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ABSTRACT

This erratum relates to our work “Fundamental groups of some special quadric
arrangements”. The original Theorems 2.2, 2.5, 2.8 and Propositions 2.3(ii)(iii),
2.6(i1)(ii1), 2.9(ii) (iii) have wrong results. They need to be rephrased. Corollaries
2.4 and 2.7 are incomplete, and they are extended. We add a new Corollary
2.10, which does not appear in the original paper. Proposition 3.1 has a wrong
result and it is rephrased and reproved.

In Proposition 4.1 and its Corollary 4.2 a slight error has occurred: as the correct
proofs in the paper show, the monodromy is a quadruple fulltwist.
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1. Wrong results

Theorems 2.2, 2.5, 2.8 and Propositions 2.3(ii)(iii), 2.6(ii)(iii), 2.9(ii)(iii) are wrong.
We prove here new results 2.2, 2.5, 2.8, explaining the wrong results in the original
version. Since Proposition 2.3(ii)(iii) presents the specific cases n = 2, 3 for the general
n in Theorem 2.2, it can be combined with the New Theorem 2.2. In the same manner,
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we combine also Proposition 2.6(ii)(iii) with the New Theorem 2.5, and Proposition
2.9(ii)(iii) with the New Theorem 2.8.

Figures 2, 3, 4 (pages 264-266 in the paper) of the arrangements from Theorems
2.2, 2.5, 2.8 are replaced by Figures 1, 6, 9 respectively.

Figure 1 replaces Figure 2 from page 264 in the paper.

tacnode
branch point
branch point

branch point

typical fiber

Figure 1 — The arrangement A,,.

Theorem 2.2 and Proposition 2.3 (page 263-264 in the paper) are rephrased as one
general statement as follows:

New Theorem 2.2. The fundamental group w1 (P?\A,) of A, in P2 admits the
presentation

1 (P2\A,) 2<a1,a2,...,an (a1az- - an)? = e > (1)

where ay, ..., a, are meridians of Q1,...,Q,, respectively.

Proof of New Theorem 2.2. In order to find the fundamental group mi(P?\A4,), we
need the algorithm of Moishezon-Teicher for global braid monodromy. Let us consider
the following setting (Figure 2). S is an algebraic curve in C?, with p = deg(9).
Let 7 : C2 — C be a generic projection on the first coordinate. Define the fiber
K(z) ={y | (z,y) € S} in S over a fixed point x, projected to the y-axis. Define
N ={x| #K(r) <p}and M' = {s € S | m|5 is not étale at s}; note that m(M') = N.
Let {A;}7_, be the set of points of M’ and N = {x;}J_, their projection on the z-
axis. Recall that 7 is generic, so we assume that #(7~!(z) N M’) = 1 for every
x € N. Let E (resp. D) be a closed disk on the x-axis (resp. the y-axis), such that
M C Ex D and N C Int(E). We choose u € 9F a real point far enough from
the set N, z << u for every # € N. Define C,, = 7~ !(u) and number the points of
K=C,NnSas{yi,....yp}

We construct a g-base for the fundamental group w1 (E — N,u). Take a set of
paths {v;}_, which connect u with the points {z;}_, of N. Now encircle each z;
with a small oriented counterclockwise circle ¢;. Denote the path segment from wu
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Figure 2 — General setting.

to the boundary of this circle as 7;». We define an element (a loop) in the g-base
as 0; = *y’jcjﬂy'gl. Let B,[D, K] be the braid group, and let Hy,..., H,_1 be its
frame (for complete definitions, see [3, Section I11.2]). The braid monodromy of S
[1] is a map ¢ : m(E — N,u) — B,[D, K] defined as follows: every loop in E — N
starting at w has liftings to a system of p paths in (F — N) x D starting at each point
of K = {y1,...,yp}. Projecting them to D we get p paths in D defining a motion
{v1(t),...,yp(t)} (for 0 < t < 1) of p points in D starting and ending at K. This
motion defines a braid in B,[D, K]. By the Artin Theorem [4], for j = 1,...,q, there
exists a halftwist Z; € By[D, K] and ¢; € Z, such that ¢(d;) = Z;’ (e; = 1,2 or 4 for
an ordinary branch point, a node, or a tacnode respectively). We explain now how to
get this Z;.

Let A; be a singular point in S and its projection by 7 to the z-axis is x;. We
choose a point z/; next to x;, such that w‘l(x;) is a typical fiber, which intersects
the two components which meet at A; in two points, say a,b. We fix a skeleton Sm;
which connects a and b, and denote it as < a,b > (in a case that more than two
components meet at A;, we consider a,b to be the two extreme components). The
Lefschetz diffeomorphism ¥ (see [3]) allows us to get a resulting skeleton (513)\11 in
the typical fiber C,. This one defines a motion of its two endpoints. This motion
induces a halftwist Z; = A < (§)¥ >. As above, ¢(§;) = A < (§)¥ >“. The
braid monodromy factorization associated to S is

Before proving the theorem, we have to study the local monodromy around a com-
mon tacnode (of n quadrics) and the relation which is derived from this monodromy.
We do it in the following propositions:

(i) The following proposition replaces Proposition 3.1 (page 267 in the paper).
Proposition 3.1 is wrong and therefore it is rephrased and proved as follows.
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NEW PROPOSITION 3.1. Let O be a singular point defined locally by (y—x2)(y—
22%) -+ (y — na?). Then the local monodromy around O is a double fulltwist on
the disk (Figure 3 replaces Figure 5 from the paper, page 267).

typical fiber

Figure 3 — The point O.

Proof. Take a loop x = €™ in y = 0, starting (and ending) at some base point

and encircling the point O, 0 < ¢ < 1. Let a1,a9,...,a, be the points of the
curve in a typical fiber next to the fiber Fp.

When ¢ is running from 0 to 1/2, the point a; is rotating around the other
points in a fulltwist €™, the point ag is rotating along a closed curve which
bounds a disk, containing the trajectory of the point a;, and so on. When ¢
is running from 1/2 to 1, we have the same motion. This gives us the needed
double fulltwist. m

The following proposition replaces the beginning of the proof of Theorem 2.2
(page 267 in the paper).

