
B;’q(R”) = B;q(R”) = %;’q(R"), s>0p, 0<p,q< o0,

(in terms of equivalent quasi-norms) in S’(R™). Furthermore, since for s < n(% —1) the

d-distribution belongs to By (R™) — which is a singular distribution and cannot be
interpreted as a function — the spaces

B, (R™) and B, ,(R"), 0<s <oy,

cannot be compared. The situation on the line s = 0p,, 0 < p < 1, so far remained
an open problem. If ¢ > 1 there are singular distributions belonging to By’ (R™).
Hence Bp%(R™) and Bp%(R™) cannot be compared. If ¢ < 1 then Bp%(R") is
a subspace of L°(R™) and the two spaces B,p%(R") and By% (R™) can be compared.
But our results yield that they do not coincide, i.e.,

Bpr (R™) # Byr (R™), 0O<p<l, 0<g<l1,

as sets of measurable functions, where By (R™) can be replaced by B,7%(R") in view

of (2).
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1. Besov spaces B, (R")

We use standard notation. Let N be the collection of all natural numbers and let
Ny = NU {0}. Let R™ be an Euclidean n-space, n € N, C the complex plane.
The set of multi-indices 8 = (B1,...,0n), Bi € No, @ = 1,...,n, is denoted by N,
with |8 = B1 + -+ + Bn, as usual. Moreover, if z = (z1,...,2,) € R" and
B=(B,-..,3.) € NI we put 2 za:fl R

We use the equivalence ‘~’ in

ar, ~ by or () ~Y(x)
always to mean that there are two positive numbers ¢; and co such that
crap <bgp <coar or cp(r) <) <crp(x)

for all admitted values of the discrete variable k or the continuous variable x, where
{ak}k, {br } are non-negative sequences and ¢, 1 are non-negative functions. If a € R,
then a4 := max(a,0) and [a] denotes the integer part of a.

All unimportant positive constants will be denoted by ¢, occasionally with sub-
scripts. For convenience, let both dx and |-| stand for the (n-dimensional) Lebesgue
measure in the sequel. As we shall always deal with function spaces on R™, we may
usually omit the ‘R™ from their notation for convenience.

Let Q. with v € Ny and m € Z™ denote a cube in R"™ with sides parallel
to the axes of coordinates, centred at 27 ¥m, and with side length 27%*!. For a cube Q
in R® and » > 0, we denote by r@ the cube in R"™ concentric with @ and with
side length r times the side length of Q.

Furthermore, when 0 < p < oo, the number o, is given by

G
op=n|—-— .
p » .

THE FOURIER-ANALYTICAL APPROACH

The Schwartz space S(R™) and its dual §’'(R™) of all complex-valued tempered dis-
tributions have their usual meaning here. Let g = ¢ € S(R™) be such that

suppp C{y eR": |y| <2} and p(z)=1 if |z| <1,

and for each j € N let p;(x) = p(277z) — (277" x). Then {p;}32, forms a
smooth dyadic resolution of unity. Given any f € S'(R™), we denote by f and f
its Fourier transform and its inverse Fourier transform, respectively. If f € S'(R™),
then the compact support of ¢, f implies by the Paley-Wiener-Schwartz theorem that

(p;f) is an entire analytic function on R™.
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Definition 1.1. Let s € R, 0 < p < 00, 0 < ¢ < 00, and {¢,},; a smooth dyadic
resolution of unity. The Besov space By  (R") is the set of all distributions f € S'(R™)
such that

© - 1/q
1| B (R = (Z 2%, ) | Lp(R”)Iq>
=0

is finite (with the usual modification if ¢ = co).

Remark 1.2. The spaces B, (R”) are independent of the particular choice of the
smooth dyadic resolution of unlty {¢;j}; appearing in their definition. They are
quasi-Banach spaces (Banach spaces for p,q > 1), and S(R") — B  (R") — S'(R"),
where the first embedding is dense if p < oo and ¢ < co. The theory of the spaces
B, ,(R™) has been developed in detail in [13,14] (and continued and extended
in the more recent monographs [16,17]), but has a longer history already including
many contributors; we do not further want to discuss this here.

