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On the WM Points of Orlicz Function Spaces
Endowed with Luxemburg Norm-

Tingfu WANG, Cuixia HAO and Minli LI

ABSTRACT. The concept of WM point is introduced and the criterion
of WM property in Orlicz function spaces endowed with Luxemburg norm is
given.

It is well known that WM property is an important property in
Geometry of Orlicz Spaces. The criteria of WM property have been
discussed. [1-3] In this paper, we introduce the concept of WM point
and give a criterion of WM point in Orlicz function spaces Ly endowed
with Luxemburg norm. Hence, we get easily a sufficient and necessary
condition that Lps has WM property.

Let X be a Banach Space, B(X), S(X) be the unit ball and unit
sphere of X, respectively. = € S(X) is called WM point provided z, €
B(X) and ||z, + z|| — 2 imply that there exists a supporting functional
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f at z such that f(z,) — 1. If every z € §(X) is WM point, then we
say that X has WM property.

M(u), N(v) denote a pair of complemented N-functions, p_(u)
and p(u) denote the left and right derivatives of M(u), respectively. Sps
denote a set of strictly convex points. [a,b] is called a structural affine
interval of M(u), if M(u) is linear on [a,b], and for any € > 0, M(u) is
neither linear on [a — ¢, b] nor on [a,b+¢]. We say M € A,, if M(2u) <
K M(u) for all large u, where K > 2 is a previously constant. M(u) € V,
means that N(v) € A;. Suppose that (G,X,u) is a nonatomic finite
measure space. For each ¥-measurable function z(t) on G, we denote
its mordular by

om(@) = [ M(a()d

The set
Ly ={z(t): pm(Az) < 0o for some A > 0}

endowed with Luxemburg norm
|||} = inf{X >0, pp(z/A) < 1}
and Orlicz norm
||z]|° = inf {k2[1 + ppr(k2z)]: k > v0}

we denote by Las, Las° respectively, and we call them Orlicz Spaces.

It is known that for all = # 0, there exists k; > 0 such that
llzll° = k2 (1 + pa(kaz)).
First we give some auxiliary Lemmas.

Lemma 1. Any f € Lps has the unique decomposition

f=v+¢ (veLN° ¢isa singular functional), i.e.
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f@) = [ sttt +9(e) (= € L.

Proof. See [4].

Lemma 2. f = v+ ¢ is a support functional at € Lps \ {0} iff
@) pu () = 1,

@) li¢ll = ¢(35m) .

(3) z(t)v(t) > 0 and for any (equivalently for some) k € K(v),

p- (500 < ko < (50

Proof. See [4].

Lemma 3. If M € V;, [a,)] is an affine interval of M(u), and
M (u) is neither linear on [a — ¢, a], nor on [b,b+ €] for any € > 0, then
for any € > 0, there ezists § > 0 such that for any v € [a, b],

M(u)+ M(v)

5 M(ﬁ%g) < & implies u € [a —€,b+ ¢].

Proof. See [1].

Lemma 4. Assume z € S(Lpy). If0(z) =inf{c > 0: pum(z/c) <
o} < 1, then all support functionals of = are in Ln°.

Proof. See Lemma 2 in [5].

Theorem. z € S(X) is WM point if and only if
(1) there ezists T > 0 such that pp((1+ T)z) < 00.

(2) p{t € G : |z(t)| € (a,b]} = 0 or M € V3, where [a,b] is an
arbitrary structural affine interval of M(u).
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(8) For any common end-point of two neighbour affine intervals
e, p{te G: |z(t)|=c} =0.

Proof. Necessity. Without loss of generality, we assume z(t) > 0.
If (1) is not true, then for any € > 0, ppr((14+¢€)z) = 00. Take0 < c < d
such that uF = u{t: ¢ < z(t) < d} > 0. Put

y=—z|p+2zlo\E

Obviously ||y|| = ||z|| = 1. For any £ > 0, since pM<-°-’—}¥) = pm(z|e\E)