PROPOSITION. If a point O is one among two tacnodes between n quadrics (see
Figure 1), then we have the relation

(an - a2a1)* = (a1an -+ a2)* = ... = (ap_1ap_2 - a1a,)?,
and if O is a unique tacnode between n quadrics (see Figures 6 and 9), then we
have the relation

(an - --agar)? = (a1a, ---a2)? = ... = (ap_10n_2---a1a,)™.

The first part of the proposition is proved in the paper (pages 267-268). The
second part is concluded easily from the first part and also from New Proposition
4.1 (see Section 2).
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We are interested in the group 71 (P?\A,,). We start with A; (a smooth quadric),
and it is easy to see that the group m1(P?\\A;) is Za (which is abelian).

The cases n = 2,3 have wrong results in the paper (see Proposition 2.3(ii)(iii)
in the paper). We prove new results here and conclude the general case m (P?\A,,).
Let us consider the arrangement Az, see Figure 4 (replaces Figure 7 from the paper,
page 269). We want to compute the braid monodromy factorization of As. Consider

1 typical fiber

Figure 4 — The arrangement As,.

the above general setting (see Figure 2). By abuse of notation we denote the points
Y1,Y2,Y3,ys of K as 1,2,3,4 respectively (see the typical fiber in Figure 4). For
simplicity, we denote also the singular points as j instead of A; (see the dotted points
in Figure 4). Let {j }?:1 be singular points of 71 on the left side of a chosen typical
fiber as follows: 1 is a tacnode (among two tacnodes in the arrangement), 2 and 3 are
branch points of the quadrics.

We are looking for o(d;) for j = 1,2,3. So we choose a g-base {3;}3_, of m (E —
N,u), such that each J; is constructed from a path 7; below the real line and a
counterclockwise small circle around the points in N.

The diffeomorphisms which are induced from passing through branch points (such

as AiR < k > and Ai 1, < k >) were defined in [4]. We recall the definition from
[4]. Consider two typical fibers on the left and right sides of a branch point (locally
defined by y? — 2 = 0). The typical fiber on the left side intersects the quadric in
two complex points. Now, if we pass through this point to the right typical fiber (see
Lefschetz diffeomorphism [3]), the two complex points move to the k’th place and
rotate in a counterclockwise 90° twist into the real axis and are numbered as k, k + 1
(in the right typical fiber).

In order to construct the braid monodromy table, we find first the skeletons {x;

related to the singular points (following Figure 4). Then we compute the local diffeo-
morphisms d; induced from the singular points. We fix them in the braid monodromy
table below:
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J £t € 0,

1 <1,2> 4 A?<1,2>
1

2 <23> 1 Ajp<2>
1

3 <L2> 1 A7, <1>

By Moishezon-Teicher algorithm [4], we compute the skeleton (5:59 )\1175_ on the typical

1
fiber for each j, by applying to the skeleton fm/j the product [[ 6;. The resulting
i=j—1
braids are as follows.

A braid related to the tacnode:

(51’1)\117{ =<1,2>= 2 o,
90(61) = Z]il 2

A braid related to the inner branch point:

2

(€ay)Woy =< 2,3 > A2 < 1,2 >= 2%,

©(02) = Zo 52t 2,

A braid related to the outer branch point:

1
(Ca)Woy =< 1,2> A2 <2> A <1,2>=71 4,
90(63) - Zl 4,

One can conclude that when the singular points are on the left side of the typical
fiber, we apply the diffeomorphisms from the table counterclockwise (exactly as done
in [4] and as explained above). But if we have singular points on the right side of the
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typical fiber (see Figure 4), we apply the diffeomorphisms clockwise on the skeleton,

1
namely [[ 0; !, The resulting braids in this case are the complex conjugates of
i=j—1

the ones which are derived as if we apply the diffeomorphisms counterclockwise (as
we do for the left side), see works which use complex conjugates of braids, e.g. [2].
Since we are able to get the same relations for the fundamental group by simplifying
the complex conjugates relations, we prefer the braids which are derived by applying
counterclockwise diffeomorphisms. We remind that there are three singular points on
the right side of the chosen typical fiber: 1 is a tacnode, 2 and 3 are branch points of
the quadrics. The related monodromy table is:

J gm’] €5 5j

1 <3,4> 4 A?’<3,4>
1

2 <2,3> Ajp<2>
1

3 <L2> 1 A7, <1>

—_

A braid related to the tacnode:

(€ay) Wy =<3,4>=234

(p((sl) = Zél 4
1 2 3 4
L] L] o

A braid related to the inner branch point:

2
(Cag)Woy =< 2,3 > A% < 3,4 >= 2251
©(62) = Zo 575,

A braid related to the outer branch point:

1
(Cag)Woy =< 1,2> A2 <2> A% <3,4>=21 4,
90(63) - Zl 4,
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According to the van Kampen Theorem [5], we get the following set of relations
for m1 (P?\Az):
(azas)® = (asa3)?,
as = a4a3aZ1,
a1 = ay,
(CL1CL2)2 = (a2a1)2,
as = agalagaflagl,
ay = agagalaz_lag_l,

asasaza, = e (the projective relation).
By an easy simplification, we get
T (PP\Az) ~ (a1, a2 |(a1a2)* =€), (2)

which is a big group (replaces Proposition 2.3(ii), page 264 in the paper).
Now, considering the arrangement A3 (see Figure 5), we can construct the tables
of the global braid monodromy. We start with the table related to the singular points

1

typical fiber
Figure 5 — The arrangement As.

on the left side of the typical fiber:

J £a, Z 9

1 <1,2,3> 4 A?<1,2,3>
2 <34> 1 A§2R<3>
3 <2,3> 1 A1j412<2>
4 <L,2> 1 A7, <1>
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And we finish with the table related to the singular points on right side of the typical
fiber:

J £ € g

1 <4,5,6> 4 A?2<45,6>
1

2 <3,4> 1 A{ZR<3>

3 1

4 1

<2,3> A7 <2>
1
<12> A, <1>

Since we know already how to apply the algorithm of Moishezon-Teicher (using the
tables) and how to apply the van Kampen Theorem (see [4] for the algorithm and [5]
for the van Kampen Theorem), we can state the resulting presentation of m; (P?\A3)
(after some simple simplifications):

T (P*\A3) =~ (a1, az, a3 |(araza3)® =€) . (3)

It is easy to see that 71 (P?\Aj3) is big (replaces Proposition 2.3(iii), page 264 in the
paper).