Note that the spaces B, ,(R") contain tempered distributions which can only be
interpreted as regular dlstrlbutlons (functions) for sufficiently high smoothness. More
precisely, we have

B (R™) C LY°(R™) if, and only if,
§>0p, for0<p<oo, 0<q<oo,
s=op for0<p<l1 0<g<1, (3)
s=o0p, forl<p<oo, 0<g¢g<min(p,2),

see [10, Thm. 3.3.2]. In particular, for s < o, one cannot interpret f € B,  (R")
as a regular distribution in general.

LOCAL MEANS AND ATOMIC DECOMPOSITIONS

There are equivalent characterizations for the Besov spaces B,  (R") in terms of local
means and atomic decompositions. We first sketch the approach via local means. For
further details we refer to [2,3,17] with forerunners in [14, sec. 2.5.3].

Let B ={y € R": |y| < 1} be the unit ball in R™ and let x be a C*° function
in R™ with suppx C B. Then

b N = [ swferma = [ o) @

with z € R™, and t > 0 are local means (appropriately interpreted for f € S/(R™)).
For given s € R it is assumed that the kernel x satisfies in addition for some € > 0,

(€ #A0if0< ¢ <e and (D%)(0) =0 if |a| < s. (5)
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The second condition is empty if s < 0. Furthermore, let kg be a second C'*° function
in R" with supprg C B and kg (0) # 0. The meaning of ko(f,¢) is defined in
the same way as (4) with k¢ instead of k.

We have the following characterization in terms of local means, see [17, Thm. 1.10)
and [9].

Theorem 1.3. Let s € R and 0 < g < co. Let kg and k be the above kernels of local
means. Then, for f € S'(R™),

[ee) 1/(1
Iko(L, £) | Ly(®™)] + (Z 2% k(2, ) | L,,(R“)nq) ©)

=1
is an equivalent quasi-norm in By (R™).

Remark 1.4. We shall only need one part of Theorem 1.3, namely that || f | B, ,(R™)]|
can be estimated from below by (6). In that case some of the assumptions in (5)
may be omitted. The inspection of the proof, see [9, Rem. 3|, shows that if & is
a O function in R™ with

suppk C B and D%~ =0, la] < N,

where N > s — 1, then

o0

) ) 1/q
REROE c(z 2% k(2, ) | Lp<R">||q)

j=1
for some ¢ > 0.

The following atomic characterization closely follows the presentation in
[15, sec. 13]. We introduce the relevant sequence spaces.

Definition 1.5. Let 0 <p <o00,0<g<oo,and A={A,,, € C:veNy,meZ"}.

Then
= (S )" <)

v=0 meZ»

bp,g = {/\ SN bp,q

(with the usual modification if p = co and/or ¢ = 00).
The atoms we need are defined below.
Definition 1.6.
(i) Let K € Np and d > 1. A K-times differentiable complex-valued function a

on R™ (continuous if K = 0) is called a 1x-atom if
suppa C dQo.n for some m € Z", (7
and
ID%(z)] <1 for |o| < K.
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(ii) Let s € R, 0 < p < o0, K € Ng, L+1 € Ny, and d > 1. A K-times
differentiable complex-valued function a on R™ (continuous if K = 0) is called
an (s,p)k,r-atom if for some v € Ny

suppa C dQy,, for some m e Z", (8)
ID¥(z)| < 277Gl for |o] < K, ()

and
/ Pa(x)dz =0 if |8 < L. (10)

It is convenient to write a, ., (z) instead of a(z) if this atom is located at @, m
according to (7) and (8). Assumption (10) is called a moment condition, where L = —1
means that there are no moment conditions. Furthermore, K denotes the smoothness
of the atom, see (9). The atomic characterization of function spaces of type B ,(R™)
is given by the following result, see [15, Thm. 13.8].