< 1and ppr ((1+e) —;fﬂ) = paa((14+€)ale\s) = 00, we deduce || 22| =

lie. ||z + 9|l =2

Denote G, = {t € G : |z(t)] £ n}, z,(t) = z(t)|g,. Clearly,
l|zn|| £ 1, ||zn + z|| — ||22|| = 2. We consider the sequence

r1, Y, T2, Y, T3, Y,

For any support functional f = v + ¢ at z, if ¢(z) # 0, then

f@n) = [ ealtydt— [ a(Oo(t)it = 1(2) - 8(o) # f(@) =1

and if ¢(z) = 0, then by Lemma 2,

flo—y) = /E 20 (t)o(t)dt = ki /E 20 (t)ky(t)dt > ;TQCp_(C)ﬁE >0

so f(y) # f(z) = 1 and denoting the sequence by (Z,), we have Z, €
B(Lym), ||z + Zn|| = 2 and f(Z,) -4 1 for any support functional at z,
i.e.  is not WM point.

If (2) does not hold, then there exists an affine interval [a,b] of
M(u), such that u{t € G : z(t) € (a,b]} > 0 and there is a sequence
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(un) such that u, T oo, and

(3)>(-3) %2

Take € > 0 such that uE = p {t € G: z(t) € [a +¢,b]} > 0 and
measurable sets E, C F satisfying

pualor) + [ M(a(t) = )it + M(un)u(E\ En) =1
Then u(E \ E,;) — 0 and uE, — uE. Let

Yn = z|\E + (2(t) — €)|E, + unlE\E, -

Then ||y.|| =1 and

T+ Yn T+ —¢
PM( 2y ) :PM(zlG\E)‘*'PM('T IE..)

+ M(%") H(E\ Ey)

> pu(alovs) + 3ou(als.) + 3pu((z - )l.)

+ (1—%) A—l—(;L)u(E\En)

1 1
> ‘2'(1 - ;) (pm(yn) + ,DM(le\(E\E,.)) —1

whence ||z + y,|| — 2.
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Take any support functional f = v+¢ at z. Since pp((147)z) < 00
for some 7 > 0, we have 6(z) < 141;1 < 1. By Lemma 4, we get that all
support functionals at z are in Ly°. Therefore

flz —yn) =< T = yYn,v>= / ev(t)dt — / unv(t)dt

n n

+ /E - z(t)o(t)dt

Z/ ev(t)dt—/ unv(t)dt
E, E\E.

1 [e]
> E—(Ep(a)uE’n — ly=llp(®)lIxE\EL | IN®)

1
- k—-sp(a)uE > 0.

This implies f(yn) # f(z) = 1 which gives that z is not a WM
point. This is a contradiction.

The proof of (3) is trivial, it is omited.
Sufficiency. Let z, € B(X) and ||z, + z|| — 2.

First we will prove that

T, +
PM(-Tn)_’I»PM( 5 )—*1-

> 1.

(14 ¢)&ate

For any ¢ > 0 and n large enough we have

Then
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Tp+ 2T » 1+¢ l1—-¢e¢l+4¢
1<PM((1+5) 2 )=PM( 5 Tnt 5 1_653)

1+¢ 1-¢ l+e
<
< pm(zn) + 3 pM(l_Ez)
Take ¢ small enough that J££ < 1+ 7. By (1), we have

1+¢
1<
- 2

pru(an) + 5 (om(@) + o(e)) .

Since ¢ is arbitrary, we get pas(z,) — 1 immediately.

Similarly, by || 282 + z|| — 2, we can deduce that pas( Zatz) 1.

We will discuss two cases.
I. For any affine interval (a,b] of M(u), u{t: z(t) € (a,b]} = 0.
First we will prove that z, — z £0.

Denote by {a;} the left endpoints of all structural affine intervals.

G, ={teG: z(t) € {a;}2,}. fz, —z 5 00on G\ G, is not true,
then there exists £, ¢ > 0 such that

p{t€G\Ga: |2a(t) ~2(t) 2 €} 2 0.

By 1 « pm(zn) 2 M(D)u{t: |za(t)] > D}, we can take D large
enough such that

ut: Jan(d] > DY < 7, wft: |o(®] > D} < 2.