In order to compute the group 71 (P?\A,,), we fix first a set of generators ay, . . . ,a2,.
Then we apply again the Moishezon-Teicher algorithm for the global monodromy. On
each one of the sides of the typical fiber in Figure 1 we have one tacnode and n branch
points. Since we have two tacnodes in the arrangement (see propositions above), we
have relations (4) and (9). The relations concerning the right branch points are (5)—
(8), and the relations concerning the left branch points are (10)—(13):

(an+1&n+2 T a2n)2 = (a2nan+1 T a2n71)2 =...= (an+2an+3 " 'a2nan+1)27

Ap = A2p02p—1 " 'an+2an+1a;}r2 e agnlila;;,

Gp—1 = Q2p02p—1 " 'an+3an+2a;}r3 Ay, 1a5,,

Op—2 = Q2pG2p—1 " 'an+4an+3a;}r4 ag) ag,,

a1 = agn, (8)
(aras---ap)? = (anar--an_1)*> = ... = (azaz - ana1)?, (9)
pi1 = Qplp_1° " alanafl e a;ilagl, (10)
(nyo = an+1an~-~a1an,1al_1 -~a;1a;}r1, (11)
ni3 = Qpiolpil - 'alan,gal_l e a;}rla;}&, (12)
A2n = A2p—1027—2 * - '@2&1&2_1 e az_nl_2a2_nl_l, (13)
A2n2n—102n—2 -+ - a2a1 = €, (the projective relation). (14)
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We substitute relations (5)—(8) in relations (10)—(13) and get for each one of them
one of the following equations:

(Gnt1any2 - 'Cl2n)72 = (a2nGnt1-- 'a2n71)72 =...= (Gnt2an+t3 - 'a2nan+1)72-

These equations appear already in (4). Therefore relations (10)—(13) are redundant.
Using relations (5)—(8), one can see that relations (4) and (9) are redundant.

By the same substitution, relation (14) is rewritten as (an11an12---a2,)? = e.
Hence, we get the presentation (1). O

Corollary 2.4 (page 264 in the paper) is incomplete and can be completed as
follows:

New Corollary 2.4. The group 1 (P?\A,,) is abelian for n =1 and big for n > 2.

Proof of New Corollary 2.4. We computed above the group m; (P?\Az). This group
is isomorphic to Z * Zy, which is known to be big. Since the group 1 (P?\A3) is a
quotient of 71 (P?\A,,) for n > 2, the groups 71 (P?\A,,) are big too. O

Remark 1.1. There is another way to prove that the groups 71 (P?\\A,) are big (for
n > 2). These groups are isomorphic to Z"~! x Zy, which contain a non-abelian free
subgroup.

Theorem 2.5 and Proposition 2.6 (page 264-265 in the paper) are rephrased as one
general statement as follows:

New Theorem 2.5. The fundamental group w1 (P*\B,,) of B, in P? admits the pre-
sentation

7T1(]P2\Bn) ~ < ai,a,...,0, (a1as---ap)? =e >, (15)

where ay, ...,a, are meridians of Q1,...,Q,, respectively. Figure 6 replaces Figure
8 from page 265 in the paper.

tacnode

branch point

typical fiber

Figure 6 — The arrangement 1,,.
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Proof of the New Theorem 2.5. We are interested in the group 1 (P?\B,,). We start
with B; (a smooth quadric), and it is easy to see that the group i (P*\By) is Zs
(which is abelian).

The cases n = 2,3 have wrong results in the paper (see Proposition 2.6(ii)(iii) in
the paper). We prove new results here and conclude the general case w1 (P?\B,,). Let
us consider the arrangement Bs, see Figure 7 (replaces Figure 8 from the paper, page
271). Let m; : E x D — E be the projection to E. Take u € F, such that C,, is a

a
3

1

1

typical fiber
Figure 7 — The arrangement Ba.

typical fiber and let K = {1,2,3,4}. For simplicity we denote also the singular points
as j instead of A;. Let {j }?:1 be singular points of 71 on the left side of the chosen
typical fiber as follows: 1 is a branch point of the inner quadric, 2 is a branch point of
the outer quadric. Let N = {z(j) =z, | 1 <j < 2}, such that N C E—0E,N C E.
We start with the monodromy table:

J gz’] €j 5]'
1 <23> 1 Ajp<2>
2 <1,2> 1 A7, <1>

Ltea NI

We have the following resulting braids:
A braid related to the inner branch point:

(gzll)\l/’yi =< 27 3 >= 22 3,

©(61) = Z3 3,
'l 2 3 ‘4

A braid related to the outer branch point:

1 VA
(Eay)Woy =< 1,2> A7 < 2>= 2%,

©0(62) = 7y A 8,

Revista Matemdatica Complutense
527 2009: vol. 22, num. 2, pags. 517-550



M. Amram/M. Teicher Erratum: Fundamental groups of quadric arrangements

Now, in the same manner as explained before, we present the table which relates to
the three singular points on the right side of the chosen typical fiber: 1 is a unique
tacnode, 2 and 3 are branch points of the quadrics. The related monodromy table is:

S 9;
<3,4> 8 A*'<3,4>
1
<2,3> 1 Ajp<2>
1
<L2> 1 A7, <1>

W N .

By the algorithm from [4], we compute the braids:

A braid related to the tacnode:

(51/1)\1/71 =< 3,4 >= Z3 4,

30(61) = Z38 45
.1 .2 3 4

A braid related to the inner branch point:

4
(Cap )Wy =< 2,3 > A* < 3,4 >= 225,1,
©(02) = Z3 5%,

A braid related to the outer branch point:
% 4 Z:f 4
()W =< 1,2> A7 p <2> A% < 3,4 >= 219",

©0(03) = 7y 5 4,
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The relations derived from these braids are as follows:

(azas)* = (asaz)?,
Ay = a4a3a4a3alla§1all,

-1 -1
a; = a4asaqas Gy

a2 asg,
-1
ap = ag a4as,

asasasa; = e, (the projective relation).