Theorem 1.7. Let 0 < p <00, 0 < qg< 00, and s € R. Let d > 1, K € Ny, and
L+ 1 € Ny with

K> (1+1s])+ and L > max(—1,[o, — s])

be fized. Then f € S'(R™) belongs to By ,(R™) if, and only if, it can be represented
as

f= Z Z Av.m@y.m(x), convergence being in S'(R™), (11)

v=0mezm

where the a, ., are lx-atoms (v =20) or (s,p)k,r-atoms (v € N) with
supp ay,m C dQu,m, veNy, me Zn,

and X € by 4. Furthermore,
nf[[A | by qll;

where the infimum is taken over all admissible representations (11), is an equivalent
quasi-norm in By  (R™).

2. Dilation operators

We now state the main result.

Theorem 2.1. Let 0 <p<1,0< g <00, k€N, and T} be defined by (1). Then
T | LBz (R™)|| ~ 2K or =3 f1/1 = 9=kngt/a,

where the constants of equivalence do not depend on k.
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Proof. For convenience we assume ¢ < oo in the sequel, but the counterpart for ¢ = co
is obvious.
e Step 1. We give an estimate for the upper bounds of the dilation operators T},
similar to [18, Prop. 3.2]. Since the techniques used there even fail for p = 1, we need
to find suitable substitutes when 0 < p < 1.

Recall Definition 1.1, where in particular the dyadic resolution of unity was con-
structed such that

pj(@) =2 77z) —p(277z),  jeN

Elementary calculation yields

—

(P (O F(28)(€) (2) = 27" (0, (O F27FE)) () = (5(2°€) f(€))"(2*a).

From the definition of Besov spaces with f(2¥z) in place of f(z) we obtain

1/q
1F24) | Bo| = (Z 2979 (5 (25 ) (24 | Lpnq)

. ] . 1/q
ZQkP(ZW"”“II(w(T“-)f) |Lp||Q) . (12)
j=0

If j >k + 1, then ¢;(2¥z) = p;_(z). This gives

o0 i AN~ l/q
2745 (X 2 lps(24) ILMQ)

j=k+1

1/q
=27" < > 2URevagkord| (o )| L, ||q>

j=k+1
A o0 - 1/q
=27 urher (ZQl”pqll(sozf) ILpllq)
=1
<27 f | Bgrll. (13)

For the further calculations we make use of a Fourier multiplier theorem from
[13, Prop. 1.5.1]. We have

IMA) | Lpll < ellM™ | Lyl - Ih | Lyl i 0<p<1, (14)

with M~ € S'NnL,, and supp h C Q, supp M C T, where Q and I' are compact subsets
of R™. (¢ does not depend on M and h, but may depend on Q and T'.)

Of course, for p = 1, this is just the Hausdorfl-Young inequality (which was also
used in [18]).
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We put h = (<p0f)v, where supp h C supp o = Q. If j = 0, we take My = ©o(2F-),
where supp My C supp ¢y = I', and calculate

2755 (0o (25) ) | Ll < e27"% lliwo(25) | Lyl - I (pof) " | Lyl
=27 0250 g7 | Lyl (0o f) | Lyl
= 29| (o f) | Ly |

F1 Bl

=275 f | Byl (15)

p,q

< c/2k(gp7%)

Finally it remains to consider 1 < j < k. This is the crucial step leading to k/9.
In this case p;(z) = p(277z), where ¢ = p(z) — p(2x). Hence

; k 4 R 1/q
2743 (32 ey () | Lyl
j=1

. k - o 1/q
2745 (o2 e ) | Lol )
j=1

k=1 ‘ . - 1/q
2"“’5<Z2’””ql(s0(2’“_]-)soof) | Lyl? + 25707 (5) |Lp|Q) . (16)