Hence

p{t € G\ Ga: Jzn(t) — (1) 2 & la(®)], lea(t)] < D} 2

N Q
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Let r4,79,...,7,..., be endpoints of all structural affine intervals
of M(u), then pu{t € G\ G, : z(t) = r;} = 0. So there exists a
neighbourhood V; of r; small enough such that u{t € G\ G, : z(t) €

Vi} < ¢%- Therefore

p{t: z(t) € UV,'}< % .
i=1

Thus uG, > ¢ where

Gn = {t € G\ Ga : [ea(t) - 2(t)] 2 &, la(D)], lea(t)] < D,

z(t)GSM\DV;} .

i=1

It is easy to know that there exists §,0 < § < 1, such that for any ¢t € G,

u(2O20) ¢ (M) + M)

We have a contradiction

0 (pm(wn) 2-’r pm(z) _ pM( Za(1) 2+ fv(t))

[ (Menlns MG) _y (50120)),

s [ (MlaDr M)y (20420,

s [ Mantt)  Mott),
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6 AN
>-M(=)-.
—2M<2)4

Using the same method as above, we get for any £ > 0,
p{t € G,: z,(t) <z(t)—€} —0.

Combining this with z, — z 5 0 on G \ G,, we deduce that for any
EcdG.
Jlim_inf par(2nl£) 2 pm(2|E) - (1)

Ifz, —z 5 0 on G, is not true, then there exists positive numbers
a, € and o such that uE, = p{t € Gy : z,(t)—z(t) = z,(t)—a > €} > 0.
Thus we can deduce easily

Jim inf pas(2a|E,) > pum(zlE,) -
Combining this with (1), we get a contradiction
1= lim pp(zn) > pm(z)=1.
n—0o

This finishes the proof that z, — z 5 0.

Take any support functional f at z. By the assumption (1), we have
f=v € S(Ln°). Now we will prove < z,,v > 0or < z,—z,v >— 0.

For any € > 0, there exists 6 > 0 such that for any e C G, pe < §
implies pn(v]e) < € and pp(z|e) < €. Since z, — z 5 0, there exists
F C G with (G \ F) < § such that z, — z — 0 uniformly on F.

So there exists ng, |z,(t) — z(t)] < ¢ (t € F), and

, /F (M(zn(t)) - M((t))dt] <& asn>ng.
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Noticing par(zn) — 1 = pm(z), we have

Jo\p(M(za(t)— M(2(t))dt| <

¢ for n large enough. So

/ M(z,(t))dt < / M(z(t))dt + € < 2¢ for n large enough.
G\F G\F

Thus

<Tp—T,0>= / (zn(t) — x(g))v(t)dt + / (2n(t) — z(t))v(t)dt
F G\F

< elll]l + pm(znla\F) + PM(2la\F) + 2oN(vlG\F)

= 0(e) .

By the arbitrariness of ¢ we get < z, —z,v >— 0

II. M € V,, First we will prove that
Jim, sup pm(Znle) =0 . (2)

If it is not true, then there exists ¢ > 0 and ey, pe, | 0 with par(znlen) >
E.

Without loss of generality, we may assume |z,(t)] > up > 0 (t € e,).

Let 1+ 7 = L (' > 0). Since M € V3, there exists § > 0 such

1-7!

that M(1+‘r’) <(1- 6)1+T, (u > uo).

By pM(1 1,,) < 00, we have pM( —Tn|en) < % as n is large

enough. Hence
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[ (o [ (S 57

——/ (i) 5 [ (%)

IA

<! / M(mn(t))dt+ be
<3 [ MEnar- ‘52—5 " %‘3
=3 / M)t~

Therefore, we get a contradiction

o+ Tn,+z Tp+ 2
1~ ppm 5 = pM 2 la\en ) + PM 2 le,

Tp en + T n 1 be
< pM(Znlc\e,) + PM(Z]G\e )+—pM(€vn|e,,)—
2 2 4
de
R

Denote by {b;} the right endpoints of the structural affine intervals.
Put v(t) = u(t), where

p(z(t)) otherwise

u(t) = {P—(z(t)) z(t) € {b:}32, and k = [[u]|%
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It is easy to prove k, = k. By Lemma 2, we know v € S(Ln°) is a
support functional of z.

Now we prove that < z,,v >— 1.

Let {[a;,b;]}; be all structural affine intervals of M(u), and E; =
{t €G: z(t) € [a;,b;]}.