By an easy simplification, we get that 71 (P?\Bs) is big (replaces Proposition 2.6(ii),
page 265 in the paper): 71 (P*\B2) ~ (a1, a2 |(a1a2)? = e) (as in (2)).

Now, considering the arrangement Bs (see Figure 8), we can construct the tables
of the global braid monodromy. We start with the table related to the singular points

6
a
3
2

typical fiber

Figure 8 — The arrangement Bs.

on the left side of the typical fiber:

i &g 0;

1 <34> 1 AZ,<3>
2 <2,3> 1 A§4l2<2>
3 <1,2> 1 Az, <l>

And we finish with the table related to the singular points on the right side of the
typical fiber:
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&a Z 9;
<4,5,6 > At < 4,5,6 >

J

1 8

2 <34> 1 Al <3>
3 1A

4 1

<2,3> A7, <2>
1
<1,2> A7, <1>

Again by the algorithm of Moishezon-Teicher [4] we compute the braids and by the van
Kampen Theorem [5] and easy simplifications we get that 7 (P?\Bs) is big (replaces
Proposition 2.6(iii), page 265 in the paper):

71 (P2\Bs) ~ (a1, az, a3 |(a1a2a3)2 = e>, as in (3).

In order to compute the group 71 (P?\B,), we fix a set of generators ay, ..., as,.
Then we apply again the Moishezon-Teicher algorithm for the global monodromy. On
the left side of the typical fiber (see Figure 6) we have n branch points, and on the
right side of it we have one tacnode and n branch points. The relations concerning
the left points are:

ap = Apa1, (16)
—1
Ap—1 = Qp 1100420041, (17)
—1 —1 —1
a1 = Qp 1 Qpqg "oy 1G2nA2n—1 " An4-20n+1, (18)

and the relations concerning the right points are:

(an+1an+2 e 'a2n)4 = (a2nan+1 e 'a2n71)4 =...= (an+2an+3 o 'a2nan+l)4; (19)

-1 -1 -1
Qp = A2n02n—1 " An420n 41020020 —1 * * * an+2an+1an+2 gy 109yt

-1 -1 -1 -1
Ty 1GpgoQop 102, (20)

-1 -1 -1

Ap—1 = A2nA2n—1 " * " An4+20n4+102n02n—1 * * " An43An420, 13" " Aoy 109y,

-1 -1 -1 -1
RIS LSS, S T L, P (21)
-1 -1 -1 -1

a1 = A2n02n—1 " " An420n 410200y 4 10y (o Aoy Aoy - (22)

The projective relation is:
429, 02n—102p—2 * ** 0201 = €.
We substitute relation (16) in relation (20) and get

(an+1a2na2n—l T an+2)2 = (a2na2n—1 e an+1)2-
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Substituting relation (17) in relation (21), we get

(an+1a2na2n—l T an+2)2 — (an+2an+1a2n e an+3)2'
Repeating this procedure, we get for each one of the substitutions (the last step is
the substitution of (18) in (22)) one of the following equations:
(a2na2n71 " 'an+1)2 = (an+1a2n e 'an+2)2 =...= (a2n71 T an+1a2n)2-

Therefore relation (19) is redundant.
The projective relation is rewritten as (ant1ani2---az,)? = e (by the same sub-
stitutions). Hence we get the presentation (15). O

Corollary 2.7 (page 265 in the paper) is incomplete and can be completed as
follows:

New Corollary 2.7. The group w1 (P?\B,,) is abelian for n =1 and big for n > 2.
Proof of New Corollary 2.7. As in New Corollary 2.4. O

Theorem 2.8 and Proposition 2.9 (page 265-266 in the paper) are rephrased as one
general statement as follows:

New Theorem 2.8. The fundamental group w1 (P?\C,) of Cp, in P? admits the pre-
sentation

(a1ax)? = (aga1)? 2<k<n
(a1az---ap)? =e

[a;,a;] =e 2<i,j<mn, 1#]
71 (P*\C,.) :<a1,...,an >, (23)

where a1, ...,a, are meridians of Q1,...,Qy, respectively. Figure 9 replaces Figure
4 from page 266 in the paper.

Proof of the New Theorem 2.8. We are interested in the group 1 (P?\C,). We start
with C; (a smooth quadric), and it is easy to see that the group m (P?\C;) is Zo
(which is abelian).

The cases n = 2,3 have wrong results in the paper (see Proposition 2.9(ii)(iii)
in the paper). We prove new results here and conclude the general case 1 (P?\C,,),
which is stated in the theorem. Let us consider the arrangement Cy. The arrange-
ments B2 and Cs look the same, see Figure 7 (replaces Figure 8 from the paper, page
271). Therefore, 71 (P*\C2) ~ (a1, az |(a1a2)? =€) (as in (2)), and it is big (replaces
Proposition 2.9(ii), page 266 in the paper).

The arrangement Cs is depicted in Figure 10. For the arrangement Cs we first fix
local typical fibers. Let m; : B x D — FE be the projection to E. Let {A;}2, be
singular points of m; as follows (the computations for C3 involve some sophisticated
description of the numeration in the fiber, so in order to prevent confusion , we denote
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typical fiber

Figure 9 — The arrangement C,,.

Figure 10 — The arrangement Cs.

the singular points as originally stated, i.e. as A;): Ay, Ag, A3, Ag, A11, A1z are branch
points, A4, As, Ag, A7 are intersections of the conics, and Ag, A9 are tacnodes. Let
K = {1,2,3,4,5,6}, such that all of them are real. In order to compute the braid
monodromy, we have to move from one typical fiber to another (starting from the
very left one, on the left side of Aj2) till we arrive to the typical fiber which is
positioned on the right side of the configuration (i.e. on the right side of A;). The
points Ay, As, ..., Ajs induce already known diffeomorphisms (see [4] and the tables
above). Now, when we pass through the point A3 to the next typical fiber on its
right side, the points 4 and 5 in K turn to be complex (rotating counterclockwise
in 90° out of the axis), say 5+ 4,5 — 4 (while letting the point 6 move and replace
the previous real position of 4 on the axis). So we have now a local typical fiber on
the right side of A3 with K’ ={1,2,3,4,5+ 4,5 —i}. Passing through the point A
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to the next local typical fiber on its right side, the points 2 and 3 in K’ turn to be
complex, say 4+i/2,4 —i/2 (while letting the point 4 move and replace the previous
real position of 2 on the axis). So we have now a local typical fiber on the right side
of Ay with K" ={1,2,4+4/2,4—14/2,5+ 14,5 —i}. The last step is to pass through
Aj to the final typical fiber. This causes also turning 1 and 2 to complex points, say
3+i/4,3—1i/4. So K" ={3+1i/4,3—1/4,4+i/2,4—1i/2,5+1,5—1i}. Now, since we
are interested in the fundamental group 71 (P?\C3), we let the complex points rotating
in a counterclockwise manner back into their right positions in the axis. In this way
it is much convenient to deduce through the van Kampen Theorem [5] the relations
which relate to 71 (P?\C3) (the resulting braids appear below, involving an axis with
six real points). The table of the monodromy is the following;:

J gac; €4 5j

1 Py 1 AI§4IG<1>
1

2 P 1 A12y4<2>

3 Py 1 A§I2<4>

4 <34> 2 A<34>

5 <4,5> 2 A<4,5>

6 <2,3> 2 A<2,3>

7T o <3,4> 2 A<3,4>

8 <56> 8 A*<5,6>
1

9 <45> 1 Ajp<4>

10 <1,2> 8 A*<1,2>
1

11 <23> 1 A7, <2>
1

12 <L2> 1 A7, <1l>

We note that Py (resp. P2, Py) is the skeleton connecting the points 1 and 2 (resp. 2
and 3, 4 and 5) when they become complex, see notion and use in [4].

2 2
Q(61) = Zy 71571 8
1 2 4 6

—2 -2 -2
@(52) — 22 3Z1 223 675 6

: 2 3 s : ;
—2,,-2 2
@(53) =74 5Z5 621 421 3
g 3 3 S 2 8
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—2 ;2
@(54) _ Z22 ng 345 6721 2
8]

o
N

3
°

LES
2
LJ°)

o
N
.>
IN
®n
o m

—1,-2,-2
(P((S?) — Zg 4Z12 123 4725675 6

1 2 3 4 6
e e -
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The group m (P?\C3) is then generated by as,...,as and admits the following

presentation:

-1 -1
asalas = ag aels,
aflazal = aglagl

a3af1a§1a4a3a1a§1 =

[agaflazalagl,
[a3 asas, a4]

las, as] =

—1
acas50a3,
—1
asae0s5, (25)

11
as “ag asapas) = e,

11 1
[al a3 a4a3a1,a3 a5 ag a5a3a5  GeaA5a3) = €,

(a1-a a4a3a2a3 a4 a3)4:

-1 -1 -1 4
(a3 asazasas “a; as-a1)”,

as = agla6a5a3af1a;laZ1a3a1a§1a4a3a2a§1a21a3a1a§1a4a3a2~

-1 -1 _—1_-1 -1 _—1_-1 -1 -1 -1 _—1_-1
‘g Ay a30; Gz 040309 Gz Gy A30] O3 04030103 G5 Gg 05,

(ag - a5a3a5a§1a5_1)4 =

(a5a3a5a§1a5_1 -ag)?,

-1 -1 -1 _-1_-—1 -1 -1 -1
a1 0501 = A3 A5 Ag A3 AeG506050g A5 Qg A3A60503,

1 -1 -1

1

— -1 -1 _-1 -1 -1 _-1_— -1 _-1
ay az a, 030103 04030203 A, 30103 040309 A3 Ay A307 A3 A4030471,

1

-1 -1 -1 -1 -1 -1 _-1 -1 _-1_-1_ -1 -1
= Q3 Gy Gg G503 a5 AeA5030503 G5 GA50305 A3 A5 Ag A50305 GA503,

agasasazasa; = e (the projective relation).

Substituting (24) in

(25), we get aq4 = as. Relation (26) is rewritten as [as,a5] = e
[

(see relation (27)). So with ay = a5 and [ag, as] = [as,a5] = e, we can get a simplified
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presentation as follows:

a3a1a§1 = a§1a6a5, (28)

1

-1 -1 -1 -1
ajy a201 = a3 a; Gg A3G6a503, (29)

-1 11 1
[asay “azaia3 , as “ag - asasas] = e,

[(1,2, 0’5] =€,
[(1,3, 0’5] =€,
[al_la5a1,a3 as ag azasasas] = e, (30)

as = a6a5a3af1a§1a1agalagaflaglaflawlagjlaglagl, (31)
(asae)* = (agas)*,

aflaglalazalaglafl%al = a;1ag1ag1a§1a6a5a6ag1ag1a3a6a5a3, (32)
al_la5a1 = a3_1a5_1ag1a;la6a5a6a5ag1a5_1a671a3a6a5a3, (33)

a6a§a3a2a1 = e (the projective relation).

Substituting (29) in (31), we get (aiaz2)? = (aza1)?. With (29) and then with (28),
we can rewrite relation (32) as (asag)? = (agas)?. Relation (33) is rewritten as

al_la5a1 = a;lagag,aglag, using relation (30). So we have the following relations:

ag,ala;l = a;la6a5, (34)
aflagal = aglaglaglagaﬁ%ag, (35)
[agaflagalagl, a6a5agl] =e, (36)
[CLQ, 0’5] =€,
[a37 a/5] =ée,
-1 -1 -1 -1 _
[a] “asa1,a3 a5 ag asagasaz] = e, (37)

(a102)* = (aza1)?,
(asas)® = (agas)?,

-1 -1 -1
ajy asa1 = a3 Ggasag a3, (38)

aﬁagagagal = €.

Now, substituting (35) in (36) and in (37), we get [ag, as] = e and [az, as] = e respec-
tively, so (36) and (37) are redundant. At this stage, we replace a; with a3 'as 'asasas
(using (34)) in (38) to get (asae)? = (agas)?, and therefore (38) is redundant. With
the same substitution, from (35) we get ag = a3. We replace as with az. And these
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are the resulting relations:

a] = aglaglagag,a;g,
las, as] = e,
(a1a3)* = (aza1)?,
(asa6)* = (agas)?,

agagagal = €.