Jj=1

The term in (16) originating from j = k needs some extra care. Using (14) where we
set M = ¢o(2-), supp M C supp ¢ = I', we obtain

25709 (Bf) | Lyl = 27| (00.f) = (0(2)F)" | Ly
< 2*([[(0of) | Lyll + l(eo(2 )0 f) | Lyll)*
< 2509 (o f) | Lyl *(1+ llpo™(2) | Lyll)*
= 12| (2o f) | Lyl

This estimate can be incorporated into our further calculations. For 1 < j < k —1
we use the multiplier theorem with M; = @(2*~7.), and observe that

supp M; C {x: |2 Tz| <2} Cc{a:|z| <2} =T.
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Now (16) yields

; k ' . 1/q
27k% (E 2771 (p5(25) )| Lp||q>
j=1

k—1
<ok (Z 29931||(p(259)) | Ll - [ (g0 f) | Ly
j=1
. - 1/q
T 2495 (0o f) |Lp||q)

k—1

1/q
= 275 (gof) | Lyl (Z 297 (3(25)) | L7 + 2)

j=1
k=1 ‘ 1/q
< ™5 171 B3 (L 2o | Lyl 2o
j=1

k=1 ' 4 1/q
< a3 1 Byl (L 26 2 2 | Ly 4 2o
j=1

< 27" | f | Bz

k-1 1/q
> (Z 2]'(%*n)qQ(j—k)an*(j*k)n%~q||¢v | Ly||? + 2’6%4)
=1

k 1/q
<25 |7 | B2 (Z 2)
i=1

= csk!/ 9270 f | B . (17)
Finally (12) together with (13), (15), and (17) give the upper estimate.

e Step 2. It remains to prove that the estimate is sharp. Let ¢» € S(R™) be a
non-negative function with support in {z € R" : |z| < 1/8} and [, ¢(x)dz = 1.
We show that, for 0 < g < oo,

w2~ | Bon|| > c27*" kM9, keN.
Let us take a function xk € S(R™) with
(D*)(0) =0,  [af <, (18)

where r > 0, — 1. According to remark 1.4 these conditions on x are sufficient for
our purposes. Furthermore, we require

k(x) =1, if zeM={zeR":|z-(1/2,0,...,0)| < 1/4}. (19)
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We construct a function k that satisfies (18) and (19). Let us first consider the
one-dimensional case n = 1. Put

f(z) = de fo( ), where fo € S(R).

Then we have that
F&) = —i"(x"fo ) (&) = —i"€" fo™ (£).

In particular, for I < r we calculate

<x1f> _ZZ(>T_J (Lljfo(f) =0,

£=0

from which we see that f satisfies the moment conditions. Needing

1
flz) =1, for Z<x<2,
we put fo(x) == 2" - f(z), where 8 € S(R) is chosen such that
1 1
ﬁ(m):ﬁ, x€B1(§>.

The previous considerations can easily be extended to higher dimensions by setting

g(z1, ..., 20) = fo(z1) fo (502 - %) o fo (In - %),

and finally
k(x) = Dr"g(z), x € R",

gives the desired function, if we choose r > o), — 1.
When j =1,2,...,k, we set yo = (1/2,0,...,0), 2o = —2 7y, and

w= 2%+ 2879y = 2M(zo + ) + 2" (yo + §) = 2"2 + 2577y

If w € supp ¢ and |Z| < £277 we see that

. ) 11 1
gl=12"ki, 92z <o k- 4 - < .
This yields for |z — (=1 - 37,0,...,0)| < 57% that

supp, Y(2Fz + 28 Ty) ¢ M.