By assumption (3) E; N E; = ¢ (i # j)-
For any € > 0, there exists d, such that e C G, pe < d imply

pm(z|e) < €, pn(kv|e) < € and pp(zale) <€ .
Recall that the last inequality holds uniformly with respect ton by M €
V,. Since 3 pE; < uG < oo, there exists m such that u( U E;) < d.

i=1 i>m
For each i < m and all u € [a;, b;], we have

up(a;) = M(u) + N(p(a:)) -
Therefore, we can find 8 > 0 such that if u € [a; — 8, b; + 8], then
up(ai) > M(u) + N(p(a:;)) —¢ (i=1,2,...,m) 3)
By Lemma 3, there exists § > 0 such that

M(u)+ M(w) M(u+w)
2 2

<6 and w € [a;,bi]

imply
u€la;—B,b:+ 8] (i=1,2,...,m) (4)

Since [ (M(”“(t));M(x(m - M(?—’-‘-m#ﬁ)-))dt — 0, we get

M(24(t)) + M(2(1) _ M(m__(t);_-’”(t_)) A0 (5)
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m

i=1

m
(5), we have uF, < d for n large enough. For t € |J E; \ F,, we have

i=1

z(t) € 1.L:J:[a,-, b;] and

M(z4(1)) + M(2(t)) Za(t) + 2(2)

EM)_ (0120 .

By (4) zn(t) € [a; — B,b; + f], and by (3) we get
zn(t)p(ai) > M(z4(1)) + N(p(ai)) — € -

Notice that kv(t) = u(t) = p(a;), so

2n()kv(t) > M(za(t)) + N(kv(t)) — & (t e JE:\ Fn> (6)
i=1

Denote Ep = G\ G E;. Using the same method as in the case I, we get
i=1

T, — 2 5 0 on Ey. Thus, there exists Fo C Eo, uFy < d such that
|zn(2) — z(t)] < &, |M(za(t)) — M(z(t))| < € uniformly on Eq \ Fp
for n large enough. Hence

T, (t)kv(t) > (2(2) — €)kv(t) = M(z(t)) + N(kv(t)) — ekv(t)
(7)
> M(zn(t)) + N(kv(t)) — e — ckv(t) (t € Ep\ Fp)

It follows from (6) and (7) that
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< Tn,kv>= /m +/ +/ +/ +/ T (t)kv(t)dt
U Ei\F. Eo\Fo n E; Fo

i>m
4

> /0 E‘\F"(M(zn(t)) + N(ko(t) - €))dt

i=1

+ / (M(2n(2)) + N(kv(2)) — € — eko(2))dt
Eo\Fo

_ /F - /U - /F (M(za(t)) + Nko(e))dt

> /( P CORRCONY

i=1

— epG — ek||1]] — 6¢
= [ (M(an(e) + Nku(oyi

_ / (M(2n(t)) + N (ko(2))de
U E;UF,UF,

i>m

— euG - ¢k||1}| — 6¢

— 1+ pn(kv) — o(e) = kllv||N® — o(e) = k — o¢).
This shows that < z,,v >— 1.
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Corollary Ljs has WM property if and only if

(1) M e A, ’

(2)M e SCor MeV,

(3) There are not two neighbour affine intervals of M(u).

Proof. Sufficiency. Take any z € S(Las). Since M € Ay, Ly =
Epnm. So for any 7 > 0, pp((1+ 7)z) < 00.

M € SC implies M(u) has no any affine interval i.e.

{t e G: z(t) € (a,b]} = ®, then u{t € G : z(t) € (a,b]} =0
By Theorem, we get z is WM point.

If M € V, combining pp((1+4 7)z) < oo and by Theorem, we get that
z is WM point. So Lps has WM property.

Necessity. f M ¢ A;, we may construct z € S(Lps) with par((1+
T)z) = 00, for any 7 > 0. By Theorem, z is not WM point.

If M ¢ SC,and M ¢ V,. Then M(u) has an affine interval [a, b).
Take d large enough, and measurable £, F C G, EN F = ® such that

M(b)E + M(d)pF = 1,

Put z = b|g + d|r. Then z € S(Lpy) but p{t € G: z(t) € (a,b]} >
uE > 0.

By Theorem, z is not WM point.

If [a,c], [c,b] are the two neighbour structural affine intervals of
M(u), take d large enough, E, F C G, EN F = & satisfying

M(c)pE+ M(d)pF =1.
Let z = c|g + d|r. Then z is not WM point.
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