Now we continue replacing a; with a3 1a5_1a6a5a3 and we get the final presentation:

[ag,a5]2: e ,
1 (PQ\CS) 2<CL37CL576L6 2222232 z 522232 >,
(agasaz)? = e

where ag, a5, ag are meridians of the three quadrics in Figure 10 (replaces Proposition
2.9(iii), page 266 in the paper).
Now let us consider the arrangement C4 (Figure 11). Let us fix a base point for

Figure 11 — The arrangement Cy.

the fundamental group m (P?\C4). The setting in this case is similar to the one of
Cs, so we choose the typical fiber on the right side of the configuration, in which the
points of the curve are complex. The base point is chosen to be on this fiber.

The braid monodromy table is:
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J gm; €5 5]'

1 Py 1 A?618<1>
1

2 Py 1 A124IG<2>
1

3 P, 1 A}?I4<4>

4 Ps 1 ]1%12<6>

b <56> 2 A <56 >

6 <4,5> 2 A<4,5>

7T O <3,4> 2 A<34>

8 <4,5> 2 A<45>

9 <23> 2 A<23>

10 <5,6> 2 A <56 >

11 <6,7> 2 A<6,7>

12 <5,6> 2 A <56 >

13 <3,4> 2 A<3,4>

14 <4,5> 2 A<45>

15 <3,4> 2 A<3,4>

16 <5,6> 2 A <56 >

17 <7,8> 8 A*<7,8>
1

18 <6,7> 1 Ajp<6>

19 <1,2> 8 A*<1,2>
1

20 <2,3> 1 A12412 <2>

21 <3,4> 8 A*<34>
1

22 <23> 1 A, <2>
1

23 <1,2> 1 Afslﬁ <1l>

Examples of braid monodromy were computed already above and also in the basic
paper [4]. Therefore we skip the long computations in this part and present the
resulting braids:

1. Branch point:
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3. Branch point:

4. Branch point:

5. Intersection point:

6. Intersection point:

1 2 3 4 5 6 7 8
[] [ ] ° [ ]

7. Intersection point:

8. Intersection point:

: 2 3 4 5 6 7 8

10. Intersection point:

T
o o

*un
L)
LN
e
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11. Intersection point:

12. Intersection point:

1 2 3 4 5 6 7 8
L] [ ] L] L] L] L]
13. Intersection point:

1 2 3 4 5 6 7 8
[ ) [ ] L[] [ ]

AL

14. Intersection point:

15. Intersection point:

16. Intersection point:

17. Tacnode:
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18. Branch point:

19. Tacnode:
1 2
[ ) [ )

20. Branch point:

N
o
()
00

21. Tacnode:
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22. Branch point:

23. Branch point:

We compute the group 7 (P?\C4) in a similar way as above (using the van Kampen
Theorem and a long simplification). The starting set of generators for w1 (P*\Cy) is
ai,...,ag. Most of the relations are relatively easy to simplify. The most complicated
relations are the ones which are derived from the left branch points (see the braids 18,
20, 22, 23). These relations are translated in fact to relations of the form (ab)? = (ba)?.
We show now how the branch points relations 18 and 20 are simplified (in the same
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manner one can also simplify the other ones). Relation 18 is the following one (see
the 18th braid):

-1 -1 -1 -1 -1 -1 -1 -1 -1 -1 _ -1
@y Gz Gy Gf Gg 05030103 A5 AeA504030203 A,y A5 Ag A503071°

. a;lag1a6a5a4a3 S ag - a;la;laglag1a5a3af1a§1ag1a6a5a4a3-

1

-1 -1 _-1 -1 _ -1 -1 _-1_-1
cQg Gz Gy Gy Gg 050307 A3 A5 AeA5040301

1a5_1a7_1a§1a7a5 -asg - agla;lagammg.

By relation 2 (see the 2nd braid), we replace az ‘az ‘a; 'ag* —1,-1
Y ’ p Az Q5 Q7 Qg Q7450305 Q7 AgA7A5A3
with aflagal. So we get:

-1

-1
a; “as

1 -1 -1
Gy Gg G5a3071°

Gy
-1 _ -1 -1 -1 -1 _ -1 -1 -1
cQ3 GF GG504030203 Gy GF Gg 05030103 A5 AeA50403 - A2*

-1, -1 -1 -1 -1, -1 -1 -1 -1 -1 -1 -1
‘a3 ay G5 Ag a5a30; Az G5 AeA5040305 03 Ay G5 Gg -

. a5a3af1a§1agla6a5a4a3a1

-1
=a; a20a1.

Now we use the commutation relation 10 ([azazaz ', as] = e) to simplify the relation
to the following form:

1

as ag1a5a3a1a;lag1a6a5a3a2a§1aglag1a5a3a1aglaglagag,agaga;l-

-1 -1 -1 -1 _ -1 -1 -1 -1 -1 -1 -1 _-1
sy Qg 050301 Az Ay AeA5A309 A3 A5 Gg A54307 A3 G5 QA5

= agagagl.

By the commutation relation 11 ([a3a2a§1, aglagag,] = e), we simplify the relation to

the following form:

-1_-1_-1
102010207 Ay Q1 = A2,

which is (a1a2)? = (aza1)?.

Now let us see how relation 20 can be simplified. Relation 20 is the following one
(see the 20th braid):

aglagla;1aglamglag1a;1a8a7a5a3a7a§1a51a;1a8a7a5a3 s ag:

. a;lag1a;lag1a7a5a3a;1a;lag1a;1a§1a7a5a3a;1a8a7a5a3
= aflaglagl - ag - a5a3a7 .

1

By relation 4, we replace al_laglaglagag,agal with aglag a;la§1a7a8a7a5a3. So we

get:
-1 -1 -1 -1 _ -1 -1
a7Qs G5 Q7 ag8G7a5a30705 G5 Gy Gg8Q7a5a3 - A7*
-1 -1 -1 -1 -1 -1 -1 -1 -1 —1
cQ3 Ag Q7 Qg a7a5a30y Ag Gy Ap Qg A7050307
= ar.
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And now we use relations 6 and 9 ([as, a7] = e and [a3, a7] = ) to simplify it to the
following form:
agamgamgla;lagl =ar,

which is (azag)? = (agaz)?.