For these = we get

K29, p(2) (@) = / K(y)(25z + 25y) dy

n

Y(2Fx + 28T y) dy = 20-F)m,
RTI,
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Hence,
K277, 9(25)) | Ly| > 2~ 520 Fn — cg=in(5=Ng-kn — cg-jonghn,
p

This yields

k ‘ _ 1/q
lw(2") | Bl = E(Z 217|277, (25)) | Lp||q>
j=1
k

1/q
> 0/2—kn (Z 1) _ Cl2_knk1/q,

j=1

which is the desired result. ]

3. Applications

3.1. Besov spaces with positive smoothness on R"

With the help of the previous results on dilation operators, we want to discuss in
this section the connection and diversity of three different approaches to Besov spaces
with positive smoothness.

In addition to the Fourier-analytical approach, see Definition 1.1, we now present
two further characterizations — associated to definitions by differences and subatomic
decompositions — before we come to some comparison.

THE CLASSICAL APPROACH: BESOV SPACES B;  (R")
If f is an arbitrary function on R™, h € R™, and k € N, then

(AL (@) = flx+h) = f(z) and (AT f)(z) = AL(AEf)(x), kEN.

For convenience we may write A instead of A}. Furthermore, the kth modulus
of smoothness of a function f € L,(R"), 0 < p < o0, k € N, is defined by

Wk:(fv t)P = ‘hl‘lf HAZf | LP(Rn)”7 t>0.
<t

We shall simply write w(f,t), instead of w1 (f,t), and w(f,t) instead of w(f, ).

Definition 3.1. Let 0 < p,q < 00, s > 0, and r € N such that r > s. Then the
Besov space B; ,(R™) contains all f € L,(R") such that

1 d 1/q
15185, &l = 171 2@+ ([ otnr0 T (20)

(with the usual modification if ¢ = co) is finite.

Revista Matemdtica Complutense
121 2009: vol. 22, num. 1, pags. 111-128



Cornelia Schneider On dilation operators in Besov spaces

Remark 3.2. These are the classical Besov spaces, in particular, when 1 < p,q < oo,
s > 0. The study for all admitted s, p, and ¢ goes back to [11], we also refer
to [1, ch. 5, Def. 4.3] and [4, ch. 2, §10]. There are as well many older references
in the literature devoted to the cases p,q > 1. A recent approach including atomic
characterizations is given in [7] based on [8].

The spaces in Definition 3.1 are independent of r, meaning that different values
of r > s result in quasi-norms which are equivalent. Furthermore the spaces are
quasi-Banach spaces (Banach spaces if p,¢ > 1). Note that we deal with subspaces
of L,(R™), in particular we have the embedding

B, ,(R") = Ly(R"), §>0, 0<g<oo, 0<p<oo.

The classical scale of Besov spaces contains many well-known function spaces. For ex-
ample, if p = ¢ = 0o, one recovers the Holder-Zygmund spaces C*(R™),

Bi, (R") = C*(R"), s> 0.

We add the following homogeneity estimate, which will serve us later on. Let R > 0,
s> 0,and 0 < p,qg < co. Then

I (B) | By (R™)[| < ¢ max(R™ %, R 7| f | By ,(R")]. (21)

To prove this we simply observe that

L dat\
1) B &) = 1) | L@+ ([t (rr). 03 )
1 1/q
=R L@+ R ([ rg )

0}
:R P

n s—n R —sq qd’T a
Pz ([ )
1B}, ()|

Here we used that the integration over ¢ € (0,1) in (20) can be replaced by an inte-
gration over ¢ € (0, c0).

< cmaX(Rfﬁ,Rk%)

THE SUBATOMIC APPROACH: BESOV SPACES B5  (R")

The subatomic approach provides a constructive definition for Besov spaces, expand-
ing functions f via building blocks and suitable coefficients, where the latter belong
to certain sequence spaces. For further details on the subject we refer to [6,17]. Let

R, ={yeR":y=(y1,...,9n), y; >0}
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Definition 3.3. Let k£ be a non-negative C'"*° function in R” with
suppk C {y e R": [y| <2/ °}NR7L,
for some fixed € > 0 and some fixed J € N, satisfying

ka— )=1, zeR™

mezn
Let B € Ny, j € Ng, m € Z", and let k°(x) = (2772)Pk(z). Then
8 — LB(9d
K} (@) = k7 (272 —m)
denote the building blocks related to Q.
We consider the following sequence spaces.

Definition 3.4. Let 0 >0, s € R, 0 < p,q < 0o, and
A={N  eC:BeN;, meZ", jeNy}.
Then the sequence space by? is defined as

byg={ A

where
a/p\ M/
A b5e]| = sup Qgﬁl(ZQJS n/p)q (Z |)\ ) >
=0 mez”

(with the usual modification if p = co and/or ¢ = c0).

Remark 3.5. It might not be obvious immediately, but the building blocks kf m i our
subatomic approach differ from the atoms a — used to characterize the spaces B, , (R™)
in Theorem 1.7 — mainly by the imposed moment conditions on the latter and some

unimportant technicalities. In particular, the normalizing factors 2Y(5=%) are incor-
porated in the sequence spaces b2 in the subatomic approach; recall Definition 1.5.

Definition 3.6. Let s > 0,0 < p <00, 0< g <00, 0 >0. Then %;ﬂ(R") contains
all f € L,(R™) which can be represented as

=D 3D 30 DRVNERERE e
BEND j=0 meZn
with coefficients A = {)‘gm}ﬁeNQ jeNo,mezn € by e, and equipped with the quasi-norm

1f [ BR[| = inf[[A [ b5 2]

where the infimum is taken over all possible representations (22).
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Remark 3.7. The definitions given above follow closely [17, sec. 9.2]. The spaces
B ,(R™) are quasi-Banach spaces (Banach spaces for p, ¢ > 1) and independent of k
and o (in terms of equivalent quasi-norms). Furthermore, we have the embedding

B ¢(R") — Lp(R"),  0<p<oo,

see [17, Thm. 9.8]. Concerning the convergence of (22) one obtains as a consequence
of A € b)¢ that the series on the right-hand side converges absolutely in L,(R"™)

if p < 00, and in Lo (R™, w,) if p = 0o, where wy () = (1+||?)°/2 with o < 0. Since
this implies unconditional convergence we may simplify (22) and write in the sequel

=20 Xk

B,3,m

CONNECTIONS AND DIVERSITY

We now discuss the coincidence and diversity of the above presented concepts of
Besov spaces and may restrict ourselves to positive smoothness s > 0. In view
of our Remarks 1.2, 3.2, and 3.7 concerning the different nature of these spaces,
it is obvious that there cannot be established a complete coincidence of all approaches
when s < 0, since B,  (R") and B (R") are always subspaces of L,(R") and thus
contain functions, whereas the elements of B,  (R") are distributions which can be
interpreted as regular distributions (‘functions’) if, and only if, (3) is satisfied. How-
ever, when s > o,, the outcome is optimal in the sense that all approaches result
in the same Besov space.

Theorem 3.8. Let s >0,0<p< o0, 0<q<o0.
(i) Then
B, (R") =B, ,(R") (23)
(in the sense of equivalent quasi-norms) as subsets of L,(R™).
(ii) Let s > op, then

B;,q(Rn) = B;q(Rn) = %;7q(Rn) (24)

(in the sense of equivalent quasi-norms) in S’(R™).
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S
S — S — S
Bp q Bp,q - %p,q
§=0p
S L, S
Bp,q = %p q

=

Remark 3.9. The first equality in (24) is longer known, see [13, Thm. 2.5.12; 14,
Thm. 2.6.1] with forerunners in case of p,q > 1, see [12, 2.5.1, 2.7.2], whereas the
second equality in (24) is a consequence of the recently proved coincidence (23),
see [17, Prop. 9.14] (with forerunners in [15, sec. 14.15; 16, Thm. 2.9]). It essentially
relies on the atomic decomposition, see [7, Thm. 1.1.14; 8]. In the figure we have
indicated the situation in the usual (1%, s)-diagram.