Now, when we know how to deal with the relations, we add the projective relation
ag---a; = e to the presentation, and after some easy simplification we are able to
get:

[ag, as] = [az, as] = [as,as] =€
7T1(]P)2\C4) ~{ ai,0a2,0a3,04 (alai)Q = (aial)z, 1= 2, 3, 4
(agazaza1)?® = e

As for the general case 71 (P?\C,,) (see Figure 9), the argumentation as presented
in the arrangements Ca,C3 and C4 actually applies to the general case as well. The
initial set of generators for m (P?\C,) is a1,...,a2,. We present now the resulting
braids and the induced relations:

e There are n branch points on the right side of the configuration. They contribute
the following braids and relations:

\\ 2n-1 2n
,,,,,,, Y )
\
N \d/

“

1 1 -1 -1 -1 -1 -1 -1
1 Gop 309, 102y A2n—102n -3 "+ Q7050305 Q7 -

— -1 -1 —
ay aza1 = as az G

-1 -1
“Qgy_3lo, 1020020 —-102p—-3 "+ A7A503,

-1 -1 -1 _ -1 -1 —1 —1
a3y Q3 a4030105 = Qg QA7 Aoy (0o, A2n—1 "

—1 —1
T A7A50y -t Ugy  1A2pA02n—1 " - AT705,
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and in an inductive way, we get more braids and relations for each two consec-
utive points, where the last braid is

-1 -1 -1 -1 —1,.-1
A2n—3 """ A50301 Az Qg5 - Ggy 302n—202n—-3 " A5030103 A5 gy, 3

—1 —1
= 9y 109y, A2n—1A27n,027—1 -

e The intersection points of the conics contribute three types of braids and rela-
tions:

[ai7 aj] =6,

for i, odd and 3 <7< j<2n—1.

1 1
[@m—1Gm—2 - At 10k Ay 1~ Gy oy 1, am] = e,

for k,meven and 2 < k <m < 2n — 2.

-1 -1 —1 —1 —1 -1 -1
[ai_l...a3a1 a3 ...aiilaiai_l...a?)ala?) e @

i—10 Q1G53
1 -1 -1 1 -1 -1
O 90 Ggyo oy 300, 109, G2n—102n—3 " " *

-1 —1 —1
A2 ot Aoy 3oy 102n02n—102n—3 * " Aj420;A5-2 " 'ai+3ai+1]

for i even, jodd and 2 <i<2n—2,3<j<2n-—1.
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e The tacnodes contribute the following braids and relations for ¢ even and 2 <
1< 2n —4:

—1 1

(al.a3 ag B 1

-1 -1 —1 -1 -1
i—1@iq1 " Qop_3@2n—202n -3+ " Qi1 20100 1 Qjp 0 "
-1 —1 4
"t Ogn 30y, 902n—3 " Qiy1Qi—1 " A503)
_ -1 —1
—(a3 ag -

-1 -1 4
gy _gln, 92n—3 - Gip1Gi—1 - 4503 - (1),

-1 -1 -1 -1 -1
Ay Qg Qg 30202023 " Qi 204100 1 Ay ottt

and also

1 2
[ ] [ )

-1 -1 -1 -1 4
(a2n - 2n—102p—3 - - *a5a302p—103 Gy " - 'azn—3a2n—1)

—-1_—1 -1 -1 4
= (a2n71a2n73 crra50302n—103 A5 Qg 30g, g CLQn) .

e The branch points on the left side of Figure 9 contribute braids which are being
thicker and thicker as long as we proceed to a branch point far away from the
typical fiber. The following braid is related to the first branch point (from the
right) in this set of branch points (the dotted lines mean: the path is above
odd-numbered points and below even-numbered points):

Figure 12

The next braid is related to the second branch point (from the right) in this set
of branch points:
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and so on.

Here, as in the case of C4, the relations are relatively easy to simplify, but the
ones from the latter set are long and complicated. We show how to simplify the first
relation in the latter set (in a similar way we simplify the other ones in this set). This
relation is (Figure 12):

1 1

1 1 1 —
a7 ...

-1 -1 — —1 —1 —1 —
Qs Qg Ay Qg 309, 109, A2n—102n—-3 ***A7A5 * A3 * U5

-1 -1
T Qg 30, 1A2n027—-102n—3 * - A7A503

-1 -1 _—1_-1 -1 -1 -1, -1_-1_-1
=a) az G4 Q5 - -Qg,_ 309, o02n—-302n—5 " A9A7A503A103 A5 Q7 Qg -

—1 —1 —1
cr gy 509y, 3A2n,—-202n—-3 - A504030205 -

-1 -1 -1 -1 -1 -1 -1 -1
cQy Gy Qo 309y o027, —-302p—5 - A9A7A5A3A105 Ay A7 Qg - *
—1 —1 —1
cr gy 509, 3A2n,—-202n—-3 - A504043 * A2 - Ag -
-1 -1 -1 —1 -1 -1 -1 -1 -1
cQy Gyttt Qgy 309y o027, —-302n—5 - A9A7A5A301 A3z Ay Ay Qg - -

R -1 -1
gy 50y _302n—202n—3 * - 45040305 A3 -

-1 -1 -1 —1 -1 -1 -1 -1 -1
cQy Gyttt Qgy _30oy o027, —-302n—5 - A9A7A5A301 A3 Ay Ay Qg - -

-1 -1
T Qg 5oy _302n—202p—3 " A5040301 .
By the first set of branch points we can substitute aflagal instead of

-1 -1 -1 —1 —1 —1 -1 -1
Qg Qg Q7 - Qgy 309, 109, A2n—-102n—-3 - A705 * A3 * A5 Ay

-1 -1
cQgy 3l 1A2nA2n—-102p—3 " A7A503.