Our results on the norms of the dilation operators T} established in Theorem 2.1
now lead to new insights when dealing with the limiting case s = o0,. By (3)
the spaces Bp%(R™) and Bp%(R™) with 0 < p < 1 and ¢ > 1 are incomparable.
If ¢ <1 the spaces can be compared. We obtain the following assertion.

Corollary 3.10. Let 0 <p <1, and 0 < q<1. Then
By (R™) # Byr, (R™)
(in terms of equivalent quasi-norms) as sets of measurable functions.

Proof. We use the homogeneity estimate (21), which for R = 2¥, s > 0, and
0 < p,q < oo reads

I£(2F) | BS || < 2672 f 1 BS .

We proceed indirectly, assuming that Bp%(R") = Bp%(R") for 0 < ¢ <
But then using Theorem 2.1 and (25) above, we could find a function ¢ € Bp
with

MOy | Bl < elw(2) | Byl ~ b (2") | By,

P.q
< 2|y | Byl
~ 2Dy | Byl
leading to
kYi<e, kel
This gives the desired contradiction. O
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3.2. A comment on atomic expansion

Following [18, Rem. 3.7] one can show that first moment conditions on the line s = ¢,
are indeed necessary. This immediately leads to

Bpr (R™) # B7x (R™), 0<p<l, 0<g<oo,

in view of Remark 3.5. We sketch the proof.
Every f € By%(R™) may be represented by optimal atomic decompositions

f@) =Y Amaym(z), xR,

with
A [ bpqll < cllf [ By ll,  f € Bpn(R™),

see [17, ch. 1.5] for details. If no moment conditions were required here, then

gk(.’E) = f(2kx) = Z )\l/,mau,m(2kx)7 x €R",

v,m

would represent an atomic decomposition of f(2¥z). This can be seen by setting
gr(x) = Z Ay7m2k(”p_%)2_]“(”1’_%)61,,”(2’“@ = Z )\l’fmal’fym(;v)7
v,m v,m

k

where ay; . (1) = 27K =) 4y 1 (22) ~ Gy (), since

supp aﬁm C Qu—i—k,mv
D7l (a)] = 27H P DR, )| < 2R e,

Therefore we obtain

Hgk ‘ Bpr || < ”)‘lC | bp:q” = 2k(%_%)”)‘ | bp,q” = 2_nkH)‘ ‘ bp,qu

p.q
yielding

1F2%) | Bl < e27"F(1f | Byzll.
But we know by Theorem 2.1 that this is not true in general if ¢ < co.

Remark 3.11. Using a different argument it is possible to show that for ¢ = oo the first
moment conditions are indispensable as well.
Let a € S(R™) with suppa C {y: |y| <1} and [, a(y)dy = 1. Then

aj(z) = 2"a(27 1), jeNy, zeR",
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satisfy the support and growth assumptions for normalized atoms in

s n : 1
B, (R™) with 0<p<oo, 0<gq<oo, s:n(zf)—l). (26)

But

M-

fJ(I) = aj(‘r)v J € N7 (27)

Jj=0

does not converge in S’(R™). This follows from

J _ d , _
(f ,77/1)—2 naj(x)w(x)dx—J—Fl,
Jj=0

for any ¢ € S(R™) with ¢(z) = 1 if |x| < 1. Hence (27) cannot be an atomic repre-
sentation for the spaces in (26) with ¢ = co even though

X byl = sup 2y =1.

ERRRE)

Of interest for our considerations is only the case 0 < p < 1. Then (27) converges
in L,(R™), since, for J' > J,

J/
1 - P 1LEp s Y [ @

j=J+1
g
= lla | Lp®™)[P Y 2PIm 27 In0p),
j=J+1
Furthermore,
J@?;)fj(z)rv\x|*” near the origin.
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