And by moving a3 'aytaz! a3’ sa5 5 and as,_2a2,_3 - - - asasaz to the other
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side of the equality, we have now:

1 —1 —1
g, 3)Ag, o
1 -1

-1 -1 —

a2n—2(a2n—3 - - as04a3a205 a; ag

1 1 1

Crlgp 5oy 3
1 -1 -1 1 1

- Qon—2(G2n—3 504030203 Gy A5 - Qo 5)0on o

-1 -1 -1 _ —
= A2n—302p—5 - A9A7A5A30103 Gy Q7 Gqg

—1 -1 -1 -1 -1 -1
T A2p—302n—5 - A9A7A5A30103 G5 Q7 Qg Ay, 5y, 3°

1 -1 -1 1 1
“Qon—2(G2n—3 504030203 "Gy A5 - Qo 5)0on o

-1 -1 -1 -1 —1 —1 —1
*A2p—302p—5 " * -a9a7a5a3a1 a3 a5 a7 ag N -a2n_5a2n_3-
-1 -1 -1 -1 —1 —1
“a2n—2(A2n—3 5040305 a3 Gy A5 Ao, 3)A5, o
1 1

-1,-1 -1 —1_—1 -1 -1
© 2 —302n—5 """ A9A7A50301 A3 Qg A7 Qg "~ Ggy_ 509, 3.

Now, the commutation relation

—1 -1 -1
[Gm—1Gm—2 " Q10K Q00" 1, am] = €,

for k,m even and 2 < k < m < 2n — 2, can be written as

1 1

-1 -1 _— —1
[a2n—3 - - 50430205 Qg Q5" -+ Ay _g,02n—2] = €,

for k = 2 and m = 2n — 2. This relation enables us to omit the element as,,_o:

-1 —1_-1 -1
a2p—3 - A504G030203 Ay Qg A9, 3
- -1 -1 _—1_—1 -1
= A2p—3Q2n—5 " A9A7A5A30103 A5 A7 Qg (g, s5°
1 -1
"t Ag,_3)a2n-3°
-1 -1
a9 .. .a’2n75.

. a;,},g(azn,g e a5a4a3a2a§1azzla;
S Qop—5° a9a7a5a3a1a§1ag1a;1
’ a’27nlf3(a2n*3 e a5a4a3a20’§1a;1agl e 0’2771173)a2n*3'
et ozl

1 -1 1
Qs -Gy, _3)a2n-3°

s A2n—5 - A9A7A543G ) Q3 G5 Gy

—1 S

Qg _s(Qon—3 - - asasazay asz ay
-1, -1, -1 -1 —1 -1 -1

-a2n75-~a9a7a5a3a1 CL3 CL5 CL7 CL9 ~'~a2n75a2n73.

At this stage, the element as,, 3 can be omitted too, so we have now:

-1 -1 -1 —1 —1
aon—4(A2n—5 - 0504030203 Ay Q5 -~ Qo 5)Ag, 4
—1 -1 -1 _—1 —1
= G2p—5" " A9A7A5030103 A5 Gy Qg " """ (g, 5
1 —1 —1
g, 5)Ag, g
—1 -1 -1 _—1 —1
sA2p—5 - A9A7A5030103 A5 Q7 Qg - * -Gy, 5

1 -1 -
: a2n—4(a2n—5 Tt A504030205 Ay Ay

1 -1 -1 -1 1
Q2n—4(A2n—5 - - A504A3G2a3 "y A5 Aoy 5)0a 4

1 -1 -1 -1 -1 1
©Q2p—5 - A9A7A50301 “G3 Qg Q7 “Ag - - Ugp_5-

1 -1 -1 _—1 1 —1
“gp-a(a2n—5 -+ 05040305 a3 Ay Az -Gy, 5)Ag, 4

-1 -1 -1 -1 -1 —1
cA2n—5 " A9A7TA5A3Q Q3 Qg5 Q7 Qg - Aoy 5.
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We use again the above commutation relation
-1, -1 -1 —1 _
[a2n—5 - - a5a4a30205 a5 G5 - Ay _5,A2n—4) = €,

for k =2 and m = 2n — 4, to omit as,_4. Omitting this element, enables us to omit
also agp—5:

-1 -1 _—1 —1
A2pn—6 - 4504030203 Ay A5 Qg _g

-1 _ -1 _-1_ -1
= Q2n—7 " A9A7G50430103 A5 A7 Qg - °*

-1 -1 -1 -1 -1
e a2n77(a2n76 e a5a4a3a2a3 a4 a5 e 0’277,76)0’2"77 e

i -a9a7a5a3a1a§1a5_1a7_1a§1 e

-1 -1,-1_-1 -1
“Ogp_7(G2n—6 - 0504030203 Ay a5 -Gy, g)aon-7
1—1

-a9a7a5a3afla§1a5_la7_ Qg -

~1 -1 -1 -1 -1 ~1

“Ogp_7(G2n—6 -+ A5040305 Az Ay a5 - ag, g)aan-7
-1 -1 -1 -1 -1 ~1

SAga7a5a3a7 Gy Gy A7 Qg - Qg7

We continue in the same way to omit elements till we get the following form:

a4a3a2a§1a;1 = a3a1a§1a4a3a2a§1a;1a3a1a§1a4a3a2a§1a;1a3af1a§1a4-

. a3a§1a§1a;1a3af1a§1.
And in the last time we use the same commutation relation in the form of
-1 o
[asasas ", a4] = e,

for k =2,m =4, to get

as = alagalagaflaz_lal_l,
which is (a1a2)? = (aza1)?.

After simplifying the latter set of relations and the other sets of relations (which
are easy to simplify), we add the projective relation ag,a2,—1---asa; = e. This
enables us to continue the simplification and to get the presentation for 71 (P?\C,,), as
it appears in (23) - this presentation replaces the one from the paper, Theorem 2.8,
page 265. O

We add a corollary which does not appear in the original paper, but holds.
Corollary 1.2. The group w1 (P?\Cy,) is abelian for n =1 and big for n > 2.

Proof. 1f we forget the indices i > 3 in (23), we get m1(P?\As) which is isomorphic
to Z x Zy, and from this point, it clear that 71 (P?\C,) is big (see the proof of New
Corollary 2.4). O
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2. Wrong stated results in the paper

Proposition 4.1 (page 270 in the paper) and its Corollary 4.2 (page 271 in the paper)
need to be rephrased: as the proofs in the paper show, the monodromy is a quadruple
fulltwist, not a double fulltwist as erroneously stated.

New Proposition 4.1. Let O be a unique tacnode between n quadrics. Then the
local monodromy around O is a quadruple fulltwist on the disk.

Acknowledgement. We wish to thank an anonymous reader for pointing out some
inaccuracies.
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